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To Elen and Hyungsook 


Preface 


The last decade has seen a number of exciting developments at the inter- 
section of commutative algebra with combinatorics. New methods have 
evolved out of an influx of ideas from such diverse areas as polyhedral 
geometry, theoretical physics, representation theory, homological algebra, 
symplectic geometry, graph theory, integer programming, symbolic com- 
putation, and statistics. The purpose of this volume is to provide a self- 
contained introduction to some of the resulting combinatorial techniques for 
dealing with polynomial rings, semigroup rings, and determinantal rings. 
Our exposition mainly concerns combinatorially defined ideals and their 
quotients, with a focus on numerical invariants and resolutions, especially 
under gradings more refined than the standard integer grading. 

This project started at the COCOA summer school in Torino, Italy, in 
June 1999. The eight lectures on monomial ideals given there by Bernd 
Sturmfels were later written up by Ezra Miller and David Perkinson and 
published in [MPO1]. We felt it would be nice to add more material and 
turn the COCOA notes into a real book. What you hold in your hand is 
the result, with Part I being a direct outgrowth of the COCOA notes. 

Combinatorial commutative algebra is a broad area of mathematics, and 
one can cover but a small selection of the possible topics in a single book. 
Our choices were motivated by our research interests and by our desire 
to reach a wide audience of students and researchers in neighboring fields. 
Numerous references, mostly confined to the Notes ending each chapter, 
point the reader to closely related topics that we were unable to cover. 

A milestone in the development of combinatorial commutative algebra 
was the 1983 book by Richard Stanley [Sta96]. That book, now in its 
second edition, is still an excellent source. We have made an attempt to 
complement and build on the material covered by Stanley. Another boon to 
the subject came with the arrival in 1995 of the book by Bruns and Herzog 
[BH98], also now in its second edition. The middle part of that book, on 
“Classes of Cohen—Macaulay rings”, follows a progression of three chapters 
on combinatorially defined algebras, from Stanley—Reisner rings through 
semigroup rings to determinantal rings. Our treatment elaborates on these 
three themes. The influence of [BH98] can seen in the subdivision of our 
book into three parts, following the same organizational principle. 
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We frequently refer to two other textbooks in the same Springer series as 
ours, namely Eisenbud’s book on commutative algebra [Eis95] and Ziegler’s 
book on convex polytopes [Zie95]. Students will find it useful to place these 
two books next to ours on their shelves. Other books in the GTM series that 
contain useful material related to combinatorial commutative algebra are 
[BB04], [Eis04], [EH00], [Ewa96], [Grii03], [Har77], [MacL98], and [Rot88]. 

There are two other fine books that offer an introduction to combinato- 
rial commutative algebra from a perspective different than ours, namely 
the ones by Hibi [Hib92] and Villarreal [Vil01]. Many readers of our 
book will enjoy learning more about computational commutative algebra 
as they go along; for this we recommend the books by Cox, Little, and 
O’Shea [CLO98], Greuel and Pfister [GP02], Kreuzer and Robbiano [KRO00], 
Schenck [Sch03], Sturmfels [Stu96], and Vasconcelos [Vas98]. Additional 
material can be found in the proceedings volumes [EGM98] and [AGHSS04]. 

Drafts of this book have been used for graduate courses taught by Victor 
Reiner at the University of Minnesota and by the authors at UC Berkeley. 
In our experience, covering all 18 chapters would require a full-year course, 
either two semesters or three quarters (one for each of Part I, Part I, and 
Part III). For a first introduction, we view Chapter 1 and Chapters 3-8 
as being essential. However, we recommend that this material be supple- 
mented with a choice of one or two of the remaining chapters, to get a feel 
for a specific application of the theory presented in Chapters 7 and 8. Topics 
that stand alone well for this purpose are Chapter 2 (which could, of course, 
be presented earlier), Chapter 9, Chapter 10, Chapter 11, Chapter 14, and 
Chapter 18. We have also observed success in covering Chapter 12 with 
only the barest introduction to injective modules from Chapter 11, although 
Chapters 11 and 12 work even more coherently as a pair. Other two-chapter 
sequences include Chapters 11 and 13 or Chapters 15 and 16. Although the 
latter pair forms a satisfying end, it becomes even more so as a triplet with 
Chapter 17. Advanced courses could begin with Chapters 7 and 8 and 
continue with the rest of Part II, or instead continue with Part III. 

In general, we assume knowledge of commutative algebra (graded rings, 
free resolutions, Grébner bases, and so on) at a level on par with the un- 
dergraduate textbook of Cox, Little, and O’Shea [CLO97], supplemented 
with a little bit of simplicial topology and polyhedral geometry. Although 
these prerequisites are fairly modest, the mix of topics calls for considerable 
mathematical maturity. Also, more will be gained from some of the later 
chapters with additional background in homological algebra or algebraic 
geometry. For the former, this is particularly true of Chapters 11 and 138, 
whereas for the latter, we are referring to Chapter 10 and Chapters 15-18. 
Often we work with algebraic groups, which we describe explicitly by saying 
what form the matrices have (such as “block lower-triangular” ). All of our 
arguments that use algebraic groups are grounded firmly in the transpar- 
ent linear algebra that they represent. Typical conclusions reached using 
algebraic geometry are the smoothness and irreducibility of orbits. Typical 


PREFACE ix 


uses of homological algebra include statements that certain operations (on 
resolutions, for example) are well-defined independent of the choices made. 

Each chapter begins with an overview and ends with Notes on references 
and pointers to the literature. Theorems are, for the most part, attributed 
only in the Notes. When an exercise is based on a specific source, that 
source is credited in the Notes. For the few exercises used in the proofs of 
theorems in the main body of the text, solutions to the nonroutine ones 
are referenced in the Notes. The References list the pages on which each 
source is cited. The mathematical notation throughout the book is kept as 
consistent as possible, making the glossary of notation particularly handy, 
although some of our standard symbols occasionally moonlight for brief 
periods in nonstandard ways, when we run out of letters. Cross-references 
have the form “Item aa.bb” if the item is number bb in Chapter aa. Finally, 
despite our best efforts, errors are sure to have kept themselves safely hidden 
from our view. Please do let us know about all the bugs you may discover. 

In August 2003, a group of students and postdocs ran a seminar at 
Berkeley covering topics from all 18 chapters. They read the manuscript 
carefully and provided numerous comments and improvements. We wish 
to express our sincere gratitude to the following participants for their help: 
Matthias Beck, Carlos D’Andrea, Mike Develin, Nicholas Eriksson, Daniel 
Giaimo, Martin Guest, Christopher Hillar, Serkan Hosten, Lionel Levine, 
Edwin O’Shea, Julian Pfeifle, Bobby Poon, Nicholas Proudfoot, Brian 
Rothbach, Nirit Sandman, David Speyer, Seth Sullivant, Lauren Williams, 
Alexander Woo, and Alexander Yong. Additional comments and help were 
provided by David Cox, Alicia Dickenstein, Jesus De Loera, Joseph Gube- 
ladze, Mikhail Kapranov, Diane Maclagan, Raymond Hemmecke, Bjarke 
Roune, Olivier Ruatta, and Ginter Ziegler. Special thanks are due to Vic- 
tor Reiner, for the many improvements he contributed, including a number 
of exercises and corrections of proofs. We also thank our coauthors Dave 
Bayer, Mark Haiman, David Helm, Allen Knutson, Misha Kogan, Laura 
Matusevich, Isabella Novik, Irena Peeva, David Perkinson, Sorin Popescu, 
Alexander Postnikov, Mark Shimozono, Uli Walther, and Kohji Yanagawa, 
from whom we have learned so much about combinatorial commutative 
algebra, and whose contributions form substantial parts of this book. 

A number of organizations and nonmathematicians have made this book 
possible. Both authors had partial support from the National Science Foun- 
dation. Ezra Miller was a postdoctoral fellow at MSRI Berkeley in 2003. 
Bernd Sturmfels was supported by the Miller Institute at UC Berkeley in 
2000-2001, and as a Hewlett-Packard Research Professor at MSRI Berkeley 
in 2003-2004. Our editor, Ina Lindemann, kept us on track and helped us 
to finish at the right moment. Most of all, we thank our respective partners, 
Elen and Hyungsook, for their boundless encouragement and support. 


Ezra Miller, Minneapolis, MN = ezra@math.umn.edu 
Bernd Sturmfels, Berkeley, CA bernd@math.berkeley.edu 
12 May 2004 
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Part I 


Monomial Ideals 


Chapter 1 


Squarefree monomial 
ideals 


We begin by studying ideals in a polynomial ring k[a,...,x7,] that are 
generated by squarefree monomials. Such ideals are also known as Stanley— 
Reisner ideals, and quotients by them are called Stanley—Reisner rings. 
The combinatorial nature of these algebraic objects stems from their in- 
timate connections to simplicial topology. This chapter explores various 
enumerative and homological manifestations of these topological connec- 
tions, including simplicial descriptions of Hilbert series and Betti numbers. 

After describing the relation between simplicial complexes and square- 
free monomial ideals, this chapter goes on to introduce the objects and 
notation surrounding both the algebra of general monomial ideals as well 
as the combinatorial topology of simplicial complexes. Section 1.2 defines 
what it means for a module over the polynomial ring k[z1,...,2,] to be 
graded by N” and what Hilbert series can look like in these gradings. In 
preparation for our discussion of Betti numbers in Section 1.5, we review 
simplicial homology and cohomology in Section 1.3 and free resolutions in 
Section 1.4. The latter section introduces monomial matrices, which allow 
us to write down N”-graded free resolutions explicitly. 


1.1 Equivalent descriptions 


Let k be a field and S = k|x] the polynomial ring over k in n indeterminates 
>, et 


Definition 1.1 A monomial in k[x] is a product x® = x{a5?--- 2%” for 
a vector a = (a1,...,@,) € N” of nonnegative integers. An ideal I C k[x] 


is called a monomial ideal if it is generated by monomials. 


3 


4 CHAPTER 1. SQUAREFREE MONOMIAL IDEALS 


As a vector space over k, the polynomial ring S is a direct sum 


S = @Sa, 


acN” 


where S, = k{x®} is the vector subspace of S spanned by the monomial x®. 
Since the product Sa - Sp of graded pieces equals the graded piece Saip in 
degree a+b, we say that S is an N”-graded k-algebra. 

Monomial ideals are the N”-graded ideals of S, which means by defini- 


tion that J can also be expressed as a direct sum, namely J = Qyac, k{x*}. 


Lemma 1.2 Every monomial ideal has a unique minimal set of monomial 
generators, and this set is finite. 


Proof. The Hilbert Basis Theorem says that every ideal in S is finitely 
generated. It implies that if J is a monomial ideal, then J = (x®!,...,x®"). 
The direct sum condition means that a polynomial f lies inside J if and 
only if each term of f is divisible by one of the given generators x™. oO 


Definition 1.3 A monomial x® is squarefree if every coordinate of a is 
0 or 1. An ideal is squarefree if it is generated by squarefree monomials. 


The information carried by squarefree monomial ideals can be charac- 
terized in many ways. The most combinatorial uses simplicial complexes. 


Definition 1.4 An (abstract) simplicial complex A on the vertex set 
{1,...,n} is a collection of subsets called faces or simplices, closed under 
taking subsets; that is, if o € A isa face and rt Co, then tr € A. A simplex 
a € A of cardinality |Jc| = 1+ 1 has dimension i and is called an i-face 
of A. The dimension dim(A) of A is the maximum of the dimensions of 
its faces, or it is —oo if A = {} is the void complex, which has no faces. 


The empty set @ is the unique dimension —1 face in any simplicial com- 
plex A that is not the void complex {}. Thus the irrelevant complex {2}, 
whose unique face is the empty set, is to be distinguished from the void 
complex. The reason for this distinction will become clear when we intro- 
duce (co)homology as well as in numerous applications to monomial ideals. 

We frequently identify {1,...,n} with the variables {x1,...,@n}, as in 
our next example, or with {a,b,c,...}, as in Example 1.8. 


Example 1.5 The simplicial complex A on {1,2,3,4,5} consisting of all 
subsets of the sets {1,2,3}, {2,4}, {3,4}, and {5} is pictured below: 


x3 La 


U5 
Oo 
Ty x2 


The simplicial complex A 
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Note that A is completely specified by its facets, or maximal faces, by 
definition of simplicial complex. © 


Simplicial complexes determine squarefree monomial ideals. For nota- 
tion, we identify each subset o C {1,...,n} with its squarefree vector in 
{0,1}", which has entry 1 in the i*® spot when i € a, and 0 in all other 
entries. This convention allows us to write x? = [[,<, Vi. 

Definition 1.6 The Stanley—Reisner ideal of the simplicial complex A 
is the squarefree monomial ideal 


In = (x"|7 ¢A) 


generated by monomials corresponding to nonfaces 7 of A. The Stanley— 
Reisner ring of A is the quotient ring $/I,. 


There are two ways to present a squarefree monomial ideal: either by 
its generators or as an intersection of monomial prime ideals. These are 
generated by subsets of {21,...,2,}. For notation, we write 

T 


m’ = (a, |t1€T) 


for the monomial prime ideal corresponding to 7. Frequently, 7 will be the 
complement & = {1,...,n}\ o of some simplex o. 


Theorem 1.7 The correspondence A ~ Ia constitutes a bijection from 


simplicial complexes on vertices {1,...,n} to squarefree monomial ideals 
inside S = k[a1,...,2,]. Furthermore, 
In = () m’. 
ocA 


Proof. By definition, the set of squarefree monomials that have nonzero 
images in the Stanley—Reisner ring S/I, is precisely {x° | o € A}. This 
shows that the map A ~» I, is bijective. In order for x7 to lie in the 
intersection (\,<, m%, it is necessary and sufficient that 7 share at least 
one element with @ for each face 0 € A. Equivalently, 7 must be contained 
in no face of A; that is, 7 must be a nonface of A. 


cod 
Example 1.8 The simplicial complex A = 7 y Va ec from Example 1.5, af- 


ter replacing the variables {21, 72,73, 24,75} by {a,b,c,d,e}, has Stanley— 
Reisner ideal 


C c d 
A f 
a b b Pi 
In = (d, e) mM (a,b,e) OM (a,c,e) NM (a,b,c,d) 


= (ad, ae, bed, be, ce, de). 
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This expresses I via its prime decomposition and its minimal generators. 
Above each prime component is drawn the corresponding facet of A. © 


Remark 1.9 Because of the expression of Stanley—Reisner ideals I, as 
intersections in Theorem 1.7, they are also in bijection with unions of co- 
ordinate subspaces in the vector space k”, or equivalently, unions of coor- 
dinate subspaces in the projective space Peo A little bit of caution is 
warranted here: if k is finite, it is not true that I, equals the ideal of poly- 
nomials vanishing on the corresponding collection of coordinate subspaces; 
in fact, this vanishing ideal will not be a monomial ideal! On the other 
hand, when k is infinite, the Zariski correspondence between radical ideals 
and algebraic sets does induce the bijection between squarefree monomial 
ideals and their zero sets, which are unions of coordinate subspaces. (The 
zero set inside k” of an ideal I in k[x] is the set of points (a1,...,Q,) € k” 
such that f(a1,...,Q@n) =0 for every polynomial f € I.) 


1.2 Hilbert series 


Even if the goal is to study monomial ideals, it is necessary to consider 
graded modules more general than ideals. 


Definition 1.10 An S-module M is N”-graded if M = @Qyenn Mp and 
x*Mp C Ma+p. If the vector space dimension dim,y(M,) is finite for all 
a € N”, then the formal power series 


H(M;x) = > dim, (Ma) - x* 
acN” 


is the finely graded or N”-graded Hilbert series of MW. Setting x; = t 
for all i yields the (Z-graded or coarse) Hilbert series H(M;t,...,t). 


The ring of formal power series in which finely graded Hilbert series live 
is Z|[x]] = Z|[r1,...,@n]]. In this ring, each element 1—<; is invertible, the 


series ;+- =1+2;+27+--- being its inverse. 


Example 1.11 The Hilbert series of S itself is the rational function 


H(S;x) = II : 


= sum of all monomials in S. 


Denote by $(—a) the free module generated in degree a, so S(—a) & (x*) 
as N”-graded modules. The Hilbert series 


x? 


i101 — ai) 


of such an N”-graded translate of S is just x?-H(S;x). © 


H(S(-a);x) = 
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In the rest of Part I, our primary examples of Hilbert series are 
H(S/I;x) = sum ofall monomials not in J 


for monomial ideals J. A running theme of Part I of this book is to analyze 
not so much the whole Hilbert series, but its numerator, as defined in 
Definition 1.12. (In fact, Parts II and III are frequently concerned with 
similar analyses of such numerators, for ideals in other gradings.) 


Definition 1.12 If the Hilbert series of an N”-graded S-module M is ex- 
pressed as a rational function H(M;x) = K(M;x)/(1-—21)::-(1 -— 2p), 
then its numerator K(M;x) is the K-polynomial of M. 


We will eventually see in Corollary 4.20 (but see also Theorem 8.20) 
that the Hilbert series of every monomial quotient of S can in fact be ex- 
pressed as a rational function as in Definition 1.12, and therefore every such 
quotient has a K-polynomial. That these K-polynomials are polynomials 
(as opposed to Laurent polynomials, say) is also proved in Corollary 4.20. 
Next we want to show that Stanley—Reisner rings S/I, have K-polynomials 
by explicitly writing them down in terms of A. 


Theorem 1.13 The Stanley—Reisner ring S/I, has the K-polynomial 


K(S/Ia;x) = > (Tl: Ta -«)). 


o€A i€o j¢o 


Proof. The definition of [A says which squarefree monomials are not in I,. 
However, because the generators of I, are themselves squarefree, a mono- 
mial x lies outside I, precisely when the squarefree monomial x*"PP™) lies 
outside IA, where supp(a) = {7 € {1,...,n} | a; 4 0} is the support of a. 
Therefore 


A(S/Ta;%1,...,%n) = Sfx" | a € N” and supp(a) € A} 
- S- Soe | a€ N” and supp(a) = o} 
ocA 
= ole 
o€A i€o & 
and the result holds after multiplying the summand for o by T] j¢o a to 


bring the terms over a common denominator of (1 — 71) ---(1— Zp). 


Example 1.14 Consider the simplicial complex TI depicted in Fig. 1.1. 
(The reason for not calling it A is because we will compare [ in Exam- 
ple 1.36 with the simplicial complex A of Examples 1.5 and 1.8.) The 
Stanley—Reisner ideal of T is 


Ir = (de, abe, ace, abcd) 
(a, d) 0 (a, e) M1 (b, ¢, d) 9 (b, e) 0 (ce, e) N (d,e), 
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a 
RR — hollow 
ax tetrahedron 
- d 
O 
Oc 


Figure 1.1: The simplicial complex T 


and the Hilbert series of the quotient k[a, b, c,d, e]/Ip is 


d b 
Sp tag gee 1 aC b +7 aN c 


a b 
gag Vase a 
ad ae be bd be 

Gowan foo) Gone Goa ieee) 
hs Ch li ene CO bei i as Ov 

Gea). icewice + Gems) iowa) 
ns acd 4 bed ae bce 

/GREPOY GE [6 =e) ENT € 9 SEE GST) ee CT) | CERO EE 


1 — abcd — abe — ace — de + abce + abde + acde 


~ (1—a)(1—b)1—d— a1 —e) 


See Example 1.25 for a hint at a quick way to get this series. © 


The formula for the Hilbert series of S/I, perhaps becomes a little 


neater when we coarsen to the N-grading. 


Corollary 1.15 Letting f; be the number of i-faces of A, we get 
i = 4 | 
A(S/Ia;t,...,t) = a_ Sia a 
i=0 


where d = dim(A) + 1. 


Canceling (1—t)”~¢ from the sum and the denominator (1 — +t)" in 
Corollary 1.15, the numerator polynomial h(t) on the right-hand side of 


d 
1 = ho + hit + hot? +--+ + hat? 
— = gee Sc 
aa UF Lee) (1—a4 


is called the h-polynomial of A. It and the f-vector (f-1, fo,.-.-, fa—1) 
are, to some approximation, the subjects of a whole chapter of Stanley’s 
book [Sta96]; we refer the reader there for further discussion of these topics. 
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1.3. Simplicial complexes and homology 


Much of combinatorial commutative algebra is concerned with analyzing 
various homological constructions and invariants, and in particular, the 
manner in which they are governed by combinatorial data. Often, the 
analysis reduces to related (and hopefully easier) homological constructions 
purely in the realm of simplicial topology. We review the basics here, 
referring the reader to [Hat02], [Rot88], or [Mun84] for a full treatment. 
Let A be a simplicial complex on {1,...,n}. For each integer i, let 
F,(A) be the set of i-dimensional faces of A, and let k¥(4) be a vector 
space over k whose basis elements e, correspond to i-faces o € F;(A). 


Definition 1.16 The (augmented or reduced) chain complex of A 
over k is the complex C.(A;k): 


0 — KFA) 20 ge Fi-n(A) 8% (A)... Oat Pai (A) C9, 


r-1 


The boundary maps @; are defined by setting sign(j,a0) = (—1)"~* if 7 is 
the r‘® element of the set o C {1,...,n}, written in increasing order, and 
Aileo) = So sign(j,0) eosj. 

JE 


If i <—lori>n-—1, then k*“ = 0 and 0; = 0 by definition. The 
reader unfamiliar with simplicial complexes should make the routine check 
that 0; 0 0;,,; = 0. In other words, the image of the (i + 1)** boundary 
map 041 lies inside the kernel of the i*” boundary map 0. 


Definition 1.17 For each integer 7, the k-vector space 
H,(A;k) = ker(0;)/im(A;41) 
in homological degree i is the it reduced homology of A over k. 


In particular, H,—1(A;k) = ker(0,—1), and when A is not the irrelevant 
complex {@}, we get also H;(A;k) = 0 fori < 0 ori > n—1. The irrelevant 
complex A = {@} has homology only in homological degree —1, where 
H_,(A;k) &k. The dimension of the zeroth reduced homology Ho(A;k) 
as a k-vector space is one less than the number of connected components 
of A. Elements of ker(0;) are often called i-cycles and elements of im(0;+1) 
are often called 2-boundaries. 


Example 1.18 For A as in Example 1.5, we have 


F,(A) {{1, 2, 3}}, 

F(A) {{1, 2}, {1, 3}, {2, 3}, {2, 4}, {3, 4h}, 
Fo(A) = {tl}, {2}, 13}, {4}, {5b 

F_\(A) = {2}. 
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Ordering the bases for k”4) as suggested by the ordering of the faces listed 
above, the chain complex for A becomes 


-1 -1 0 0 0 1 
1 Oo -1 —1 0 -1 
0 1 Oo -1 1 
0 0 1 
[i adie als aie 0 0 0 0 
0 < k k® « 5 4 , 
do On O2 


where vectors in k*‘‘4) are viewed as columns of length f; = |F;(A)|. For 
example, 02(€41,2,33) = €42,3} — €{1,3} + €f1,2}, Which we identify with the 
vector (1,—1,1,0,0). The homomorphisms 02 and 0) both have rank 1 
(that is, they are injective and surjective, respectively). Since the matrix 
@, has rank 3, we conclude that Ho(A;k) & H,(A;k) © k, and the other 
homology groups are 0. Geometrically, Ho(A;k) is nontrivial because A 
is disconnected, and H,(A;k) is nontrivial because A contains a triangle 
that does not bound a face of A. © 


Remark 1.19 We would avoid making such a big deal about the difference 
between the irrelevant complex {@} and the void complex {} if it did not 
come up so much. Many of the formulas for Betti numbers, dimensions of 
local cohomology, and so on depend on the fact that H;({@};k) is nonzero 
for i= —1, whereas H;({};k) = 0 for all i. 


In some situations, the notion dual to homology arises more naturally. 
In what follows, we write (_)* for vector space duality Hom,(_,k). 


Definition 1.20 The (reduced) cochain complex of A over k is the vec- 
tor space dual C*(A;k) = (C.(A; k))* of the chain complex, with cobound- 
ary maps 0° = OF. For i € Z, the k-vector space 


H‘(A;k) = ker(8‘*")/im(d°) 
is the i? reduced cohomology of A over k. 


Explicitly, let k¥ (4) = (k¥#(4))* have basis F*(A) = {e* | o € F,(A)} 
dual to the basis of k¥‘(4), Then 


i ee a A a CO An og 


is the cochain complex C'(A; k) of A, where for an (i — 1)-face o, 


de) = S© sign(j,oU Z) egy; 
j¢o 
jUucEA 


is the transpose of 0;. 
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Since Hom,(_,k) takes exact sequences to exact sequences, there is a 
canonical isomorphism H*(A;k) = H;(A;k)*. Elements of ker(0‘*') are 
called i-cocycles and elements of im(0°) are called i-coboundaries. 


Example 1.21 The cochain complex for A as in Example 1.18 is exactly 
the same as the chain complex there, except that the arrows should be 
reversed and the elements of the vector spaces should be considered as 
row vectors, with the matrices acting by multiplication on the right. The 
nonzero reduced cohomology of A is H®(A;k) & H'(A;k) &k. © 


1.4 Monomial matrices 


The central homological objects in Part I of this book, as well as in Chap- 
ter 9, are free resolutions. To begin, a free S-module of finite rank is a 
direct sum F = S” of copies of S, for some nonnegative integer r. In 
our combinatorial context, F' will usually be N”-graded, which means that 
F = S(-a,)®---@S(-—a,) for some vectors aj,...,a, € N”. A sequence 


Fs IR EO ee = Pp pe Fe 50 (1.1) 


of maps of free S-modules is a complex if ¢; 0 ¢j41 = 0 for all 7. The 
complex is exact in homological degree i if ker(d;) = im(¢;41). When the 
free modules F; are N”-graded, we require that each homomorphism ¢; be 
degree-preserving (or N”-graded of degree 0), so that it takes elements in F; 
of degree a € N” to degree a elements in Fj_. 


Definition 1.22 A complex Ff, as in (1.1) is a free resolution of a mod- 
ule M over S = k[z1,...,2,] if F. is exact everywhere except in homolog- 
ical degree 0, where M = Fo/im(¢,). The image in F; of the homomor- 
phism ¢;+1 is the i*® syzygy module of M. The length of the resolution 
is the greatest homological degree of a nonzero module in the resolution; 
this equals @ in (1.1), assuming Fy # 0. 


Often we augment the free resolution F. by placing 0 — M ae Fo at 
its left end instead, to make the complex exact everywhere. 

The Hilbert Syzygy Theorem says that every module M over the poly- 
nomial ring S has a free resolution with length at most n. In cases that 
interest us here, M = S/I is N"-graded, so it has an N”-graded free res- 
olution. Indeed, the kernel of an N”-graded module map is N”-graded, so 
the syzygy modules—and hence the whole free resolution—of S/I are au- 
tomatically N”-graded. Before giving examples, it would help to be able to 
write down maps between N”-graded free modules efficiently. To do this, 
we offer the following definition, in which the “>” symbol is used to denote 
the partial order on N” in which a > b if a; > b; for all i € {1,...,n}. 
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Definition 1.23 A monomial matrix is an array of scalar entries Aq, 
whose columns are labeled by source degrees a,, whose rows are labeled 
by target degrees a,, and whose entry Agp € k is zero unless a, = ag. 


The general monomial matrix represents a map that looks like 


BD s( aq) ¢ @ s(-a,). 


qd Pp 


Sometimes we label the rows and columns with monomials x* instead of 
vectors a. The scalar entry Agp indicates that the basis vector of S(—a,) 
should map to an element that has coefficient A,,) on the monomial that is 
xa times the basis vector of S(—a,). Observe that this monomial sits 
in degree ay, just like the basis vector of S(—a,). The requirement a, = ag 
precisely guarantees that x®?~°2 has nonnegative exponents. 

When the maps in a free resolution are written using monomial matrices, 
the top border row (source degrees a,) on a monomial matrix for @; equals 
the left border column (target degrees az) on a monomial matrix for ¢;+1. 

Each N”-graded free module can also be regarded as an ungraded free 
module, and most readers will have seen already matrices used for maps of 
(ungraded) free modules over arbitrary rings. In order to recover the more 
usual notation, simply replace each matrix entry Ag) by x*”~*4Agp, and 
then forget the border row and column. Because of the conditions defining 
monomial matrices, x°”?~°7,, € S for all p and q. 


Definition 1.24 A monomial matrix is minimal if Ag, = 0 when ap = ag. 
A homomorphism of free modules, or a complex of such, is minimal if it 
can be written down with minimal monomial matrices. 


Given that N”-graded free resolutions exist, it is not hard to show (by 
“pruning” the nonzero entries Ag, for which a, = aq) that every finitely 
generated graded module possesses a minimal free resolution. In fact, min- 
imal free resolutions are unique up to isomorphism. For more details on 
these issues, see Exercises 1.10 and 1.11; for a full treatment, see [Eis95, 
Theorem 20.2 and Exercise 20.1]. 

Minimal free resolutions are characterized by having scalar entry Ag, = 0 
whenever a, = ag in any of their monomial matrices. If the monomial 
matrices are made ungraded as above, this simply means that the nonzero 
entries in the matrices are nonconstant monomials (with coefficients), so it 
agrees with the usual notion of minimality for N-graded resolutions. 
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Example 1.25 Let I be the simplicial complex from Example 1.14. The 
Stanley—Reisner ring $/Jp has minimal free resolution 


abce abde acde abcde abcde 

-—1 -1 -1 abce | —1 

1 0 0 abde 1: 

de abe ace abcd 0) 1 0 acde | —1 

1 [ 1 iL 1 1 | abcd 0 0 1 abcde 0 

Oc S-« S4. St. S—0 
00000 00011 11101 11111 

11001 11011 
10101 10111 
11110 11111 


in which the maps are denoted by monomial matrices. We have used the 
more succinct monomial labels x®” and x4 instead of the vector labels ap 
and ay. Below each free module is a list of the degrees in N° of its generators. 
For an example of how to recover the usual matrix notation for maps of 
free S-modules, this free resolution can be written as 


0 -ab -ac -—abce —d 

c 0 0 c 

—b d 0 —b 

[ de abe ace abed | 0 0 0 e 0 
OcS-« 4 . G4. S« 


without the border entries and forgetting the grading. 
As a preview to Chapter 4, the reader is invited to figure out how the 
labeled simplicial complex below corresponds to the above free resolution. 


abe 


ace 


Hint: Compare the free resolution and the labeled simplicial complex with 
the numerator of the Hilbert series in Example 1.14. © 


Recall that in reduced chain complexes of simplicial complexes, the basis 
vectors are called e, for subsets o C {1,...,n}. 


Definition 1.26 The Koszul complex is the complex K. of free modules 
given by monomial matrices as follows: in the reduced chain complex of 
the simplex consisting of all subsets of {1,...,n}, label the column and the 
row corresponding to e, by a itself (or x”), and renumber the homological 
degrees so that the empty set @ sits in homological degree 0. 
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Example 1.27 The Koszul complex for n = 3 is 


yz re xy wyz 
x 0 1 1 Yz 1 
CY 2 y 1 0) —1 wz}—l1 
1 [1 1 1] z -1 -1 0 “Ly 1 
K.: O« S S3¢ S3 S 0 
after replacing the variables {11, 72, 23} by {x, y, z}. © 


The method of proof for many statements about resolutions of monomial 
ideals is to determine what happens in each N”-graded degree of a complex 
of S-modules. To illustrate, we do this now for K. in some detail. 


Proposition 1.28 The Koszul complex K. is a minimal free resolution of 
k= S/m for the maximal ideal m = (%,...,%n). 


Proof. The essential observation is that a free module generated by 1, in 
squarefree degree 7 is nonzero in squarefree degree o precisely when T C a 
(equivalently, when x” divides x7). The only contribution to the degree 0 
part of K., for example, comes from the free module corresponding to 2, 
whose basis vector lg sits in degree 0. 

More generally, for b € N” with support o, the degree b part (K.)p of 
the complex K. comes from those rows and columns labeled by faces of o. In 
other words, we restrict K. to its degree b part by ignoring summands S'-1, 
for which 7 is not a face of o. Therefore, (IK.)p is, as a complex of k-vector 
spaces, precisely equal to the reduced chain complex of the simplex o! This 
explains why the homology of K. is just k in degree O and zero elsewhere: 
a simplex o is contractible, so it has no reduced homology—that is, unless 
ao = {2} is the irrelevant complex (see Remark 1.19). 


1.5 Betti numbers 


Since every free resolution of an N”-graded module M contains a minimal 
resolution as a subcomplex (Exercise 1.11), minimal resolutions of M are 
characterized by having the ranks of their free modules F; all simultaneously 
minimized, among free resolutions (1.1) of M. 


Definition 1.29 If the complex F, in (1.1) is a minimal free resolution of 
a finitely generated N"-graded module M and F; = Qgcyn S(—a)***, then 
the i** Betti number of M in degree a is the invariant 3). = 3;,a(M). 


There are other equivalent ways to describe the N”-graded Betti num- 
ber @;,,(M). For example, it measures the minimal number of generators 
required in degree a for any i*" syzygy module of M. A more natural (by 
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which we mean functorial) characterization of Betti numbers uses tensor 
products and Tor, which we now review in some detail. 

If M and N are N”-graded modules, then their tensor product N@ 5M is 
N”-graded, with degree c component (N ®g M), generated by all elements 
fa © gp such that fz © Na and gp € My satisfy a+ b =c. For example, 
S(—a) ®g M is a module denoted by M(—a) and called the N”-graded 
translate of M by a. Its degree b component is M(—a)p = la ® Mp-a, 
where la is a basis vector for S(—a), so that S-1, = S(—a). In particular, 
S(—a) ®gk is a copy k(—a) of the vector space k in degree a € N”. 


Example 1.30 Tensoring the minimal free resolution in Example 1.25 with 
k = S/m yields a complex 


0<«—k« k*« k* « k—0 
00000 00011 11101 11111 
11001 11011 
10101 10111 
11110 11111 


of S-modules, each of which is a direct sum of translates of k, and where all 
the maps are zero. The translation vectors, which are listed below each di- 
rect sum, are identified with the row labels to the right of the corresponding 
free module in Example 1.25, or the column labels to the left. © 


The modules Tor; (M, N) are by definition calculated by applying _@N 
to a free resolution of M and taking homology [Wei94, Definition 2.6.4]. 
However, it is a general theorem from homological algebra (see [Wei94, Ap- 
plication 5.6.3] or do Exercise 1.12) that Tor? (M, N) can also be calculated 
by applying M @ _ to a free resolution of N and taking homology. When 
both M and N are N”-graded, we can choose the free resolutions to be 
N”-graded, so the Tor modules are also N”-graded. 


Example 1.31 The homology of the complex in Example 1.30 is the com- 
plex itself, considered as a homologically and N”-graded module. By defini- 
tion, this module is Tor$(S/Ip,k). It agrees with the result of tensoring the 
Koszul complex with $/Ip, where again [ is the simplicial complex from Ex- 
amples 1.25 and 1.14. The reader is encouraged to check this explicitly, but 
we shall make this calculation abstractly in the proof of Corollary 5.12. © 


Now we can see that Betti numbers tell us the vector space dimensions 
of certain Tor modules. 


Lemma 1.32 The i“ Betti number of an N”-graded module M in degree a 
equals the vector space dimension dim, Tor? (k, M)a. 


Proof. Tensoring a minimal free resolution of M with k = $/m turns all of 
the differentials ¢; into zero maps. 
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There is no general formula for the maps in a minimal free resolution 
of an arbitrary squarefree monomial ideal [,. However, we can figure out 
what its Betti numbers are in terms of simplicial topology. More generally, 
we can get simplicial formulas for Betti numbers of quotients by arbitrary 
monomial ideals. 


Definition 1.33 For a monomial ideal J and a degree b € N”, define 
K°(I) = {squarefree vectors t | xP~7 € I} 
to be the (upper) Koszul simplicial complex of J in degree b. 


Theorem 1.34 Given a vector b € N”, the Betti numbers of I and S/I 
in degree b can be expressed as 


Bio(L) = Bisip(S/D) = dim, H;_,(KP(1);k). 


Proof. For the first equality, use a minimal free resolution of J achieved by 
snipping off the copy of S occurring in homological degree 0 of a minimal 
free resolution of S/I. To equate 6;»(Z) with the dimension of the indicated 
homology, use Lemma 1.32 and Proposition 1.28 to write 6;,(I) as the 
vector space dimension of the i*” homology of the complex K. @ J in N”- 
graded degree b. Then calculate this homology as follows. 

Since I is a submodule of S$’, the complex in degree b of K. ®@g J is natu- 
rally a subcomplex of (K.)p, which we saw in the proof of Proposition 1.28 
is the reduced chain complex of the simplex with facet o = supp(b). It 
suffices to identify which faces of o contribute k-basis vectors to (K.)p. 

The summand of K. corresponding to a squarefree vector 7 is a free 
S-module of rank 1 generated in degree 7. Tensoring this summand with I 
yields I(—7), which contributes a nonzero vector space to degree b if and 
only if I is nonzero in degree b — 7, which is equivalent to x>~7 € I. 


In the special case of squarefree ideals, the Koszul simplicial complexes 
have natural interpretations in terms of a simplicial complex closely re- 
lated to A. In fact, the simplicial complex we are about to introduce is 
determined just as naturally from the data defining A as is A itself. 


Definition 1.35 The squarefree Alexander dual of J = (x”,...,x°") is 
Ir = m 'n---am. 


If A is a simplicial complex and IJ = I, its Stanley—Reisner ideal, then the 
simplicial complex A* Alexander dual to A is defined by Ia» = IK. 


Example 1.36 The Stanley—Reisner ideals J, and Jp from Examples 1.8 
and 1.14 are Alexander dual; their generators and irreducible components 
are arranged to make this clear. © 
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The following is a direct description of the Alexander dual simplicial 
complex. Recall that ¢ = {1,...,n}\ o is the complement of o in the 
vertex set. 


Proposition 1.37 If A is a simplicial complex, then its Alexander dual is 
A = {F|7 ¢ A}, consisting of the complements of the nonfaces of A. 


Proof. By Definition 1.6, In = (x |r ¢ A), so Im =), gam” by Defini- 
tion 1.35. However, this intersection equals (|=-,. m” by Theorem 1.7, so 
we conclude that + ¢ A if and only if 7 € A’, as desired. 


Specializing Theorem 1.34 to squarefree ideals requires one more notion. 
Definition 1.38 The link of o inside the simplicial complex A is 
linka(o) = {rE A|rUcEeAandtTNoc=8}, 
the set of faces that are disjoint from o but whose unions with o lie in A. 


Example 1.39 Consider the simplicial complex [ from Examples 1.14 
and 1.25, depicted in Fig. 1.1. The link of the vertex a in I consists of 
the vertex e along with all proper faces of the triangle {b,c,d}. The link 
of the vertex c in I is pure of dimension 1, its four facets being the three 
edges of the triangle {a, b,d} plus the extra edge {b, e} sticking out. 


b d 
linkp(a) = ae | linkp(c) = es 
eo Cc 
€ 


The simplicial complex linkr(e) consists of the vertex a along with the edge 
{b,c} and its subsets. The link of the edge {b,c} in I consists of the three 
remaining vertices: linkr({b,c}) = {@,a,d,e}. The link in T of the edge 
through a and e is the irrelevant complex: linkr({a, e}) = {@}. © 


The next result is called the “dual version” of Hochster’s formula be- 
cause it gives Betti numbers of [A by working with the Alexander dual 
complex A*, and because it is dual to Hochster’s original formulation, which 
we will see in Corollary 5.12. 


Corollary 1.40 (Hochster’s formula, dual version) All nonzero Betti 
numbers of In and S/Ia lie in squarefree degrees o, where 
Biola) = Bitio(S/Ix) = dimy Hj; (linky(7);k). 

Proof. For squarefree degrees, apply Theorem 1.34 by first checking that 
K? (In) = linkx1(7,)(@) and then verifying that K*(I[,) = A*. Both of 
these claims are straightforward from the definitions and hence omitted. 
For degrees b with b; > 2, the monomial xb—(7U%) lies in I, if and only if 
x>-T does. This means that KP(I,) is a cone with vertex i. Cones, being 
contractible, have zero homology (see [Wei94, Section 1.5], for example). 
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We will have a lot more to say about Alexander duality in Chapter 5. 
The interested reader may even wish to skip directly to Sections 5.1, 5.2, 
and 5.5 (except the end), as these require no additional prerequisites. 


Remark 1.41 Since we are working over a field k, one may substitute 
reduced homology for reduced cohomology when calculating Betti numbers, 
since these have the same dimension. 


Exercises 
1.1 Let n = 6 and let A be the boundary of an octahedron. 


(a) Determine J, and I. 
(b 

(c 
(d 


) 
) Compute their respective Hilbert series. 

) Compute their minimal free resolutions. 

) Interpret the Betti numbers in part (c) in terms of simplicial homology. 
1.2 Suppose that x? is not the least common multiple of some subset of the 
minimal monomial generators of I. Explain why K?(J) is the cone over some 
subcomplex. Conclude that all nonzero Betti numbers of J occur in N”-graded de- 
grees b for which x? equals a least common multiple of some minimal generators. 


1.3 Fix a simplicial complex A. Exhibit a monomial ideal J and a degree b in N” 
such that A = K(J) is a Koszul simplicial complex. Is your ideal I squarefree? 


1.4 Fix a set of monomials in 71,...,2n, and let I(k) be the ideal they generate 
in S=k[a1,...,2n], for varying fields k. 


(a) Can the N”-graded Hilbert series of [(k) depend on the characteristic of k? 

(b) Is the same true for Betti numbers instead of Hilbert series? 

(c) Show that the Betti numbers of S/J(k) in homological degrees 0, 1, 2, and n 
are independent of k. 

(d) Prove that all Betti numbers of S/I(k) in homological degrees 0, 1, and n lie 
in distinct N”-graded degrees. Why is 2 not on this list? Give an example. 


1.5 Let k =C be the field of complex numbers. For each monomial x* € C[x], 
the exponent vector a can be considered as a vector in C”. Show that a lies in 
the zero set of a Stanley—Reisner ideal J if and only if x* is nonzero in C[x]/Ja. 


1.6 For a monomial ideal J = (mi,...,m,) and integers t > 1, the Frobenius 
powers of J are the ideals ri = (mi,...,m). Given a simplicial complex A, 
write an expression for the K-polynomial of s/rl, What about s/rle s/t? 


1.7 Is there a way to construct monomial matrices for a (minimal) free resolution 
of I! starting with monomial matrices for a (minimal) free resolution of I? 


1.8 Let A be as in Examples 1.5 and 1.8. Use the links in Example 1.39 to 
compute as many nonzero Betti numbers of [a as possible. 


1.9 Which links in the simplicial complex A from Example 1.5 have nonzero 
homology? Verify your answer using Hochster’s formula by comparing it to the 
Betti numbers of S/Ip that appear in Examples 1.25 and 1.30. 
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1.10 Suppose that ¢ is a nonminimal N”-graded homomorphism of free modules. 
Show that ¢ can be represented by a block diagonal monomial matrix A in which 
one of its blocks is a nonzero 1x1 matrix with equal row and column labels. 


1.11 Using the fact that every N”-graded module M has a finite N”-graded free 
resolution, deduce from Exercise 1.10 that every N”-graded free resolution of M 
is the direct sum of a minimal free resolution of M and a free resolution of zero. 


1.12 This exercise provides a direct proof that Tor$(M,N) © Tor? (N,M). Let 
F and G be free resolutions of M and N, respectively, with differentials ¢ and w. 
Denote by F ® G the free module @:,; F; ® G;, and think of the summands as 
lying in a rectangular array, with F; ® G; in row 7 and column j. 


(a) Explain why the horizontal differential (—1)' @wW on row i of F@G, induced 
by w on G and multiplication by +1 on F;, makes FG into a free resolution 
of F;@N. (The sign (—1)’ is innocuous, but is needed for 0, defined next.) 

(b) Define a total differential 0 on F @G by requiring that 


Af®g) = (f)@g + (-1)'f®v;(9) 


for f € F; and g € G;. Show that 0? = 0, so we get a total complex 
tot(F ® G) by setting tot(F@G)x = B;, =, Fi@G; in homological degree k. 

(c) Prove that the map F ®©G — F @N that kills F; ® G; for 7 > 0 and maps 
F;,® Go — F; ® N induces a morphism tot(F @ G) — F ® N of complezes, 
where the i*” differential on F @ N is the map ¢; @ 1 induced by @¢. 

(d) Using the exactness of the horizontal differential, verify that the morphism 
tot(F @G) — F@N induces an isomorphism on homology. (The arguments 
for injectivity and surjectivity are each a diagram chase.) 

(e) Deduce that the i” homology of tot(F @ G) is isomorphic to Tor; (M, N). 

(f) Transpose the above argument, leaving the definition of tot(F ® G) un- 
changed but replacing (—1)’ @ ~ with the vertical differential ¢ @ 1 on the 
j*" column of F@G, to deduce that tot(F@G) has j‘* homology Tor? (N, M). 

(g) Conclude that Tor? (M,N) & H;(tot(F @ G)) & Tor? (N, M). 


1.13 Let m < n be positive integers, and S = k[w1,...,%m+4n]. Setting M = 
S/(lm+15+++;Lmtn) and N = S/(an41,...,%m+n), find the Hilbert series of the 
isomorphic modules Tor? (M,N) and Tor?(N,M). Which is easier to calculate? 
Write a succinct expression for the result of setting x; = q' for all i in this series. 


Notes 


Stanley—Reisner rings and Stanley—Reisner ideals are sometimes called face rings 
and face ideals. Their importance in combinatorial commutative algebra cannot 
be overstated. Stanley’s green book [Sta96] contains a wealth of information 
about them, including a number of important applications, such as Stanley’s 
proof of the Upper Bound Theorem for face numbers of convex polytopes. We 
also recommend Chapter 5 of the book of Bruns and Herzog [BH98] and Hibi’s 
book [Hib92] for more background on squarefree monomial ideals. The first two 
of these references contain versions of Hochster’s formula, whose original form 
appeared in [Hoc77]; the form taken by Theorem 1.34 is that of [BCP99]. 

We have only presented the barest prerequisites in simplicial topology. The 
reader wishing a full introduction should consult [Hat02], [Mun84], or [Rot88]. 
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Monomial matrices were introduced in [Mil00a] for the purpose of working 
efficiently with resolutions and Alexander duality. Monomial matrices will be 
convenient for the purpose of cellular resolutions in Chapters 4, 5, and 6. Other 
applications and generalizations will appear in the context of injective resolutions 
(Section 11.3) and local cohomology (Chapter 13). 

The reader is encouraged to do explicit computations with the objects in this 
chapter, and indeed, in all of the chapters to come. Those who desire to compute 
numerous or complicated examples should employ a computer algebra system 
such as CoCoA, Macaulay2, or Singular [CoC, GS04, GPSO1]. 

We included Exercise 1.12 because there seems to be no accessible proof of the 
symmetry of Tor in the literature. The proof outlined here shows that the natural 
map from the total complex of any bicomplex to its horizontal homology complex 
is an isomorphism on homology when the rows are resolutions (so their homology 
lies only in homological degree zero). This statement forms the crux of a great 
number of arguments producing isomorphisms arising in local cohomology and 
other parts of homological algebra. The argument given in Exercise 1.12 is the 
essence behind the spectral sequence method of deriving the same result. Those 
who desire to brush up on their abstract homological algebra should employ a 
textbook such as Mac Lane’s classic [MacL95] or Weibel’s book [Wei94]. 


Chapter 2 


Borel-fixed monomial 
ideals 


Squarefree monomial ideals occur mostly in combinatorial contexts. The 
ideals to be studied in this chapter, namely the Borel-fixed monomial ideals, 
have, in contrast, a more direct connection to algebraic geometry, where 
they arise as fixed points of a natural algebraic group action on the Hilbert 
scheme. The fact that we will not treat these schemes until Chapter 18 
should not cause any worry—one need not know what the Hilbert scheme is 
to understand both the group action and its fixed points. After an introduc- 
tory section concerning group actions on ideals, there are three main themes 
in this chapter: the construction of generic initial ideals, the minimal reso- 
lution of Borel-fixed ideals due to Eliahou—Kervaire, and the Bigatti-Hulett 
Theorem on extremal behavior of lexicographic segment ideals. 


2.1 Group actions 


Throughout this chapter, the ground field k is assumed to have charac- 
teristic 0, and all ideals of the polynomial ring S = k[aj,...,x,] that 
we consider are homogeneous with respect to the standard Z-grading (an 
N-grading) given by deg(x;) = 1 for i = 1,...,n. Consider the following 
inclusion of matrix groups: 


GL,(k) = {invertible n x n matrices} general linear group 
U 

B,(k) = {upper triangular matrices} Borel group 
U 

Tn(k) = {diagonal matrices} algebraic torus group 


The general linear group (and hence its subgroups) acts on the polyno- 
mial ring as follows. For an invertible matrix g = (g;;) € GL,(k) and a 
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polynomial f = p(a1,...,%n) € S, let g act on f by 
g° Pp = p(gx1,.--,g%n), where ga; = Ngee: 
j=l 


Given an ideal J C S', we get a new ideal by applying g to every element of J: 


g:-I = {g-p|pe lf}. 


If J is an ideal with special combinatorial structure and the matrix g is 
fairly general, then passing from I to g-J will usually lead to a considerable 
increase in complexity. For a simple example, take n = 4 and let I be the 
principal ideal generated by the quadric 2,22 —x%3x%4. Then g- TI is the 
principal ideal generated by 


(911921 > gsigai) x4 5 (912922 i 932942) x3 
+(913923 — 933.943)@3 + (g14goa — 934944) 24 


H( 

(911922 — 932941 + 912921 — 931942)%1X2 
(913921 + 911923 — 933941 — 931943) ©1273 
( 
H( 
( 


) 
914921 — 931944 — 934941 + 911924) 104 
912923 — 933942 + 913922 — 932943) T2X3 
) 
) 


914922 — 934942 — 932944 1 912924 )X2V4 
+(913924 + 914923 — 934943 — 933944) 324. 


We are interested in ideals J that are fixed under the actions of the three 
kinds of matrix groups. Let us start with the smallest of these three. 


Proposition 2.1 A nonzero ideal I inside S is fixed under the action of 
the torus T,(k) if and only if I is a monomial ideal. 


Proof. Torus elements map each variable—and hence each monomial—to 
a multiple of itself, so monomial ideals are fixed by T;,(k). Conversely, 
let I be an arbitrary torus-fixed ideal, and suppose that p = > cax® is a 
polynomial in 7. Then t-p = S>cat®x® is also in J, for every diagonal 
matrix t = diag(t,...,tn). Let T = {t™,...,t{} C Ty(k) be a generic 
set of diagonal matrices t“) = diag(t\"), mae Oy. where the cardinality s 
equals the number of monomials with nonzero coefficient in p. For each 
monomial x® appearing in p and each diagonal matrix t € 7, there is a 
corresponding monomial t®. Form the s x s matrix (t®) whose columns 
are indexed by the monomials appearing in p and whose rows are indexed 
by TJ. As a polynomial in the n- s symbols £46"), ne th) |k =1,...,s}, 
the determinant of (t#) is nonzero, because all terms in the expansion are 
distinct. Hence det(t®) 4 0, because T is generic. Multiplying the inverse 
of (t®) with the column vector whose entries are the polynomials t - p for 
t € T yields the column vector whose entries are precisely the terms cax® 
appearing in p. We have therefore produced each term c,x® in p as a linear 
combination of polynomials t-p € J. It follows that I is a monomial ideal. 
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Corollary 2.2 A nonzero ideal I in S is fixed under the action of the 
general linear group GL,,(k) if and only if I is a power m®@ of the irrelevant 
maximal ideal m = (21,...,2n), for some positive integer d. 


Proof. The vector space of homogeneous polynomials of degree d is fixed 
by GL,,(k), and hence so is the ideal m¢ it generates. Conversely, suppose I 
is a GL,,(k)-fixed ideal and that p is a nonzero polynomial in J of minimal 
degree, say d. For a general matrix g, the polynomial g- p contains all 
monomials of degree d in S. Since g-p is in I, and since J is a monomial 
ideal by Proposition 2.1, every monomial of degree d lies in J. But I 
contains no nonzero polynomial of degree strictly less than d, so I = m¢. 


The characterization of monomial ideals in Proposition 2.1 is one of our 
motivations for having included a chapter on toric varieties later in this 
book: toric varieties are closures of T,, orbits. In representation theory and 
in the study of determinantal ideals in Part I], one is also often interested in 
actions of the Borel group B,. Since B, contains the torus T;,, and T;,-fixed 
ideals are monomial, every Borel-fixed ideal is necessarily a monomial ideal. 
Borel-fixed ideals enjoy the extra property that larger-indexed variables can 
be swapped for smaller ones without leaving the ideal. 


Proposition 2.3 The following are equivalent for a monomial ideal I. 


(i) I is Borel-fixed. 
(ii) If m € I is any monomial divisible by x;, then mo El fori<j. 


Proof. Suppose that I is a Borel-fixed ideal. Let m € I be any monomial 
divisible by x; and consider any index i < j. Let g be the elementary 
matrix in B,(k) that sends x; to 7; + x; and that fixes all other variables. 
The polynomial g-m lies in I = g- I, and the monomial mz;/x,; appears 
in the expansion of g-m. Since I is a monomial ideal, this implies that the 
monomial mz;/x,; lies in I. We have proved the implication (i) = (ii). 
Suppose that condition (ii) holds for a monomial ideal J. Let m be 
any monomial in J and g € B,(k) any upper triangular matrix. Every 
monomial appearing in g-m can be obtained from the monomial m by 
a sequence of transformations as in (ii). All of these monomials lie in I. 
Hence g-m lies in I. Therefore condition (i) holds for I. 


In checking whether a given ideal I is Borel-fixed, it suffices to verify 
condition (ii) for minimal generators m of the ideal J. Hence condition (ii) 
constitutes an explicit finite algorithm for checking whether J is Borel-fixed. 


Example 2.4 Here is a typical Borel-fixed ideal in three variables: 


<5 272 3 3 
I = (x7, £122, £5, £125). 
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Each of the four generators satisfies condition (ii). The ideal J has the 
following unique irreducible decomposition (see Chapter 5.2 if these are 
unfamiliar), which is also a primary decomposition: 


T= (21,23) 9 (vj, 2,23). 
The second irreducible component is not Borel-fixed. © 


The previous example is slightly surprising from the perspective of 
monomial primary decomposition. Torus-fixed ideals, namely monomial 
ideals, always admit decompositions as intersections of irreducible torus- 
fixed ideals; but the same statement does not hold for Borel-fixed ideals. 


2.2 Generic initial ideals 


This section serves mainly as motivation for studying Borel-fixed ideals, 
although it is also a convenient place to recall some fundamentals of Grobner 
bases, which will be used sporadically throughout the book. The crucial 
point about Borel-fixed ideals is Theorem 2.9, which says that they arise 
naturally as initial ideals after generic changes of coordinates. Although 
this result and the existence of generic initial ideals are stated precisely, we 
refer the reader elsewhere for large parts of the proof. For a more detailed 
introduction to Grébner bases, see [CLO97] or [Eis95, Chapter 15]. 

To find Grobner bases, one must first fix a term order < on the poly- 
nomial ring S = k[a21,...,2n]. By definition, < is a total order on the 
monomials of § that is multiplicative, meaning that x < x° if and only if 
xath < xt and artinian, meaning that 1 < x® for all nonunit monomials 
x* € S. Unless stated otherwise, we assume that our chosen term order 
satisfies 71 > 42 >-+++ > Qn. 

Given a polynomial f = )> cnn Cax*, the monomial x* that is largest 
under the term order < among those whose coefficients are nonzero in p 
determines the initial term ine(f) = cax*. When the term order has been 
fixed for the discussion, we sometimes write simply in(f). If J is an ideal 
in S, then the initial ideal of J, 


in) = (in(f)| f € J), 
is generated by the set of initial terms of all polynomials in J. 


Definition 2.5 Suppose that I = (fi,...,f;-). The set {f1,...,f,} of 
generators constitutes a Gr6ébner basis if the initial terms of f1,..., fr 
generate the initial ideal of I; that is, if in(Z) = (in(f1),...,in(f,)). 


Every ideal in S has a (finite) Grobner basis for every term order, 
because in(J) is finitely generated by Hilbert’s basis theorem. Note that 
there is no need to mention any ideals when we say, “The set {f1,..., f,} 
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is a Grdbner basis,” as the set must be a Grodbner basis for the ideal 
I = (fi,...,f-) it generates. On the other hand, most ideals have many 
different Grobner bases for a fixed term order. This uniqueness issue can be 
resolved by considering a reduced Grobner basis {f1,..., f-}, which means 
that in(f;) has coefficient 1 for each i = 1,...,7, and that the only monomial 
appearing anywhere in {f1,..., f,} that is divisible by the initial term in(f;) 
is in(f;) itself; see Exercise 2.5. 

In the proof of the next lemma, we will use a general tool due to 
Weispfenning [Wei92] for establishing finiteness results in Grébner basis 
theory. Suppose that y is a set of variables different from 21,...,%p, and 
let J be an ideal in Sly], which is the polynomial ring over k in the vari- 
ables x and y. Every k-algebra homomorphism ¢ : k[y] — k determines 
a homomorphism ¢s : Sly] > S that sends the y variables to constants. 
The image ¢g(J) is an ideal in S. Given a fixed term order < on S' (not 
on S[y]), Weispfenning proves that J has a comprehensive Grobner basis, 
meaning a finite set C of polynomials p(x,y) € J such that for every ho- 
momorphism ¢: k[y] — k, the specialized set ¢gs(C) is a Groébner basis for 
the specialized ideal ég(J) in S with respect to the term order <. 

Returning to group actions on S, every matrix g € GL,,(k) determines 
the initial monomial ideal in(g- J). After fixing a term order, we call two 
matrices g and g’ equivalent if 


in(g-I) = in(g’- J). 


The resulting partition of the group GL,,(k) into equivalence classes is a 
geometrically well-behaved stratification, as we shall now see. 

To explain the geometry, we need a little terminology. Let g = (g;;) 
be an n X n matrix of indeterminates, so that the algebra k[g] consists of 
(some of the) polynomial functions on GZ,,(k). The term Zariski closed 
set inside of GL, (k) or k” refers to the zero set of an ideal in k[g] or S. 
If V is a Zariski closed set, then a Zariski open subset of V refers to the 
complement of a Zariski closed subset of V. 


Lemma 2.6 For a fixed ideal I and term order <, the number of equiva- 
lence classes in GL,(k) is finite. One of these classes is a nonempty Zariski 
open subset U inside of GL, (k). 


Proof. Consider the polynomial ring S[gi1,.--;9nn] = k[g,x] in n? +n 
unknowns. Suppose that pi(x),...,p,(x) are generators of the given ideal I 
in S. Let J be the ideal generated by the elements g- pi(x),...,8 - p;(x) 
in k[g,x], and fix a comprehensive Grébner basis C for J. 

The equivalence classes in GZ,,(k) can be read off from the coefficients 
of the polynomials in C. These coefficients are polynomials in k{g]. By 
requiring that det(g) 4 0 and by imposing the conditions “= 0” and “4 0” 
on these coefficient polynomials in all possible ways, we can read off all 
possible initial ideals in(g- J). Since C is finite, there are only finitely many 
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possibilities, and hence the number of distinct ideals in(g- I) as g runs 
over GL,,(k) is finite. The unique Zariski open equivalence class U can be 
specified by imposing the condition “4 0” on all the leading coefficients of 
the polynomials in the comprehensive Grobner basis C. 


The previous lemma tells us that the next definition makes sense. 


Definition 2.7 Fix a term order < on S. The initial ideal ine (g- J) that, 
as a function of g, is constant on a Zariski open subset U of GL, is called 
the generic initial ideal of J for the term order <. It is denoted by 


gine(I) = inc(g-I). 


Example 2.8 Let n = 2 and consider the ideal I = (x7, 23), where < is 
the lexicographic order with 2; > x. For this term order, the ideal J 
defined in the proof of Lemma 2.6 has the comprehensive Grobner basis 


C= {Giri + Wgrigieaiaxe + gto, G>177 + 2grig22x142 + 93083, 
2.921.911 (922911 —9eigi2)eiv2 + (go2g11 — gai gi2)(gaigi2 + 922911) @5, 
(922911 —921912)°@3}- 
The group GL2(k) decomposes into only two equivalence classes in this case: 
© inc(g- I) = (27,23) if guige1 = 0 
e ine(g- 1) = (27,122, 73) if guiga 40 
The second ideal is the generic initial ideal: gin(1) = (a7, v122, 73). © 


The punch line is the result of Galligo, Bayer, and Stillman describing 
a general procedure to turn arbitrary ideals into Borel-fixed ideals. 


Theorem 2.9 The generic initial ideal gin-(I) is Borel-fixed. 


Proof. We refer to Eisenbud’s commutative algebra textbook, where this 
result appears as [Eis95, Theorem 15.20]. A complete proof is given there. 


It is important to note that the generic initial ideal gin-(I) depends 
heavily on the choice of the term order <. Two extreme examples of term 
orders are the purely lexicographic term order, denoted <j¢,, and the reverse 
lexicographic term order, denoted <;yeyicx. For two monomials x® and xP 
of the same degree, we have x® >, x? if the leftmost nonzero entry of 
the vector a—b is positive, whereas x? >yeylex X if the rightmost nonzero 
entry of the vector a — b is negative. 


Example 2.10 Let f,g © k[a1,272,x3,x4] be generic forms of degrees d 
and e, respectively. Considering the three smallest nontrivial cases, we list 
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the generic initial ideal of J = (f,g) for both the lexicographic order and 
the reverse lexicographic order. The ideals J = gin,,,(J) are: 


(d,e) = (2,2) J 


2 
Do, © 2%, 022,24) 


#1, 23) M (27, @2, 03), 


= ( 
= 4 
(ei (O38) J ae ae ee eee eee ee 
= (21, 5) 9 (x7, 72, x) al (x7, x5, v3; x4) al (xj, x5, x3, in), 
= 


(d,e) = (3,3) J 
On the other hand, the ideals J = gin 
(d,e) = (2,2) J= 


£9,201 04°, 21 ¢20}°, 21 227324',..., 27) (26 generators). 


ie 2) are: 


(x3, @1%2, 27) 

= (01,23) M (xi, x2), 
(d, e) _ (2,3) J= (5, D103, 21) 

= (21,23) (27,23), 
(d, e) = (3,3) J = ( 

= ( 


v3, 1103, rjx2, x?) 

5 De 28 3 
©1,%3) N (tq, 23) N (rj, £2), 
The reverse lex gin is much nicer than the lex gin, mostly because there are 
fewer generators, but also because they have lower degrees. All six ideals J 
above are Borel-fixed. © 


Let us conclude this section with one more generality on Grobner bases: 
they work for submodules of free S-modules. Suppose that F = 9° is a 
free module of rank 3, with basis e;,...,eg. There is a general definition 
of term order for F, which is a total order on elements of the form me;, 
for monomials m € S, satisfying appropriate analogues of the multiplicative 
and artinian properties of term orders for S. Initial modules are defined just 
as they were for ideals (which constitute the case G = 1). For our purposes, 
we need only consider term orders on F obtained from a term order on S' by 
ordering the basis vectors e; > --- > eg. To get such a term order, we have 
to pick which takes precedence, the term order on S' or the ordering on the 
basis vectors. In the former case, we get the TOP order, which stands for 
term-over-position; in the latter case, we get the POT order, for position- 
over-term. In the POT order, for example, me; > m’e; if either i < j, or 
else i = j andm > m’. If M C F is a submodule, then {f;,..., f,} C M is 
a Grobner basis if in(fi),...,in(f,) generate in(M/). The notion of reduced 
Grébner basis for modules requires only that if in(f,) = me;, then m does 
not divide m’ for any other term m’e; with the same e; appearing in any f;. 


2.3. The Eliahou—Kervaire resolution 


Next we describe the minimal free resolution, Betti numbers and Hilbert 
series of a Borel-fixed ideal J. The same construction works also for the 
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larger class of so-called “stable ideals”, but we restrict ourselves to the 
Borel-fixed case here. Throughout this section, the monomials m1,...,m,; 
minimally generate the Borel-fixed ideal J, and for every monomial m, we 
write max(m) for the largest index of a variable dividing m. For instance, 
max(ar{x3r}?) = 4 and max(x27$) = 3. Similarly, let min(m) denote the 
smallest index of a variable dividing m. 


Lemma 2.11 Each monomial m in the Borel-fixed ideal I = (m4,...,m,) 
can be written uniquely as a product m = mm’ with max(m;) < min(m’). 


In what follows, we abbreviate u; = max(m;) for i =1,...,r. 


Proof. Uniqueness: Suppose m = mimi, = m jm, both satisfy the condi- 
tion, with u; < u;. Then m; and m, agree in every variable with index < u;. 
If x,, divides mi, then uj; = u; by the assumed condition, whence one of m; 
and m, divides the other, so i = 7. Otherwise, x,, does not divide mi. In 
this case the degree of x,, in m; is at most the degree of x,, in mj, which 
equals the degree of x,, in m, so that again m; divides m; and 7 = 7. 
Existence: Suppose that m = m,m’ for some j, but that u; > u:= 
min(m’). Proposition 2.3 says that we can replace m,; by any minimal gen- 
erator m, dividing My ha [ Lag. By construction, u; < u;, so either us < u;, 
or u; = u; and the degree of x, in m; is < the degree of x,, in m;. This 
shows that we cannot keep going on making such replacements forever. 


Recall that a quotient of S by a monomial ideal J has a K-polynomial if 
the N”-graded Hilbert series of S/I agrees with a rational function having 
denominator (1—2)---(1—2,), in which case K(S/I;x) is the numerator. 


Proposition 2.12 For the Borel-fixed ideal I = (mj,...,m,-), the quotient 
S/I has K-polynomial 


K(S/I;x) = 1— Som; [] a). 


Proof. By Lemma 2.11, the set of monomials in J is the disjoint union over 
i=1,...,r of the monomials in m;-k[au,,...,2%n]. The sum of all mono- 
mials in such a translated subalgebra of S equals the series 


u,—l 


Tata U-2) 


j=1 


by Example 1.11. Summing this expression from i = 1 to r yields the 
Hilbert series of J, and subtracting this from the Hilbert series of S yields 
the Hilbert series of S/J. Clear denominators to get the K-polynomial. 
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Example 2.13 Let I be the ideal in Example 2.4. Its K-polynomial is 


K(S/I;x) = 1-2? —292(1— 21) — 23(1 — 21) — 2123(1 — 21)(1 — 22) 


2 3 3 
1 — xj] — @1%2 — 4% — 2123 


2 2 
+ gigs + r1x2r3 + x03 + Xj X2 


2 
oa ri rer. 


This expansion suggests that the minimal resolution of S/I has the form 


O36 SG ee a, 
and this is indeed the case, by the formula in Theorem 2.18. © 


The simplicial complexes that arise in connection with Borel-fixed ideals 
have rather simple geometry. Since we will need this geometry in the proof 
of Theorem 2.18, via Lemma 2.15, let us make a formal definition. 


Definition 2.14 A simplicial complex A on the vertices 1,...,k is shifted 
if (rT \ a) UB is a face of A whenever 7 is a face of Aand 1 <a<6<k. 


The distinction between faces and facets will be crucial in what follows. 


Lemma 2.15 Fiz a shifted simplicial complex T on1,...,k, and let ACT 
consist of the faces of T not having k as a vertex. Then dim,H;(T;k) equals 
the number of dimension i facets T of A such that TUk is not a face of I. 


Proof. VT is a subcomplex of the cone k * A from the vertex k over A. By 
Definition 2.14, if 7 € A is a face, then [’ contains every proper face of 
the simplex tr Uk. In other words, [ is a near-cone over A, which is by 
definition obtained from k « A by removing the interior of the simplex TUk 
for some of the facets 7 of A. 

The only i-faces of T are (i) the i-faces of A, (ii) the cones o U k over 
some subset of the (i — 1)-facets o € A, and (iii) the cones from k over all 
non-facet (i — 1)-faces of A. If o is an (i — 1)-facet of A, then oUK ET 
cannot have nonzero coefficient c € k in any i-cycle of , because 0 would 
have coefficient +c in its boundary. 

For each j > 0, let A; C A be the subcomplex that is the union of all 
(closed) j-faces of A. For the purpose of computing H i([;k), we assume 
using the previous paragraph that A has no facets of dimension less than i, 
by replacing A with As; = U >i Ag and taking only those faces of T 
contained in k * As;. Thus every i-face of k * A lies in I. Since we are 
interested in the i** homology of I’, we also assume that dim(A) <i+1. 

There can be (¢+1)-faces of I that do not lie in the cone kxA, but these 
missing (i+ 1)-faces all have the form TU& for a facet 7 of dimension i in A. 
Now consider the long exact homology sequence arising from the inclusion 
T+ kxA. It contains the sequence Hj4,(k * A) > Hjii(k* AT) > 
H,(C) — H;(k* A). The outer terms are zero because k * A is a cone. 
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When I is the minimal near-cone over A, the dimension of the relative 
homology H;+1(k * A,T) is the number of é-facets of A, because the only 
faces of kx A contributing to the relative chain complex are T Uk for i-facets 
7 of A. Hence the isomorphism H;+(k* A,T) — H;(1) proves the lemma 
in this case. For general [’, adding a face 7 Uk can only cancel at most one 
i** homology class of I’, so it must cancel exactly one, because adding all 
of the faces 7 Uk for i-facets of A yields k x A, which has no homology. 


The main theorem of this section refers to an important notion that 
will resurface again in Chapter 5. For any vector b = (b1,...,bn) € N”, let 
lb] = by +--+ + by. 


Definition 2.16 An N”-graded free resolution F, is linear if there is a 
choice of monomial matrices for the differentials of 7. such that in each 
matrix, |ap—a,| = 1 whenever the scalar entry 4p is nonzero. A module M4 
has linear free resolution if its minimal free resolution is linear. 


Using the ungraded notation for maps between free S-modules, a Z- 
graded free resolution is linear if the nonzero entries in some choice of 
matrices for all of its differentials are linear forms. When the resolution is 
N”-graded, the linear forms can be taken to be scalar multiples of variables. 


Example 2.17 Let M be an N”-graded module whose generators all lie 
in degrees b € N” satisfying |b| = d for some fixed integer d € N. Then 
M has linear resolution if and only if for all i > 0, the minimal i'® syzygies 
of M lie in degrees b € N” satisfying |b| = d+ i. © 


Theorem 2.18 Let M be the module of first syzygies on the Borel-fixed 
ideal I = (m1,...,m,). Then M has a Groébner basis such that its initial 


module in(M) has linear free resolution. Moreover, S" /in(M) has the same 
number of minimal i” syzygies as I~ S"/M, namely er Cr. 
Proof. The idea of the proof is to compare the minimal free resolution of M 
to a direct sum of Koszul complexes. We make the following crucial labeling 
assumption, in which deg,,(m) is the degree of x, in each monomial m, and 


again u; = max(m,) for? =1,...,r: 
i>j = ujSuj and deg, (mi) < deg,,,(m,). 


Let us begin by constructing some special elements in the syzygy mod- 
ule M. Consider any product m = x,m, in which u < u;. By Lemma 2.11, 
this monomial can be rewritten uniquely as 

mM = ty:m; = m'-m, with uj <min(m’). 
Since u < uj, we must have min(m’) < u;. Moreover, if min(m’) = u;, then 
deg,,,(mi) < deg,,,(m;). Therefore i < j with our labeling assumption. 
This means that the following vector is a nonzero first syzygy on I: 


Lye; — m'-e, € M. (2.1) 
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Fix any term order on S$” that picks the underlined term as the leading 
term for every j = 1,...,r and u = 1,...,u;; the POT order induced 
by ey > eg >--- > e, will do, for instance. We claim that the set of 
syzygies (2.1), as u and j run over all pairs satisfying u < u,;, equals the 
reduced Grobner basis of M, and in particular, generates M. 

If the Grobner basis property does not hold, then some nonzero syzygy 


m" -e; —m'-e, € M 
has the property that neither m”-e, nor m’-e; lies in the submodule of S” 
generated by the underlined leading terms in (2.1). This means that 


min(m’) > max(m;) and min(m") > max(m,;). 


The identity m’-m,; = mm, contradicts the uniqueness statement in 
Lemma 2.11. This contradiction proves that the relations (2.1) constitute 
a Grobner basis for the submodule M Cc S$". This Grobner basis is reduced 
because no leading term 2,,e; divides either term of another syzygy (2.1). 

We have shown that the initial module in(//) under the given term 
order is minimally generated by the monomials 2, -e; for which u < uj. 
Hence this initial module decomposes as the direct sum 


in(M) = €)(a1,22,..-,@u,-1) + ej. (2.2) 


The minimal free resolution of in(M/) is the direct sum of the minimal free 
resolutions of the r summands in (2.2). The minimal free resolution of the 
ideal (21, @2,...,£y,;—1) is a Koszul complex, which is itself a linear resolu- 
tion. Moreover, the number of i'® syzygies in this Koszul complex equals 
(“7>"). We conclude that in(/) has linear resolution and that its number 
of minimal i‘" syzygies equals the desired number, namely )7'_, (ee 

We have reduced Theorem 2.18 to the claim that the Betti numbers of M 
equal those of its initial module in(/) in every degree b € N”. In fact, we 
only need to show that 6:,5(M) > G:,p(in(14)), because it is always the case 
that 6; »(M) < 8;(in(M)) for all b € N” (we shall prove this in a general 
context in Theorem 8.29). Fix b = (b1,...,6n) with §;,5(in(Z)) 4 0, and 
let k be the largest index with b, > 0. 

By (2.2), the Betti number /;(in(1/)) equals the number of indices 
j € {1,..., 7} such that xP/m, is a squarefree monomial x7 € S for some 
subset 7 C {1,...,u; — 1} of size i+1. All of these indices 7 share the 
property that deg,,, (mj) = by. Each index j arising here leads to a different 
(i+ 1)-subset 7 of {1,...,4 —1}. 

The Betti number {;5(M) = (i+41,»(1) can be computed, by Theo- 
rem 1.34, as the dimension of the i** homology group of the upper Koszul 
simplicial complex K®(/) in degree b. Applying Proposition 2.3 to monomi- 
als m = x>~7 for squarefree vectors T, we find that K(J) is shifted. Hence 
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we deduce from Lemma 2.15 that dim, H;(K®(I);k) equals the number 
of dimension i facets T € A such that tT Uk is not a face of KP(I). But 
every size i+ 1 subset 7 from the previous paragraph is a facet of A, and 
7 Uk is not in K®(I), both because x®-7 = m; is a minimal generator of I. 
Therefore 6;,p(M) > 6i,n(in(4)), and the proof is complete. 


We illustrate Theorem 2.18 and its proof with two nontrivial examples. 


Example 2.19 Let n = 4 and r = 7, and consider the following ideal: 


(a1x0%4, %1fot307, 2,28, ax,2222, 28, £423, ay 
U3 EC, —x4 e2 
£2 e1 — x4 &6 
1 e1 —2x4 e7 
U3 €2 —x4 e4 
2 €2 —2323 e€6 
1&2 — 222323 e7 
2 €3 —23 e4 
v1 3 —z§ e7 
Lo e4 —£3 eg 
v1 e€4 —219x3 e7 
£1 5 — x3 e6 
v1 &6 —x3 e7 


This monomial ideal is Borel-fixed. Beneath the seven generators, we wrote 
in 12 rows the 12 minimal first syzygies (2.1) on the generators. These form 
a Grobner basis for the syzygy module M, and the initial module is 


in(kM) = (211, %2€1, £3@1, 
T1E2, %Q2€2, 3 €2, 
T1€3, %2€3, 
T1€4, %&4, 
1&5, 
x1 &6) 
C S*=k[2x, 22,23, 24)". 


Its minimal free resolution is a direct sum of six Koszul complexes: 


(Se, < S3 — 88 « S — 0) 
® (Seo < S3 — 8 « S — 0) 
® (Seg < ican S « 0) 

@ (Seq « S? « S « 0) 
@ (Se, — S$ <— 0) 


0 «— in(M) —— S!? «— §8 «— §? «— 0. 


The resolution of in(/) is linear and lifts (by adding trailing terms as in 
Schreyer’s algorithm [Eis95, Theorem 15.10]) to the minimal free resolution 
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of M. The resulting resolution of the Borel-fixed ideal $”/M is called the 
Eliahou-Kervaire resolution: 


4 2 
(a1%204 41420304 *** Xj) 


0+ S« ST « gi. S8 « S? — 0. 


The reader is encouraged to compute the matrices representing the differ- 
entials in a computer algebra system. © 


Our results on the Betti numbers of Borel-fixed ideals apply in particular 
to the GL,,(k)-fixed ideals. By Corollary 2.2, these are the powers m¢ of the 
maximal homogeneous ideal m = (11,...,2n), as follows when n = d= 3. 


Example 2.20 Let n = d = 3, and use the variable set {z,y,z}. The 
Betti numbers and Eliahou—Kervaire resolution of the Borel-fixed ideal I = 
(x,y,z)? can be visualized as follows: 


1 
° x3 
— z a 
Me — - eA ore le 
2 3 8s a ee a 
e e e e y? yz YZ z 
max(m;) (x,y,z)? 


The importance of the dotted lines in the right-hand diagram will be ex- 
plained in Example 4.22. The numbers in the left-hand diagram determine 
the binomial coefficients (ern va) from Theorem 2.18, which are given 
in the triangles below. By adding these triangles, we get the Betti numbers 
of the minimal free resolution 


S « G10 ‘ gts é 6 é 0 


O01 
2 o11 
1, aa 1222 O1li11 


The triangles show how the resolution of the initial module in(1/) decom- 
poses as a direct sum of 10 Koszul complexes, one for each generator of I. © 


2.4 Lex-segment ideals 


In this section, fix the lexicographic term order < = <jex on the polyno- 
mial ring S = k[x,,...,2,]. The d‘® graded component Sq will be identified 
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with the set of all monomials in S of degree d. Fix a function H : N—N 
that equals the N-graded Hilbert function of some homogeneous ideal J in S, 
meaning that H(d) is the number of k-linearly independent homogeneous 
polynomials of degree d lying in the ideal J. There are many choices for J, 
given our fixed H, and this section is about a certain extreme choice. 

Let Ly be the vector space over k spanned by the H(d) largest monomi- 
als in the lexicographic order on Sg. Define a subspace of S by taking the 
direct sum of these finite-dimensional spaces of homogeneous polynomials: 


Lo= a La: 
d=0 


The following result is due to Macaulay [Mac27]. 


Proposition 2.21 The graded vector space L is an ideal, called the lex- 
segment ideal for the Hilbert function H. 


A proof of this proposition will be given later, as part of our general 
combinatorial development in this section. It follows from Proposition 2.3 
that DL is Borel-fixed. The reason for studying lex-segment ideals is because 
their numerical behavior is so extreme that they bound from above the 
numerical behavior of all other ideals. The seminal result along these lines 
is the following classical theorem of Macaulay. 


Theorem 2.22 (Macaulay’s Theorem) For every degree d > 0, the lex- 
segment ideal L for the Hilbert function H has at least as many generators 
in degree d as every other (monomial) ideal with Hilbert function H. 


Example 2.23 Let n = 4 and let H be the Hilbert function of the ideal 
generated by two generic forms of degrees d and e. The lex-segment ideal L 
for this Hilbert function has more generators than the lexicographic initial 
ideal in Example 2.10. The first two ideals in this family are 


. _ 4,2 5 4 2 2.2 
(dje)= (2,2): LD = (@5 93,05, 0104, 010304, 0123, 1, 01X2), 
= , = 6,6 ..7,4 77, 2 9 8 7,2 28 2,5 
d,e)= (2,3): L = (x53, 2524, 050304, 05,0503, 0503, 0504, 010504, 


6 iG 4,2 3.3 5 4 
T1XU3% 4,71 X4, U1 VZV 4,11 %304, 11X13, %1T2L4, 


2 2 2,2 
U1 LQU3L4, {LAL LX, TZ). 
How many monomial generators does L have for (d, e) = (3,3)? © 


In Theorem 2.22, it is enough to restrict our attention to monomial 
ideals, since any initial ideal of an N-graded ideal J has a least as many 
generators in each degree d as I does. In fact, in view of Theorem 2.9 
on generic initial ideals, it suffices to consider only Borel-fixed monomial 
ideals, as g- J has the same number of generators in each degree as I does. 
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The degrees of the generators of an ideal measure its zeroth Betti num- 
bers. One can also ask which ideals have the worst behavior with respect 
to the degrees of the higher Betti numbers. The ultimate statement is that 
lex-segment ideals take the cake simultaneously for all Betti numbers. 


Theorem 2.24 (Bigatti-Hulett Theorem) For every i € {0,1,...,n} 
and d > 0, the ler-segment ideal L has the most degree d minimal i*” syzy- 
gies among all (monomial) ideals I with the same fixed Hilbert function H. 


In this section we present proofs for Theorems 2.22 and 2.24 and, of 
course, also for Proposition 2.21. For the Bigatti-Hulett Theorem, it also 
suffices to consider only Borel-fixed monomial ideals J. The reason is that 
Betti numbers can only increase when we pass to an initial ideal (we will 
prove this in Theorem 8.29), and generic initial ideals are Borel-fixed. To 
begin with, we need to introduce some combinatorial definitions. 

Let W be any finite set of monomials in the polynomial ring S, and 
write Wz = WM Sq for the subset of monomials in W of degree d. For 
i€ {1,...,n}, set 


l 


y(W) = |{meW| max(m) =i}, 
u<i(W) = |{meW | max(m) < i}}]. 


Call W a Borel set of monomials if ma;/x; € W whenever x, divides 
m € W andi < jy. We call W a lex segment if m € W and m’ >), m 
implies m’ € W. If W is a Borel set then, by Lemma 2.11, every monomial 
m in {a1,...,2%n}-W factors uniquely as m = x;-m for some m € W with 
max(m) <7. This implies the following identity, which holds for all Borel 
sets W and alli € {1,...,n}: 


Mai({@1,---5tn}-W) = p<i(W). (2.3) 
In the next lemma, we consider sets of monomials all having equal degree d. 


Lemma 2.25 Let L be a lex segment in Sa and B a Borel set in Sq. If 
IL| <|B| then pci(L) < ci(B) for alli. 
Proof. The prove is by induction on n. We distinguish three cases according 
to the value of 7. If 7 = n then the asserted inequality is obvious: 

pen(E) = |E| < |B] = pen(B). 
Suppose now that 7 = n—1. Partition the Borel set B by powers of x»: 


B = B(0| U (an: Bil) U (22 - B2]) U--- U (x4 - Bid). 


Then B{i] is a Borel set in k[a1,...,2%n-1]a—-i- Similarly, decompose the lex 
segment L, so L{i] is a lex segment in k[a1,...,2%n—-1]a-i. Let Cli] denote 
the lex segment in k[a1,...,@n—1]a—i of the same cardinality as B/i]. Set 


C = C0} U (a,-C[l]) U (2? -C[2]) U--- U (#4 - Cd). 


n n 
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By induction, Lemma 2.25 is true in n—1 variables, so we have inequalities 
yej(Cli)) < pe;(Bli]) for all i,j. (2.4) 


We claim that C is a Borel set. Since B is a Borel set, {%1,...,%n—1}B[t] isa 
subset of B[i—1]. The inductive hypothesis (2.4) together with (2.3) implies 


Cerone eel: = Yasar .,En_1}-C[i]) = Y ve(Ctl) 
< Ysi(BUi) 
= Y aslfor ,Zn—1} + Bla) 
5, ress he Bia 
< |B-1]| = |Ck&-1] 
Since {21,...,@n—1}-C[é] and C[i — 1] are lex segments, we deduce that 


{x1,.-.-,%n-1}- Cli] G Cli - 1], 


which means that C is a Borel set in Sg. 
Since L is a lex segment and since |L| < |B| = |C|, the lexicographically 
minimal monomials in C and L respectively satisfy 


min(C)  <tex min(L). 


lex 


Since both C and L are Borel-fixed, this implies that 
min(C[0])  <1ex min(L[0]). 


le 


Thus L[0] C C[0] since both are lex segments in k[a1,...,%n-i]a. Hence 
M<n-1(L) = |L[O]| < |C[0]| = |Bl[O}] = p<n-i(B), (2.5) 


which completes the proof for 7 =n — 1. 
Finally, consider the case 1 < n — 2. From (2.5) we have |L[0]| < |B[0]|, 
so Lemma 2.25 can be applied inductively to the sets B[0] and L/[0] to get 


w<i(L) = pei(L[0]) < p<i(Bl0]) = w<i(B) forl<i<n-2. 


Here, the middle inequality is the one from the inductive hypothesis. 


For any finite set W of monomials, define 
max(m) — 1 
B(W) = > ( oe i; (2.6) 
mew 


If W minimally generates a Borel-fixed ideal I, then according to Theo- 
rem 2.18, 3;(W) is the number of minimal i*® syzygies of I. But certainly 
we can consider the combinatorial number 3;(W) for any set of monomials. 
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Lemma 2.26 If B is a Borel set in Sq then 


aie) = ("7") 181 - SHB iC): 


Proof. Rewrite (2.6) for W = B as follows: 


6(B) = ato) oy 


= Dluss(B) ~ nss-0(8))(75 ') 


a 
j=1 


= ent") ') +S ncitn(?;*) Yeas’; ") 


j=l j=2 


= al(" > + 3 (8 (es 7 (‘)) 


The binomial identity @ a) oa (7) = — (271) completes the proof. 


Lemma 2.27 Let L be a lex segment in Sq and B a Borel set in Sq with 
|L| =|B|. Then the following inequalities hold: 


1. B(L) = B(B). 


Proof. The proof of part 1 is immediate from Lemmas 2.25 and 2.26: 


("7") i SH =) 
= ') -1BI- Y HB lea = 


= fi(B). 
For part 2, apply the identity (2.3) for both B and L to get 


Le ee ee ee 
= Sra (77') 

Fasten; 

7 Sport) 2): (254). 


Bi(L) 


I 


IV 


IA 
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This quantity equals 6;({x1,...,2,}-B), and the proof is complete. 


We are now ready to tie up all loose ends and prove the three assertions. 


Proof of Proposition 2.21. The function H is the Hilbert function of some 
ideal B, which we may assume to be Borel-fixed by Theorem 2.9, because 
Hilbert series are preserved under the operations I ~ g-J and I ~ in(J) 
(the latter uses that the standard monomials constitute a vector space basis 
modulo each of I and in(J)). For any degree d, we have |Lq| = |Ba|. Using 
Lemma 2.25 and (2.3), we find that 


[{21,...,¢n}-Lal = do Mi ({e15 ++ +5tn} - La) 
= do Hsi(La) 


< So p<;(Ba) 
j=l 


= [{v1,...,Un}- Bal 


< |Ba+1| 
= |Latil- 
Both {#1,...,@n,}- La and La41 are lex segments in Sg;1. The inequality 


between their cardinalities implies the inclusion 
Pies tld c Dati. 


Since this holds for all d, we conclude that LD is an ideal. 


Proof of Theorem 2.22. For any graded ideal J, any term order, and any 

d > 0, the number of minimal generators of in(Z) in degree d cannot be 

smaller than the number of minimal generators of J in degree d, because 

every Grodbner basis for J contains a minimal generating set. Therefore, 

replacing I with gin(Z), we need only compare L to Borel-fixed ideals B. 
In the previous proof, we derived the inequalities 


[{r1,..-,0m}-Lal < |{e1,---,¢n}> Bal < |Bayal = |La+il- 


The number of minimal generators of L in degree d+ 1 is the difference 
|\La+i|—|{v1,---,;@n}-La| between the outer two terms. The corresponding 
number for B is the difference |Ba41|—|{1,..-,%n}-Ba| between the middle 
two terms, which can only be smaller. This proves Macaulay’s Theorem. 


Next we rewrite the Eliahou-Kervaire formula for the Betti numbers of 
a Borel-fixed ideal I. If gens(J) is the set of minimal generators of J, then 


Bi(gens(1)) = S—(6;(La) — Bi({a1,--.,%n} + Las). (2.7) 


d>0 
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Since J is finitely generated, all but finitely many terms in this sum cancel. 
Thus the right side of (2.7) reduces to the finite sum (2.6) for W = gens(J). 


Proof of Theorem 2.24. Let B be a Borel-fixed ideal and L the lex-segment 
ideal with the same Hilbert function as B. Our claim is the inequality 


Gi(gens(B)) < Bi(gens(L)) for i=0,1,...,n. 


Expanding both sides using (2.7), we find that the desired inequality follows 
immediately from parts 1 and 2 of Lemma 2.27. 


Exercises 
2.1 Give necessary and sufficient conditions, in terms of 71,...,7, and a1,...,@r, 
for an irreducible monomial ideal I = (x{',...,2{") to be Borel-fixed. 


2.2 Can you find a general formula for the number B(r,d) of Borel-fixed ideals 
generated by r monomials of degree d in three unknowns {1, 22,23}? 


2.3 Show that all associated primes of a Borel-fixed ideal are also Borel-fixed. 


2.4 Is the class of Borel-fixed ideals closed under the ideal-theoretic operations 
of taking intersections, sums, and products? 


2.5 Fix a term order on k[z1,...,2n]. Use the artinian property of term orders 
to show that every ideal has a unique reduced Grodbner basis. Do the same for 
submodules of free S-modules under any TOP or POT order. 


2.6 Find a Borel-fixed ideal that is not the initial monomial ideal of any homo- 
geneous prime ideal in k[ai,...,@n]. Are such examples rare or abundant? 


2.7 Prove that if J is Borel fixed and < is any term order, then gin_ (J) = J. 


2.8 Let I = (a1%2,2%1%3) and fix the lexicographic term order on S = k[x1, x2, x3]. 
List all distinct monomial ideals inz(g- J) as g runs over GL3(k). Find a compre- 
hensive Grébner basis C as in the proof of Lemma 2.6. 


2.9 Let P be the parabolic subgroup of GLa(k) corresponding to the partition 
4=2+2, so P consists of all matrices of the form 


kK KX 
kK KX 
00 * x 
00 * x* 


Derive a combinatorial condition characterizing P-fixed ideals in k[x1, x2, x3, x4]. 


2.10 Let I be the ideal generated by two general homogeneous polynomials of 
degree 3 and 4 in k[#1, 22,273, v4]. Compute the generic initial ideal gin_ (JZ) for 
the lexicographic term order and for the reverse lexicographic term order. Also 
compute the lex-segment ideal with the same Hilbert function. 


2.11 Let I = (21 22%3,01%2%4,01%304,2%2%324). Compute the generic initial 
ideal gin (I) for the lexicographic and reverse lexicographic term orders. Also 
compute the lex-segment ideal with the same Hilbert function. 
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2.12 Compute the Betti numbers and Hilbert series of the ideal 
I = (21, £2, 03,04, 25)°. 


2.13 If F. is a linear free resolution, must every choice of matrices for its differ- 
entials have only linear forms for nonzero entries? Must F. be minimal? 


2.14 Given a Borel-fixed ideal J, compute K?(I) in any degree b € N”. 


2.15 Let M be the first syzygy module of any Borel-fixed ideal. Give an example 
to show that even though in(M/) has linear resolution, M itself need not. More 
generally, write down explicitly all of the boundary maps in the Eliahou—Kervaire 
resolution. Hint: Feel free to consult [EK90]. 


2.16 Is lexicographic order the only one for which Proposition 2.21 holds? 


2.17 Can you find a monomial ideal that is not lex-segment but has the same 
graded Betti numbers as the lex-segment ideal with the same Hilbert function? 


Notes 


The original motivation for generic initial ideals, and hence Borel-fixed ideals, 
came from Hartshorne’s proof of the connectedness of the Hilbert scheme of sub- 
schemes of projective space [Har66a]. Galligo proved Theorem 2.9 in character- 
istic zero [Gal74], and then Bayer and Stillman worked out the case of arbitrary 
characteristic [BS87]. It is worth noting that some of the other results in this 
chapter do not hold verbatim in positive characteristic, partially because the no- 
tion of “Borel-fixed” has a different combinatorial characterization due to Pardue 
[Par94]. See Eisenbud’s textbook [Eis95, Section 15.9] for an exposition of Borel- 
fixed and generic initial ideals, including the finite characteristic case as well as 
more history and references. 

The Eliahou—Kervaire resolution first appeared in [EK90], where it was de- 
rived for the class of stable ideals, which is slightly more general than Borel-fixed 
ideals. The passage from a monomial ideal to its generic initial ideals with re- 
spect to various term orders is called algebraic shifting in the combinatorics lit- 
erature. This is an active area of research at the interface of combinatorics and 
commutative algebra; see the articles by Aramova—Herzog—Hibi [AHH00] and 
Babson—Novik—Thomas [BNT02] as well as the references given there. The ex- 
plicit identification of cycles representing homology classes in shifted complexes, 
such as the boundaries of the missing faces TUk in Lemma 2.15, is typical; in fact, 
it is a motivating aspect of their combinatorics (see [BK88, BK89], for example). 

Theorem 2.22 is one of Macaulay’s fundamental contributions to the theory of 
Hilbert functions [Mac27]. Theorem 2.24 is due independently to Bigatti [Big93] 
and Hulett [Hul93]; the proof given here is Bigatti’s. The geometry of lexico- 
graphic generic initial ideals is a promising direction of future research, toward 
which first steps have been taken in recent work of Conca and Sidman [CS04]. 


Chapter 3 


Three-dimensional 
staircases 


Squarefree and Borel-fixed ideals each have their own advantages, the for- 
mer yielding insight into the combinatorics of simplicial complexes and the 
latter into extremal numerical behavior in algebraic geometry. In both 
cases we can express relevant data in terms of the defining properties of 
these special classes of monomial ideals, and in the Borel-fixed case, we can 
actually write down an explicit minimal free resolution. 

However, such explicit minimal resolutions are not available for general 
monomial ideals, at least not without making choices that are arbitrary. 
Even in the Borel-fixed case, the choices have already been made for us— 
in the order of the variables, for instance—and it may well be that an 
ideal is Borel-fixed with respect to more than one such order. This occurs 
for powers of the maximal ideal m = (21,...,%n). Our inability to write 
down explicit canonical minimal (or at least “small”) resolutions leads us 
to examine intrinsic geometric properties of monomial ideals resulting from 
the inclusion of the lattice Z” into the vector space R”. 

The coming chapters use convex geometric techniques, along with the 
combinatorial and algebraic topological methods surrounding them, to ex- 
press data associated to arbitrary monomial ideals (and even some binomial 
ideals as well, in Chapter 9). The details of the multiple facets of this the- 
ory in higher dimensions are the subjects of later chapters in Part I. Here, 
we start out by letting the staircases speak for themselves in the case of two 
and three variables. The main result, Theorem 3.17, describes how planar 
graphs arise as minimal free resolutions of monomial ideals over polynomial 
rings k[x, y, z] in three variables. 
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3.1 Monomial ideals in two variables 


Consider an arbitrary monomial ideal J in the bivariate polynomial ring 
S =k[a,y]. It can be written in terms of minimal monomial generators as 


I= (m,...,mp) = (ay, oye? 2. @ryPr), 
where a, > dg >-:- >a, >O0 and 0 < bi < bo <--- < b,. The staircase 


diagram for the ideal IJ shows the interface between regions of the plane 
containing (exponent vectors of) monomials in J and those not in I: 


" 

(a,,br) 

ca) 

ee if 
@eoee5e 

@eeoe0e0e 

@oeoee50e 

@eoeoe0e50e 

@oeooee5 

@oeoee0ee 

@eeeoeveveeeeeee ee 
@eeoeoeeveeneeeee ee 
@eeoeoeveveeeeeeeee ee 
@oeoereeveeoeneeee eee @ 
@eeeoeeveeeeeeeeeeeee ee ee eo 
&_e_e_@_3_0_9 _0_@_6 _2_0 8 _6_9_9 6 _0 _@_0_0_0_9- _=> 


The black lattice points, contained completely within the unshaded region, 
form a k-basis for S/I. The Hilbert series H(S/I; x,y) is the formal sum of 
all monomials not in J. This generating function is a rational function with 
denominator (1 — x)(1 — y). One way to see this is by inclusion—exclusion: 
start with all of the monomials in $; then, for each minimal generator m;, 
subtract off the monomials in the principal ideal (m;), which looks like a 
shifted positive orthant; of course, now we have subtracted the monomials 
in the principal ideal (m;) MN (m;) = (Iem(m;,m,)) generated by the least 
common multiple of m; and m; too many times, so we have to add those 
monomials back in. Continuing in this way, we eventually (after at most r 
steps) count each monomial the right number of times. But this procedure 
produces 2” terms, which is many more terms than are necessary. Almost 
all terms in the naive inclusion—exclusion formulas cancel in the end. 
There is a more efficient way to do the inclusion-exclusion: after we 
have subtracted off the principal ideals (m;), we add back in not all of the 
principal ideals (lem(m;,m,)), but only those which come from monomials 
m,; and m,; that are adjacent pairs—that is, where 7 = i+ 1. This yields 
the Hilbert series after just two steps. The numerator of the Hilbert series 
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therefore simplifies to 


K(S/I;z,y) = (l—a)(1—y) H(S/T;2,y) 
= (l-2)(l-y) SO aty’ 
atyj ZI 
(naive inclusion-exclusion) = S- (-1)!?! lem(2*y? ) 
oCf{il,...,r} 
if r-1 
(efficient inclusion-exclusion) = 1 — S- gtiyht ati yi 

i=1 j=l 


= 1-—Zinner corners + outer corners. 


The naive inclusion—exclusion process reflects a highly nonminimal free res- 
olution of S/T called the Taylor resolution, to be introduced later. Our more 
efficient way of doing things yields a minimal free resolution of S/T. 


Proposition 3.1 The minimal free resolution of an ideal generated by r 
monomials in S = k|x,y| has the format 


0— § — $7 — gr! -_ 0, 


The minimal first syzygies are the vectors y+) 'e; — 2% %+1e; 11 corre- 
sponding to adjacent pairs {x%y", x%+1y%+1} of minimal generators of I. 


Proof. The kernel of the map S — S™ requires at least r — 1 generators, as 
can be seen by passing to the field k(x, y) of fractions of S. The adjacent 
syzygies y’'+1—%'e; —x%—%+1@;.1 not only span this kernel, but they in fact 
constitute a Grébner basis in the position-over-term (POT ) order. Indeed, 
it is easy to see that every sy2yey on I can be reduced to zero by successively 
replacing occurrences of y’'+1~°e; by a%~%+1e,., fori =1,...,r—1. 


The natural adjacency relation among minimal generators of a bivariate 
monomial ideal J also determines an irredundant irreducible decomposition 
of I. By definition, such a decomposition expresses J as an intersection of 
monomial ideals generated by powers of the variables (irreducible monomial 
ideals), in such a way that no intersectands can be omitted. 


Proposition 3.2 I C k{x,y] has the irredundant irreducible decomposition 
I= (yt) (ey?) (x,y) erat ghey tae 
where the first or last components are to be deleted if b} =0 or a, = 0. 


Proof. After removing common factors from the generators, we may assume 
that b; = 0 and a, = 0, so that J is artinian. The given ideals (x, y’'+1) 
are irreducible and clearly contain J. Inspection of the staircase diagram 
shows that each monomial in their intersection must also lie in J. 


In view of the previous two propositions concerning k[z, y], it is natural 
to wonder how the notion of adjacent monomials can be generalized to 
ideals in three or more variables. An answer will be offered in Section 3.3. 
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3.2 An example with six monomials 


A standard method in commutative algebra for treating homological and 

enumerative questions about arbitrary monomial ideals is to reduce to the 

squarefree or Borel-fixed case. This allows us to apply specific techniques 

suited to these classes of ideals. This section describes these two approaches 

for a particular monomial ideal in three variables, along with their advan- 

tages and drawbacks, and compares them with resolution by a planar graph. 
We will study the following artinian monomial ideal: 


Method 1: Reduction to the squarefree case. The homological be- 
havior of any monomial ideal is preserved under passing to a certain related 
squarefree monomial ideal, called its polarization. In the polarization pro- 
cess, each power of a variable, say the power «@ of the variable x, is replaced 
by a product of d new variables, say 71%2---xq. Thus the polarization of 
our ideal J is 


IA = (21 L2QL3L4, Y1Y2U3Y4, 21222324, T1T2U3Y1Y221, 


T1Y1Y2Y37122, L1L2Y1 212223) . 


This is now a monomial ideal in the polynomial ring in 12 variables, 


Ss i k[@1, 2, %3, U4, Y15 Y2; Y3> Ys, 215 22, 23; 24]. 


The ideal J, still has codimension 3. The key feature of polarization is that 


U1 — ©2, 2 — 13, V3 — L4, Y1 — Y2, Y2— Y3, Y3 — U4, 71 — 22, 22 — 23, 23 — 24 


is a regular sequence in the ring S /Ia, meaning that each element is a nonze- 
rodivisor modulo the ideal generated by all previous elements. Taking the 
quotient of S/I, modulo the ideal generated by this regular sequence, we 
obtain precisely the ring S/J we started with (and homological information 
is preserved; see Exercise 3.15 for details on the transition $/I, ~> S/J). 
Therefore, to get information about $/J, we first compute the minimal free 
resolution and Hilbert series of J,. The resolution looks like 


0<—S Se Se She, (3.1) 


A minimal free resolution of J is obtained by erasing the indices from the 
variables, or equivalently by substituting 7 > v7, yj > y, 2; +> z for every 
variable in each matrix of the resolution (3.1), and likewise for the Hilbert 
series and K-polynomial. The ideal [A corresponds to a simplicial com- 
plex A on 12 vertices, and according to Hochster’s formula in Corollary 1.40, 
the multigraded Betti numbers of (3.1) are encoded in this complex. 
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The drawback of polarization is that A is much too large. In our ex- 
ample, A is pure (the dimensions of its facets are all equal) of dimension 8 
and has 51 facets. Its f-vector (f_1, fo, fi,...), whose entry fg for d > —1 
counts the number of faces of dimension d, reads 


f(A) = (1,12, 66, 220, 492, 768, 837, 264,51). 


Passing from a monomial ideal to its polarization is a nice theoretical tool, 
but rarely used in practice due to the size of the resulting simplicial complex. 


Method 2: Data from the Borel-fixed case. The process of replacing 
a monomial ideal J by its generic initial ideal is called (symmetric) algebraic 
shifting. This replaces I by the Borel-fixed monomial ideal gin(I). Shifting 
our example with the reverse lexicographic term order yields 


ZiMreviex(J) = (2*,a°y,07y?, ay* y?, 229, 27y2*, wy? 2”, ay?2?, y*2?, 
a7 2°, xyz”, 22°, y224, y22°, y2®, 2"). 

Both ideals have colength 51, the number of cubes in the staircase, but the 
generic initial ideal is much more complicated than J itself, the grading 
by N° is lost, and the Betti numbers might have increased from those of J 
to those of ginyeyjex(J) (see Theorem 8.29). But the N-grading is retained, 
and we can compute the coarse Hilbert series and the K-polynomial using 
the Eliahou-Kervaire formula from Proposition 2.12. We find that 


l 


1 — 3¢* — 3t® + 3¢” + 948 — 74° 
(1—t)*- (1+ 3¢+ 6¢? + 102° + 19¢* + 12¢° + 72°). 


K(S/J; t,t, t) 


The last factor of degree 6 is the Hilbert series of S/J. A theorem of Bayer 
and Stillman [BS87] states that the Castelnuovo—Mumford regularity of J 
can be read off as the largest degree of a minimal generator of gin,oyiex(J)- 
This number is an important invariant, and it equals 7 in our example. 


Method 3: Resolution by picture. Our main tools for studying mono- 
mial ideals in two variables were staircase diagrams. These are also possible 
to draw for monomial ideals in three variables. For instance, Fig. 3.1 de- 
picts a staircase diagram for our ideal J = (2+, y*, 24, v3y?z, xy>z?, 2?yz°). 
The surface we see is the interface between being in J and not being in J, 
with the lattice points strictly behind the interface being those outside of J. 
Thus any lattice point that is visible in the staircase diagram is the expo- 
nent vector on a monomial in our ideal J. Dark dots correspond to the 
minimal generators of J; note how they sit at the “inner” corners. 
Consider the graph in Fig. 3.2, in which we have connected the minimal 
generators of J according to when they “look adjacent” (we will make this 
precise soon). Each edge and each triangular face is labeled by the exponent 
vector of the least common multiple of its vertices. As will be explained in 


46 CHAPTER 3. THREE-DIMENSIONAL STAIRCASES 


| x00 


Figure 3.1: A staircase diagram in three variables 


Figure 3.2: Resolution by picture 
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the following chapters, much of the structure of the monomial ideal can be 
read off from this figure. For example, vertices correspond to generators, 
edges to first syzygies, and facets to second syzygies. In the particular case 
of Fig. 3.1, where the monomial ideal is artinian, the facets also reveal the 
irreducible components, which correspond to the white dots on the “outer” 
corners of the staircase surface. Overall, the information we can get includes 
the following: 


Irreducible decomposition (labels on triangles in Fig. 3.2): 
= (a*,y*, 2M (at,y, 24) 0 (x,y? 24) 1 (et y?, 29) 0 
(a? y*, 27) 0 (a?, y®, 24) 9 (ay, 2°) 
Minimal free resolution (chain complex of the triangulation): 


0< S< SS « Gi . sv 0 


The summands correspond to the 6 vertices, 12 edges, and 7 facets of the 
triangulated triangle in Fig. 3.2. 


Numerator of the Hilbert series (alternating sum of all face labels): 


Tg a xyz? 4 xtyt eee zy zt gtytz—...— 23 y3z3 


This is the K-polynomial K(S/J; x,y,z). Note that by specializing, we get 
K(S/J;t, t,t) = 1 — 3t4 — 3¢6 + 3¢7 + 92° — 72°, as we did earlier. 


3.3. The Buchberger graph 


Finding minimal sets of first syzygies for monomial ideals has an impact 
on algorithmic computation for arbitrary ideals. The connection is through 
Grobner bases. We recall Buchberger’s Criterion from Grobner basis theory. 


Theorem 3.3 (Buchberger’s Criterion) A set {f;}7_, of polynomials 
fi = m, + trailing terms under the term order < 
is a Grobner basis under the term order < if each s-pair 


s(firfj) c= Sue 


M4; ™5 


lem(m;, m,;) 


fi 
can be reduced to zero by { fi,..., f-} using the division algorithm. 


Each s-pair s( fi, f;) yields an element o;,; of the free module S”, namely 


1] i, 1M; ] iM; 
fe cm(m;,™,;) Bi cm(m;,™,;) Be 
M4 ™3 
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The (5) elements o;; generate the module of first syzygies 


syz(I) = kerg|m, m2 --+ m,| 


of the monomial ideal I = (m,mz2,...,m,), but often they do not gener- 
ate minimally. In order to make Buchberger’s Criterion (and hence Buch- 
berger’s algorithm for computing Grébner bases) more efficient, it is im- 
portant to take advantage of the structure of the syzygy module syz(J). 
Buchberger’s Second Criterion states that Theorem 3.3 can be strength- 
ened as follows: if G is any subset of the pairs (i,j) with l<i<j<r 
such that the set {o;; | (¢,7) € G} generates syz(I), then it suffices that 
only the s-pairs s(f;, f;) with (i, 7) € G reduce to zero in order to imply the 
Grobner basis property for {f1, fo,..., f-}. This leads us to the following. 
Definition 3.4 The Buchberger graph Buch(J) of a monomial ideal J = 
(m1,...,mM,) has vertices 1,...,r and an edge (7,7) whenever there is no 
monomial m; such that m; divides leom(m;,m,) and the degree of mx is 
different from lem(m,;,m,) in every variable that occurs in lem(m;,m,). 
For example, if J is a monomial ideal in two variables, then Buch(J) 
consists of the r — 1 consecutive pairs of minimal generators. 
Proposition 3.5 The syzygy module syz(I) is generated by syzygies oi; 
corresponding to edges (i,j) in the Buchberger graph Buch(1). 


Proof. The following identity holds for all i, 7,k € {1,...,r}: 


lem(m;,m;, Mx) lem(m;,m;, Mx) lem(m;,m;, Mx) 
O45 Ojk 


Oy = 0. 


lem(m;,™;) lem(m,;, mx) lem(mp, ™;) 


If (i,j) is not an edge of Buch(J), then for some k, the coefficient of oj, 
is 1 while the coefficients of oj, and o,; are nonconstant monomials. Hence 
oj; lies in the S-module generated by other first syzygies of strictly smaller 
degree. This means that we can remove o;; from the generators of syz(J) 
without running into a cycle. 


The Buchberger graph for our example J in the previous section can be 
embedded nicely into the staircase diagram: 
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Each edge consists of two straight segments connecting the minimal gener- 
ators m, and mg to the exponent vector on lem(m 1, mz). To be precise in 
what follows, let us make the notion of a staircase formal. 


Definition 3.6 The staircase surface of a monomial ideal I in k[z, y, z] 
is the topological boundary of the set of vectors (vz, vy, vz) € R® for which 
there is some monomial x“? y“¥ z“* € I satisfying u; < v; for alli € {x, y, z}. 


Staircase surfaces are homeomorphic to R? by orthogonal projection 
with kernel (1,1,1). In the above illustration of an embedded Buchberger 
graph, each region contains precisely one white dot situated on an outside 
corner, each vertex is a dark dot on an inside corner, and each edge passes 
through one corner that is neither inside nor outside. The label on each 
vertex, edge, and region is the vector represented by the corresponding 
corner. In this example, the Buchberger graph Buch(J) is therefore a planar 
graph, its edges minimally generate the first syzygies on J, and its canonical 
planar embedding coincides with the minimal free resolution of S/J, as in 
Fig. 3.2. Do these properties hold for any trivariate monomial ideal? The 
following example shows that the answer is “no” in general. Proposition 3.9 
in the next section shows that the answer is “yes” for the special class of 
generic monomial ideals. Our previous example J is generic. Generic 
monomial ideals in any number of variables are the topic of Chapter 6. 


Example 3.7 Consider the ideal I’ = (272, xyz, y?z,x3y°, xty4, xy), 
whose staircase is depicted in Fig. 3.3. The drawing of Buch(J’) there 
contains the nonplanar complete bipartite graph K33 as asubgraph. © 


Figure 3.3: Buch(J’) contains K3.3 


3.4 Genericity and deformations 


The nonplanarity encountered at the end of the previous section never oc- 
curs for a certain special class of ideals: the strongly generic ideals. By a 
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process called “deformation”, it yields tight complexity bounds in Corol- 
lary 3.15. The two main results in this section, the planarity in Proposi- 
tion 3.9 and the free resolution in Theorem 3.11, admit proofs relying only 
on three-dimensional geometric methods. However, as with many results 
concerning planar graphs, these intuitive statements require more techni- 
cality than one might expect. Since we will in any case prove these results 
in more generality later, we only sketch their proofs here. 


Definition 3.8 A monomial ideal J in k[z,y, z] is strongly generic if 
every pair of minimal generators xy! z* and x’ y) z* of I satisfies 


GA’ ori=i! =0) and (j 47’ or j = 7’ =0) and (kK AK or k=k' =0). 


In other words, no two generators agree in the exponent on any variable 
that actually appears in both of them. 


The following result is a special case of Theorem 6.13, because for generic 
monomial ideals, the edges of the Scarf complex coincide with the Buch- 
berger graph (Lemma 6.10), and the hull complex of an ideal in k[z, y, z] is 
planar and connected (Theorem 4.31 and Proposition 4.5). 


Proposition 3.9 If I is a strongly generic monomial ideal in k(x, y, 2], 
then the Buchberger graph Buch(1) is planar and connected. If, in addition, 
I is artinian, then Buch(L) consists of the edges in a triangulated triangle. 


Sketch of proof. First observe that it suffices to consider artinian monomial 
ideals J, meaning that the minimal generators of J include pure powers in 
each of the three variables, say x7, y’, and z°. Indeed, erasing all edges 
and regions incident to one or more of {x%,y”, 2°} yields the Buchberger 
graph for the ideal without the corresponding generator, and what results is 
connected because planar triangulations are 3-connected (Definition 3.16). 

The idea now is that the bounded faces in the staircase surface of the 
monomial ideal J form a topological disk bounded by a piecewise linear 
triangle with vertices x, y’, and z°, the pure power generators of J. Each 
edge {m,m’} of Buch(J) is drawn in the staircase surface as the union of 
the two line segments from m to lem(m,m’) and from m’ to lem(m,m’). 
The fact that lem(m,m’) lies in the staircase surface is a consequence of 
genericity, which also implies that lem(m,m/’) has no other edges passing 
through it. We thus obtain an embedding of Buch(J/) in the staircase sur- 
face. What remains to be shown is that each region of that subdivision 
is a triangle (that is, bounded by exactly three Buchberger edges.) This 
is proved by showing that each of the two regions containing any interior 
Buchberger edge {m, m’} is a triangle. This triangle is produced by finding 
a uniquely determined third generator m” such that the least common mul- 
tiple of {m,m’, m’} lies in the staircase surface; the region is then bounded 
by the Buchberger edges {m,m’}, {m,m”}, and {m’,m’}. 


3.4. GENERICITY AND DEFORMATIONS 51 


Planar graphs G can usually be embedded in R? in many ways, making 
the notion of “the regions of G” ambiguous. It is customary to distinguish 
a planar graph from a particular embedding of that graph. 


Definition 3.10 A planar map is a graph G together with an embedding 
of G into a surface homeomorphic to the plane R?. 


That being said, we refer to the planar map simply as G if its embedding 
is given. We require the surface to be homeomorphic rather than equal to R? 
to encourage the drawing of planar maps in staircase surfaces. Indeed, the 
proof of Proposition 3.9 endows the Buchberger graph of a generic monomial 
ideal with a canonical embedding in its staircase surface. 

Theorem 3.11 says that planar maps encode minimal free resolutions 
insofar as they organize into single diagrams the syzygies and their inter- 
relations. The free resolution given by a planar map G with v vertices, 
e edges, and f faces, all labeled by monomials, has the form 


Fas 02 6a SE Se EST 0. (3.2) 


If we express the differentials by monomial matrices as in Chapter 1, then 
the scalar entries are precisely those coming from the usual differentials on 
a planar map (after choosing orientations on the edges), but with mono- 
mial row and column labels. For instance, the matrix for Or has the edge 
monomials for row labels and the face monomials for column labels, while 
its scalar entries take each face to the signed sum of the oriented edges on 
its boundary. To express the differentials in ungraded notation, we write 
mi; = lem(m;,m,) for each edge {7,7} of G, and mp for the least common 
multiple of the monomial labels on the edges in each region R. Then 
M5 Mig 


OB Sig) eg > et 
J a 


if an edge oriented toward m,; joins the vertices labeled m; and m,;, whereas 


Or(er) = Se jes 


Mij 


edges 
{4,j}CR 


for each region R, where the sign is positive precisely when the edge {i, j} 
is oriented counterclockwise around R. The construction of these differen- 
tials in arbitrary dimensions is the subject of Chapter 4. The rigorous n- 
dimensional proof of the next result will follow even later, in Theorem 6.13. 


Theorem 3.11 Given a strongly generic monomial ideal I in k[x, y, z], the 
planar map Buch(I) provides a minimal free resolution of I. 


Sketch of proof. Begin by throwing high powers x%, y?, and z° into J. 
What results is still strongly generic, but now artinian. If we are given a 


52 CHAPTER 3. THREE-DIMENSIONAL STAIRCASES 


minimal free resolution of this new ideal by a planar map, then deleting all 
edges and regions incident to one or more of {x*, y?, z°} leaves a minimal 
free resolution of J. Indeed, these deletions have no effect on the N°-graded 
components of degree < (a—1,b—1,c—1), which remain exact, and I has 
no syzygies in any other degree. Therefore we assume that J is artinian. 
Each triangle in Buch(/) contains a unique “mountain peak” in the 
surface of the staircase, located at the outside corner lem(m,m’,m’’). That 
peak is surrounded by three “mountain passes” Iem(m,m’), lem(m,m’), 
and Iem(m’,m’’), each of which represents a minimal first syzygy of I by 
Theorem 1.34 (check that the simplicial complex K(/) from Definition 1.33 
is disconnected precisely when a mountain pass sits in degree b). The 
mountain peak represents a second syzygy relating these three first syzygies 
by the identity in the proof of Proposition 3.5, and all minimal second 
syzygies arise this way by Theorem 1.34. 


Next we show how to approximate arbitrary monomial ideals by strongly 
generic ones. The idea is to add small rational numbers to the exponents 
on the generators of J without reversing any strict inequalities between the 
degrees in x, y, or z of any two generators. This process occurs inside a 
polynomial ring S, = k[a*, y‘, z‘], where « = 1/N for some large positive in- 
teger N, which contains S = k[z, y, z] as asubring. Equalities among -, y-, 
and z-degrees can turn into strict inequalities potentially going either way. 


Definition 3.12 Let I = (mj,...,m,) and I, = (me1,..-,;Me,r) be mono- 
mial ideals in S and S,, respectively. Call J. a strong deformation of [ 
if the partial order on {1,...,r} by x-degree of the m,,; refines the partial 
order by x-degree of the m,;, and the same holds for y and z. We also say 
that I is a specialization of I,. 


Constructing a strong deformation J, of any given monomial ideal J is 
easy: simply replace each generator m; by a nearby generator m,,;, in such 
a way that lim,.9m., = m;. The ideal [, need not be strongly generic; 
however, it will be if the strong deformation is chosen randomly. 


Example 3.13 The ideal in S, given by 


3 gers ee 2.1 gite 


bie y’, cite 


fg glare 2—€ ,1+2¢ 


(x y y yoy 


o] 


142¢,2 73) 
is one possible strongly generic deformation of the ideal (x,y,z)? in S. © 


Proposition 3.14 Suppose I is a monomial ideal in k[x, y, z| and I, is a 
strong deformation resolved by a planar map G.. Specializing the vertices 
(hence also the edges and regions) of G. yields a planar map resolution of I. 


Proof. Consider the minimal free resolution Fg, determined by the trian- 
gulation G, as in (3.2). The specialization G of the labeled planar map G, 
still gives a complex Fa¢ of free modules over k[z, y, z], and we need to 
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demonstrate its exactness. Considering any fixed N?-degree w = (a,b,c), 
we must demonstrate exactness of the complex of vector spaces over k in 
the degree w part of Fg. Define w, as the exponent vector on 


Iem(me, | mj; divides xy? 2°). 


The summands contributing to the degree w part of F¢ are exactly those 
summands of Fg, contributing to its degree w, part, which is exact. 


In the next section we will demonstrate how any planar map resolution 
can be made minimal by successively removing edges and joining adjacent 
regions. For now, we derive a sharp complexity bound from Proposition 3.14 
using Euler’s formula, which states that v — e+ f = 1 for any connected 
planar map with v vertices, e edges, and f bounded faces [Wes01, Theo- 
rem 6.1.21], plus its consequences for simple planar graphs with at least 
three vertices: e < 3v — 6 [Wes01, Theorem 6.1.23] and f < 2u—5. 


Corollary 3.15 An ideal I generated by r > 3 monomials in k[x, y, z] has 
at most 3r —6 minimal first syzygies and 2r —5 minimal second syzygies. 
These Betti number bounds are attained if I is artinian, strongly generic, 
and xyz divides all but three minimal generators. 


Proof. Choose a strong deformation J, of J that is strongly generic. Propo- 
sition 3.14 implies that J has Betti numbers no larger than those of I, so 
we need only prove the first sentence of the theorem for J.. Theorem 3.11 
implies that I, is resolved by a planar map, so Euler’s formula and its 
consequences give the desired result. 

For the second statement, let «%, y’, and z° be the three special gen- 
erators of J. Every other minimal generator x'y/z* satisfies i > 1, 7 > 1, 
and k > 1, so that {x%, y’}, {x%, 2°}, and {y?, 2°} are edges in Buch(J). By 
Proposition 3.9, Buch(J) is a triangulation of a triangle with r vertices such 
that r — 3 vertices lie in the interior. It follows from Euler’s formula and 
the easy equality 2e = 3(f +1) for any such triangulation that the number 
of edges is 3r — 6 and the number of triangles is 2r — 5. The desired result 
is now immediate from the minimality in Theorem 3.11. 


3.5 The planar resolution algorithm 


Our goal for the rest of this chapter is to demonstrate how the nonplanarity 
obstacles at the end of Section 3.3 can be overcome. 


Definition 3.16 A graph G with at least three vertices is 3-connected if 
deleting any pair of vertices along with all edges incident to them leaves a 
connected graph. Given a set V of vertices in G, define the suspension of G 
over V by adding a new vertex to G and connecting it by edges to all vertices 
in V. The graph G' is almost 3-connected if it comes with a set V of three 
distinguished vertices such that the suspension of G over V is 3-connected. 
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The vertex sets of our graphs will be monomials minimally generating 
some ideal J inside k[x, y, z]. Note that when J is artinian, such a vertex set 
contains a distinguished set V of three vertices: the pure-power generators 
x, y®, and z°. Now we come to the main result in this chapter. 


Theorem 3.17 Every monomial ideal I in kia, y,z] has a minimal free 
resolution by some planar map. If I is artinian then the graph G underlying 
any such planar map is almost 3-connected. 


The vertices, edges, and bounded regions of this planar map are labeled 
by their associated “staircase corners” as in the examples above. This 
determines a complex of free modules over S = k[z, y, z] as in (3.2). Let us 
begin by presenting an algorithm for finding a planar map resolution as in 
Theorem 3.17 for artinian ideals. 

Given a deformation I, of a monomial ideal I = (m,...,m,) with 
m= griyes 2% write the i*” deformed generator aS Mei, = rei yest yCeri, 
Algorithm 3.18 requires a generic deformation satisfying the condition 


if’ .aj— a; and ¢ <6; them. @,2 <a; (3.3) 


as well as its analogues via cyclic permutation of (a,b,c). Observe that 
Cc < c; is equivalent to 6; > b; when the condition a; = a; is assumed; in 
other words, if two generators lie at the same distance in front of the yz- 
plane, then the lower one lies farther to the right (as seen from far out on 
the z-axis). Condition (3.3) says that among generators that start at the 
same distance from the yz-plane, the deformation pulls increasingly farther 
from the yz-plane as the generators move up and to the left. 

Keep in mind while reading the algorithm that its geometric content 
will be explained in the course of its proof of correctness. 


Algorithm 3.18 Fix an artinian monomial ideal I inside k[z, y, z]. 


e initialize J, = the strongly generic deformation of J in (3.3), and 
G = Buch(J,). 
e while I, 4 I do 


e choose u € {a,b,c} and an index i such that u,.; is minimal 
among the deformed u-coordinates satisfying ue; #7 uj. As- 
sume (for the sake of notation) that u = a, by cyclic symmetry 
of (a, b,c). 

e find the region of G whose monomial label x%y?z7 has a = a¢, 
and y minimal. 

e find the generator m.,; with the least x-degree among those 
with y-degree @ and z-degree strictly less than ¥. 

e redefine J. and G by setting a,; = a; and leaving all other 
generators alone. 

e if a; =a; then delete from G the edge labeled x*‘y®z7, else 
leave G unchanged 

e output G 
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Figure 3.4: The geometry of Algorithm 3.18 


The reason for choosing such a specific strongly generic deformation and 
then being so careful about how the specialization proceeds is that we need 
control over which syzygy degrees collide at any given stage. In particular, 
at most one edge should disappear at a time. 


Proof of correctness. If I is generic then the algorithm terminates imme- 
diately and correctly by Theorem 3.11. By induction on the number of 
passes through the while-do loop, assume that J, at the beginning of the 
loop is minimally resolved by the regions, edges, and vertices of G. Once 
the staircase is rotated so that u = a in the first stage of the loop, it looks 
near m,,; like the top image in Fig. 3.4 (this will become clearer as the 
proof progresses). Gray dots represent minimal generators of I, white dots 
represent regions of G (= second syzygies of [.), and black dots represent 
first syzygies. 

Even though J, need not be generic (if the loop has run a few times), 
me, is still the only generator of J, lying on the plane x = a, ;, by genericity. 
Looking from far down the z-axis, it follows that the monomial m,, has a 
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vertical plateau behind it (the large medium-gray wall depicted parallel to 
the yz-plane) that does not continue to the left of y = b.;. It also follows 
that there must be an outside corner sharing the same z-coordinate as m, ;, 
because J, is artinian. The first find routine simply captures the lowest 
(and therefore farthest right) such outside corner 2%y?27. 

The right-hand wall of this outside corner, parallel to the xz-plane, must 
have an inside corner in its relative interior because J, is artinian (i.e., some 
generator must divide 2%y’z7 strictly in 2 and z but share the exponent 
on y). The other find routine captures the highest such inside corner m,,;. 

The redefine routine pushes m,,; back to m;, moving the vertical wall 
back a small amount. The redefined G resolves the redefined [,, though 
perhaps not minimally, by Proposition 3.14. The only monomial labels on 
regions, edges, or vertices of G that change at this stage are those whose 
x-coordinates change. Therefore, if a relabeled corner of any type (inside, 
outside, or neither) now shares its label with some other relabeled corner, 
then one of these corners (the first, say) actually moved while the other did 
not. In particular, the z-coordinate of the unmoved second corner is a;. 

The crucial observation now is that no generator of J, can have z- 
coordinate a; and also have y-coordinate less than 3, because condition (3.3) 
prevents it. The y-coordinate of any unmoved corner with x-coordinate a; 
must therefore be at least 3. On the other hand, all of the moved corners 
of I, have y-coordinate at most (3 (they all in fact lie on the boundary of 
the vertical wall), because these corners must be divisible by m,.,;.. The 
only moved corners with y-coordinate @ are the outside corner x%y?z7 and 
the first syzygy beneath it. 

The first syzygy would have to collide with an outside corner in order 
to become nonminimal, and this is prohibited because that outer corner 
would divide 2%y?z7. But 2%y?z7 becomes nonminimal if and only if it 
collides with a first syzygy at v%‘y°z7. This explains the if-then-else 
routine, keeping in mind that a,; = aj, and completes the proof. Oo 


Example 3.19 If J = (x7, xy, xz, y”, yz, 2”) is the square of the maximal 
ideal (x,y,z), then I, = (x, ry11,21-1z, y?, yzt1, x”) is a strongly generic 
deformation satisfying the condition of Algorithm 3.18. Furthermore, the 
Buchberger planar map of J, is the triangle with its edge midpoints con- 
nected, as in the left-hand side of Fig. 3.5. If Algorithm 3.18 is run on 
this I, then one of the three nonminimal edges is removed on the first 
iteration of the while-do loop. Precisely which of the nonminimal edges is 
removed depends on which u € {2, y, z} is chosen first; any u will work, not 
just u = x (we have drawn the case u = w in Fig. 3.5). In the remaining two 
iterations of the while-do loop, no further edges are removed. It is instruc- 
tive to work out this example by hand, drawing the staircases as well. © 


Proof of Theorem 3.17. The argument beginning the proof of Theorem 3.11 
also works here, reducing everything to the artinian case. Algorithm 3.18 
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Figure 3.5: Algorithmic specialization from Example 3.19 


produces a minimal planar map resolution. What remains is to show that 
the underlying graph G is almost 3-connected. 

It is enough to produce three independent paths, one to each of the pure 
powers x7, y”, and 2°, from each generator m; of I (independent means that 
the paths intersect only at m;). Leaving the inside corner m; parallel to the 
x-axis eventually hits a first syzygy degree. That first syzygy corresponds 
to an edge e of G. The other endpoint of e is a monomial m; whose y and 
z-coordinates are at most those of m;. Continuing in this manner creates a 
sequence of edges in G whose vertices have strictly increasing x-coordinates 
but weakly decreasing y- and z-coordinates. Repeating the procedure for 
the cyclic permutations of (x,y,z) yields the three desired paths. They 
intersect only at m; because of their monotonicity. 


Remark 3.20 The independent paths produced in the previous proof con- 
stitute an instance of Menger’s Theorem in the suspended graph. In gen- 
eral, Menger’s Theorem says that any two distinct vertices v and w in a 
k-connected graph have at least & independent paths between them (so the 
paths pairwise intersect in {v,w}). An example of three paths produced as 
in the proof of Theorem 3.17 is illustrated in Fig. 3.6. 


Figure 3.6: Menger’s theorem illustrated geometrically 
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Exercises 


3.1 Prove that the N°-graded Betti numbers of the ideal generated by a fixed 
set of monomials in k[x,y,z] do not depend on the characteristic of k. Is the 
same true for sets of monomials in four variables? What is the smallest number 
of variables for which the Betti numbers can depend on the characteristic of k? 


3.2 A minor of a graph G is obtained from G by deleting some vertices (along 
with all edges incident to them) and contracting some edges. Draw the staircase 
diagram, and exhibit the complete graph Ks as a minor in the Buchberger graph 
of the ideal (2°, y°, 2°, x?yz, ry’z, 232", y%2", 24y, xy’). 

3.3 Find a family of monomial ideals in k[{x, y, z] whose Buchberger graphs equal 
the complete graphs K,, for n € N. 


3.4 Exhibit minimal planar map resolutions of (x, y, z)” for r= 0,1 (mod 3) that 
are symmetric under the action of S3 permuting the variables. 


3.5 Fix an integer r = 2 (mod 3). Prove that no minimal planar map resolution 
of (x,y, z)” can be symmetric under the action of S3 permuting the variables. 


3.6 Let I be the monomial ideal in k|z, y, z] whose staircase diagram is presented 
below. Is J strongly generic? Draw the Buchberger graph of J. Turn the picture 
upside down and do the same thing. What would you call the first of these two 
graphs? (It comes up in the context of simplicial topology.) 


z 


i 


Vad 


x 


3.7 Describe how to find the uniquely determined third monomial m” in the 
proof sketch of Proposition 3.9, given the interior Buchberger edge {m,m’}. 


3.8 Show that an irredundant irreducible decomposition of any artinian monomial 
ideal I in k[z, y, z] can be read off the labels on the regions in any minimal planar 
map resolution. 


3.9 Prove that the K-polynomial of I C k[z, y, z] is the alternating sum of the 
vertex, edge, and face labels on any planar map G resolving J. Interpret Euler’s 
formula for v — e+ f in this context as a statement about the ranks of the free 


EXERCISES 59 


modules occurring in any such resolution of J. Show that no cancellation occurs 
in the N?-graded alternating sum if and only if G is minimal. 


3.10 Call a monomial ideal J in k[z, y, z] rigid if its Buchberger graph is naturally 
embedded inside its staircase surface. What conditions guarantee that I is rigid? 


3.11 For a rigid monomial ideal, the Buchberger graph comes with a canoni- 
cal embedding into the staircase surface, so the Buchberger map is well-defined. 
Prove that the Buchberger map is the only planar map resolution of a rigid ideal. 


3.12 Exhibit an ideal in kx, y, z] having two distinct minimal planar map reso- 
lutions, neither of which is obtained from the other by permuting the variables. 


3.13 Exhibit a sequence of monomial ideals in k[z, y, z] showing that the number 
of distinct minimal planar map resolutions of an ideal can be arbitrarily large. 


3.14 Prove that the Buchberger graph of any artinian monomial ideal in k[z, y, z] 
is almost 3-connected. More generally, a graph G with at least n vertices n- 
connected if deleting any n—1 vertices along with all their incident edges leaves 
aconnected graph. Call G almost n-connected if its suspension over a set V of n 
distinguished vertices is n-connected. Prove that the Buchberger graph of any ar- 


tinian monomial ideal in the polynomial ring k[x1,...,@n] is almost n-connected. 
3.15 Fix a non-squarefree monomial ideal J = (mi,...,m,r) with r minimal 
generators in S = k[x1,...,an], and let IA C S be the polarization of J, as in 


Section 3.2. The goal of this exercise is to prove that a minimal S-free resolution 
of S/I, descends to a minimal S-free resolution of S/J, in the precise sense of (f) 
and (g), below. The argument starts with two general lemmas, in (a) and (b). 


(a) Let R be an N-graded ring, M an N-graded R-module, and 0 € R a homo- 
geneous element of degree k. Show that 6 is not a zerodivisor on M if and 
only if the unviariate Hilbert series of M and M/@M satisfy 


H(M/0M,t) 
A(M,t) = ————. 
(M, 1) eke 
Hint: See Claim 13.38 in Chapter 13. 
(b) Let R be a polynomial ring and Ff. a free resolution of an R-module M. 
If 0 € R is not a zerodivisor on M, prove that F./0F. is a free resolution of 


M/0M over the quotient ring R/@R. Hint: See Lemma 8.27 in Chapter 8. 


The idea will be to apply (b) repeatedly, as one undoes the polarization one step 
at a time, using (a) at each stage to verify the nonzerodivisor hypothesis. Assume 
that the highest power of 2; dividing any of the monomials m; is xf for some 
a> 1. Define the partial polarization J’ = (m\,...,mj.) in the polynomial ring 
S’ =k[x,...,2n,y] by setting 
zy Mi if XG divides m; 

j 


* does not divide ™;,. 


(c) Prove that the map {monomials m € J’} — N x {monomials in $} sending 


b (b-—1,2;-:m) ifm¢J 
a ee ae ifme J 


induces a bijection {monomials in J’} — N x {monomials in J}. 
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(d) Deduce from (a) and (c) that 6 = y — 2; is not a zerodivisor on $’/J’. 

(e) Construct a sequence of partial polarizations starting at J and ending at Ia. 

(f) Show that the kernel of the map S— Sis generated by a regular sequence 
© = (41, 02,...) in 5 such that each @ is a difference of two variables. 

(g) Conclude that if F. is a minimal free resolution of S$/Ia over S, then 
F./OF. = F. ®% S/O is a minimal free resolution of S/J over S. 


Notes 


The term “Buchberger graph” appears explicitly here for the first time. These 
graphs were always lurking as one of the motivations for the concept of genericity 
in exponents (as opposed to coefficients). Various developers of Grébner basis 
software, including Gebauer and Moller [GM88], used versions of the Buchberger 
graph to avoid unnecessary reductions of s-pairs. 

Even in dimension 3, the notion of strong genericity is strictly stronger (mean- 
ing “less inclusive” ) than the genericity that is the subject of Chapter 6. Similarly, 
strong deformations are particular cases of the deformations in Chapter 6. See 
the Notes to Chapter 6 for more on the development of these ideas. 

The converse to Theorem 3.17 holds as well: every planar graph G that is 
almost 3-connected appears as the minimal free resolution of some monomial 
ideal. In fact, there exists a monomial ideal whose staircase surface contains G 
embedded as its Buchberger graph [Mil02b] via the procedure in the proof of 
Proposition 3.9. Such rigid embeddings connect the algebra and geometry of 
monomial ideals to order dimension theory for planar maps [Fel01, Fel03, Mil02b]. 

Solutions to Exercises 3.4 and 3.5 can be found in [MS99]. 

Solutions to Exercises 3.10 and 3.11 can be found in [Mil02b]. 


Chapter 4 


Cellular resolutions 


For monomial ideals in three variables, we found that free resolutions can 
be described in terms of planar graphs. In this chapter we study the higher- 
dimensional geometric objects involved in doing similar things for monomial 
ideals in four and more variables. These geometric objects are derived from 
the combinatorial data hidden in the generators and their least common 
multiples. Our aim in this chapter is to show how all monomial ideals “re- 
solve themselves” via geometric resolutions, as suggested by the following 
picture. Here, the 12 vertices, 18 edges, and 8 two-dimensional faces of the 
polytope correspond to the Betti numbers 12, 18, and 8. 


0«— S« 


This is the minimal free resolution of k[a, b, c, d|/I, where I is the ideal 
generated by the 12 monomials that label the vertices of this polytope. 
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4.1 Construction and exactness 


Definition 4.1 A polyhedral cell complex X is a finite collection of 
convex polytopes (in a real vector space R™), called faces of X, satisfying 
two properties: 


e If P isa polytope in X and F is a face of P, then F is in X. 
e If P and Q are in X, then PN Q is a face of both P and Q. 


Here are some examples. The set of all faces of a fixed polytope is a 
polyhedral cell complex X. For instance, we have just seen such a complex 
consisting of one 3-polytope, 8 polygons, 18 edges, and 12 vertices. Any 
simplicial complex on m vertices can be realized as a polyhedral cell complex 
in R™. Any planar graph together with its bounded regions can be realized 
as a polyhedral cell complex in R? (this is a consequence of the Steinitz 
Theorem on three-dimensional polytopes [Zie95, Theorem 4.1]). 

The polyhedral cell complex X comes equipped with a reduced chain 
complex, which specializes to the usual reduced chain complex for simplicial 
complexes X. All of the notation and conventions in Chapter 1 regarding 
reduced chain complexes of simplicial complexes works just as well for poly- 
hedral cell complexes, except that the signs are specified by (arbitrarily) 
orienting the faces of X. (For simplicial complexes, the orientations came 
implicitly from the ordering on the vertices.) Thus the boundary chain of 
a given face F in X is the signed sum of its facets: 


OF) = SS”. sign(G, F)-G, 


facets GCF 


where sign(G, F’) is +1 if F’s orientation induces G’s orientation, and —1 
otherwise. Readers unfamiliar with the notion of orientation can simply 
take it for granted that signs have been chosen for each pair G C F of faces 
in X differing in dimension by 1, and that these signs have been chosen 
consistently, to make the boundary map in the chain complex square to 
zero. See Example 4.4 for examples of (induced) orientations. 

Just as in Chapter 3, the vertices of our cell complexes will come with 
labels from N”, and then we can label all of the faces of X. 


Definition 4.2 Suppose X is a labeled cell complex, by which we mean 
that its r vertices have labels that are vectors a;,...,a,; in N”. The label 
on an arbitrary face F' of X is the exponent ar on the least common 
multiple lem(x® | i € F’) of the monomial labels x?‘ on vertices in F’. 


The point of labeling a cell complex X is to get enough data to con- 
struct a monomial matrix for a complex of N”-graded free modules over 
the polynomial ring S = k[z1,..., 2p]. 


Definition 4.3 Let X be a labeled cell complex. The cellular monomial 
matrix supported on X uses the reduced chain complex of X for scalar 
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entries, with @ in homological degree 0. Row and column labels are those on 
the corresponding faces of X. The cellular free complex Fx supported 
on X is the complex of N”-graded free S-modules (with basis) represented 
by the cellular monomial matrix supported on X. The free complex Fx 
is a cellular resolution if it is acyclic (homology only in degree 0). 


By convention, the label on the empty face @ € X is 0 € N”, which is 
the exponent on 1 € S,, the least common multiple of no monomials. It is 
also possible to write down the differential 0 of Fx without using monomial 
matrices, where it can be written as 


Fx=@S(-ar), OF) = So © sign(G,F)x®**-*¢G. 
FEX facets G of F 


The symbols F' and G here are thought of both as faces of X and as basis 
vectors in degrees ag and ag. The sign for (G, F’) equals +1 and is part of 
the data in the boundary map of the chain complex of X. 


Example 4.4 The following labeled hexagon appears as a face of the three- 
dimensional polytope at the beginning of this chapter: 


Given the orientations that we have chosen for the faces of X, the cellular 
free complex Fx supported by this labeled hexagon is written as follows: 


azc? abe a2b? ab?e bc? abc? a?b?c? 
azc dss real 0 0 0 0 a*c? 1 
ab 0 1 -1 () 0 0 a”be 1 
ab? 0 0 1) 0 0 ab? 1 
be 0 0 0 1-1 0 abc 1 
be? 0 0 0 eas | b?c? 1 
ac? | -1 0 0 0 1 abc? 1 
S% « SS « S-0 


a?c ab ab? b?e be? ac? 
1 [ 1 1 1 1 1 1 | 
0S < 
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This is the representation of the resolution in terms of cellular monomial 
matrices. The arrows drawn in and on the hexagon denote the orientations 
of its faces, which determine the values of sign(G, F’). For example, 


(4 9)) = poe y+ boo ee 


staal tee ee. 


in the non-monomial matrix way of writing cellular free complexes. © 


Given two vectors a,b € N”, we write a x b and say that a precedes b, 
ifb—aeéN”. A subset Q C N” is an order ideal if a € Q whenever b € Q 
and a x b. Loosely, Q is “closed under going down” in the partial order 
on N”. For an order ideal Q, define the labeled subcomplex 


Xo = {FeX|ar€Q} 


of a labeled cell complex X. For each b € N” there are two important 
such subcomplexes. By Xp we mean the subcomplex of X consisting of 
all faces with labels coordinatewise at most b. Similarly, denote by X 2p 
the subcomplex of X consisting of all faces with labels < b, where b’ < b 
if b’ xb and b’ #b. 

A fundamental property of cellular free complexes is that their acyclicity 
can be determined using merely the geometry of polyhedral cell complexes. 
Let us call a cell complex acyclic if it is either empty or has zero reduced 
homology. In the empty case, its only homology lies in homological de- 
gree —l. The property of being acylic depends on the underlying field k, 
as we shall see in Section 4.3.5. 


Proposition 4.5 The cellular free compler Fx supported on X is a cellular 
resolution if and only if X<p 1s acyclic over k for all b € N". When Fx is 
acyclic, it is a free resolution of S/I, where I = (x?" | vu € X is a vertex) 
is generated by the monomial labels on vertices. 


Proof. The free modules contributing to the part of Fx in degree b € N” 
are precisely those generated in degrees < b. This proves the criterion for 
acyclicity, noting that if this degree b complex is acyclic, then its homology 
contributes to the homology of Fx in homological degree 0. If Fx is acyclic, 
then it resolves S/I because the image of its last map equals I C S. 


Example 4.6 Let I be the ideal whose generating exponents are the vertex 
labels on the right-hand cell complex in Fig. 4.1. The label ‘215’ in the 
diagrams is short for (2,1,5). The labeled complex X on the left supports 
a cellular minimal free resolution of S/(I[+(«°, y®, z°)), so Proposition 4.5 
implies that the subcomplex Fx_,,, resolves S/T. ° 
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430 


X 455 


Figure 4.1: The cell complexes from Example 4.6 


4.2 Betti numbers and K-polynomials 


Given a monomial ideal J with a cellular resolution Fx, we next see how 
the Betti numbers and the K-polynomial of the monomial ideal J can be 
computed from the labeled cell complex X. The key is that X satisfies the 
acylicity criterion of Proposition 4.5. In the forthcoming statement and its 
proof, we use freely the fact that 6;,(J) = Bi41.»(S/1). As in Chapter 1 
for the simplicial case, if X is a polyhedral cell complex and k is a field then 
H,.(X;k) denotes the homology of the reduced chain complex C,(X;k). 


Theorem 4.7 If Fx is a cellular resolution of the monomial quotient S/T, 
then the Betti numbers of I can be calculated for i > 1 as 


Bip) = dim, Hy_1(X~p;k). 


Proof. When x? does not lie in J, the complex Xp» consists at most of the 
empty face @ € X, which has no homology in homological degrees > 0. This 
is good, because (3;,4(1) is zero unless xP € I, as K?(Z) is void if x” ¢ I. 
Now assume xP € J, and calculate Betti numbers as in Lemma 1.32 by 
tensoring Fx with k. The resulting complex in degree b is the complex of 
vector spaces over k obtained by taking the quotient of the reduced chain 
complex C,(X <p; k) modulo its subcomplex C,(X~p;k). In other words, the 
desired Betti number (;)(J) is the dimension over k of the it* homology 
of the rightmost complex in the following exact sequence of complexes: 


0 —> C.(X 43k) — C.(X4p;k) — C.(b) — 0. 
The long exact sequence for homology reads 


+ Ay(X 453k) > A, (C.(b)) 3 Ai_1(X 3k) — Ai_1(X 3k) — 
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Our assumption x» € J implies by Proposition 4.5 that X. <p has no reduced 
homology: H;(X~=p;k) = 0 for all 7. Hence the long exact sequence implies 


that H;(C.(b)) & Hi-1(X2»;k). Now take k-vector space dimensions. 


Example 4.8 Consider the ideal I = (2122, 2103, 0124, 1213, 2X4, 03X4), 
and let X be the boundary complex of the (solid) octahedron. Label the 
six vertices of X with the six generators of I so that opposite vertices get 
monomials with disjoint support. Then Fx is a nonminimal free resolution 


0 < Sl. SS « gl. S8 « St — 0. 


E 9 y] 


with four of the triangles removed. This complex consists of four triangles. 
Since its reduced homology in homological degree 1 has dimension 3, The- 
orem 4.7 implies that 62p(J) = 3. If we take b = (1,1,1,0), then Xp 
consists of three isolated points, so 61,»(1) = 2. Applying these considera- 
tions to all squarefree degrees, we conclude that the minimal free resolution 
of the monomial quotient $/J looks like 0 — S®° — S° — $3 — 0. © 


Take b = (1,1,1,1). Then Xp consists of the boundary of the octahedron 


After labeling the faces of a cell complex X with vectors in N”, we were 
able to get homological information about its vertex labels from various 
subcomplexes of X defined via its face labels. Now let us “N”-grade” 
another invariant of X. 


Definition 4.9 The Euler characteristic of a cell complex X is the al- 
ternating sum >>. ,(—1)“fa(X) of the numbers of faces of varying dimen- 
sions. The N”-graded Euler characteristic of a labeled cell complex X 
is the alternating sum of its monomial face labels: 


X(X321,.--,Ln) = S- (siya ee 
FEx 


The difference in sign from (—1)4 in the ungraded case to (—1)!+¢i™¥ 


in the N”-graded case is because cellular free complexes place the empty 
face @ € X in homological degree 0 instead of —1. 


Lemma 4.10 The Euler characteristic of a nonempty acyclic cell complex 
is zero. The Euler characteristic of the irrelevant cell complex {@} is —1. 


Proof. In the irrelevant case, there is only one nonzero chain group; it 
has rank 1 and homological degree —1. In the nonempty case, the reduced 
chain complex has zero homology. Therefore the result is precisely the rank- 
nullity theorem from linear algebra: the alternating sum of the dimensions 
of vector spaces in an exact sequence of any finite length is zero. 


If we take Euler characteristics while keeping track of the monomial 
labels on faces, then we end up with K-polynomials. 


4.3. EXAMPLES OF CELLULAR RESOLUTIONS 67 


Theorem 4.11 Jf a labeled cell complex X supports a cellular free resolu- 
tion of a monomial quotient S/I, then the K-polynomial of S/I equals the 
N”-graded Euler characteristic of X: 


KS aiie yaa) = MUX Pigs sg ay 


Proof. Dividing x(X;x) by (1—21)---(1— 2») yields an alternating sum 
of power series that we wish to show is the Hilbert series of S/I. However, 
the number of times a monomial x appears in this alternating sum is 
simply the negative of the ordinary Euler characteristic of the ungraded 
cell complex underlying X<,. Now apply Lemma 4.10 to Proposition 4.5. 
(Section 4.3.2 or Corollary 4.20 will show that $/I has a K-polynomial.) 


4.3. Examples of cellular resolutions 


In this section we present numerous examples of cellular resolutions. The 
important case of generic monomial ideals, which are resolved by their Scarf 
complexes, will not be treated here but will be deferred to Chapter 6. 


4.3.1 Planar maps 


Having now introduced cellular free resolutions, we finally know precisely 
how planar maps resolve trivariate monomial ideals. The reader might wish 
to look back at Theorem 3.17 and Algorithm 3.18 to see how they interact 
with the acyclicity criterion (Proposition 4.5) and the calculation of Betti 
numbers (Theorem 4.7). 


4.3.2 Taylor resolution 


The most basic example in arbitrary dimensions is the Taylor resolution, 
where X is the full (r — 1)-dimensional simplex whose r vertices are labeled 
by given monomials x™!,...,x®”". For any vector b € N”, the subcomplex 
X-p is a face of X; namely, it is the full simplex on all monomials x™ 
dividing x». In particular, Xp is contractible, and hence the resulting 
cellular free complex is a cellular resolution by Proposition 4.5. 

Note that Fx is the Taylor resolution of S/I, where I = (x**,...,x") is 
the ideal generated by all vertex labels of X. The Betti numbers of $/I are 
given by the homology of the simplicial complexes Xp. Therefore, since 
the faces of X are labeled by least common multiples of the generators of J, 
the Betti numbers can occur only in such degrees. 

Of course, the Taylor resolution tends not to be minimal: its length is r 
and its rank is 2". Combinatorics underlying the Taylor resolution general- 
ize to arbitrary dimension the naive inclusion—exclusion in Section 3.1. In 
Chapter 6, we will demonstrate that the Taylor resolution always contains 
a much smaller resolution of length at most n, namely the Scarf complex 
of any “generic deformation” . 
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4.3.3. Permutohedron ideals 


Let u = (uy, U2,...,Un) € N” with uy < ug < +--+ < Un. By permuting 
the coordinates of u, we obtain n! points in N” C R” constituting the 
vertices of an (n — 1)-dimensional polytope called a permutohedron P(u). 
The permutohedron ideal is the ideal I(u) whose (minimal) generators are 
those monomials obtained by permuting the exponents of the monomial 
x" = gy1a5?---a", Labeling the vertices of the permutohedron with the 
generators of the permutohedron ideal in the natural way, we get a cellular 
resolution minimally resolving I(u). 

We now describe the degrees associated to each face of P(u). Set [n] = 
{1,...,n} and let v € R”. For each subset o C [n], define vg = Voie, %1 


and ag = ya u;. The permutohedron has the inequality description 


P(u) = {v ER" | vp) = On) and vs > ag for all o C [n}}. 
Each i-dimensional face is determined by a chain of distinct proper subsets 


01 C02 C°°: C On_-ji-1 


of [n] by setting ve, = A>, in the inequality description for P(u). Given any 
such chain, define o9 = @ and o,_; = [n]. For the corresponding face F, 


n—-t 
yar I] II gen ard 


j=l l€0;N05-1 


is its monomial label. The hexagon in Example 4.4 is the minimal resolution 
of a permutohedron ideal J(0,1,2). The staircase surface for the standard 
nm = 3 permutohedron ideal is on the left-hand side of Fig. 4.2, and its 
minimal cellular resolution is the permutohedron at right. 

The ideal I(u) and the polytope P(u) make perfect sense even if some 
of the coordinates u; are equal. In that case, J(u) has fewer than n! gener- 
ators and P(u) has fewer than n! vertices. The boundary of the “general- 
ized permutohedron” P(u) is still a cellular resolution of I(u), but it is not 
always minimal. For instance, the octahedron P(1,1,0,0) gives a nonmin- 
imal resolution of the ideal I(1,1,0,0), whereas the truncated octahedron 
P(2,1,0,0) does give a minimal resolution of I(2,1,0,0). The latter is the 
example depicted at the beginning of this chapter. 


4.3.4 Tree ideals 
The tree ideal in n variables is defined as 
n—|o|4+1 
= (II) }o AoC {1,...sn}). 
sco 


The tree ideal for n = 3 has staircase surface at left in Fig. 4.3. 
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Le ay 2 eye, xyz? 
a2yz, e8yz?, x3 y22) a2y23 
= (09,99, 29) 0 (2, 9?) oe 
Nie, 27) Oy, 24) ya? 
A(x) 9 (y) 9 (2) a? y? z 
oye 


Figure 4.2: Permutohedron ideal for n = 3 


The name “tree ideal” comes from the fact that /* has the same number 
(n+1)”"~' of standard monomials as there are labeled trees on n+1 vertices. 
The minimal resolution of S/I* is cellular, supported on the barycentric 
subdivision of an (n — 1)-simplex. These ideals will be investigated in 
Chapter 6, where it is shown that tree ideals are generic and also Alexander 
dual (Chapter 5) to permutohedron ideals. At this point, let us simply note 
that the cellular resolution of the permutohedron ideal is simple, while the 
resolution of the tree ideal is simplicial. 


I” = (yey? a2 42", 
3 3: 3) 
D952) woz 


= (2°, y*, 2) 1 (0°, y, 22) y? 
(27, y°, 2) 0 (2?,y, 28) 


(e.y3 27) a (aye) fod gry? 


Figure 4.3: Tree ideal for n = 3 


To convince yourself of the duality between tree ideals and permutohe- 
dron ideals, compare the staircase diagram in Fig. 4.3 to the one in Fig. 4.2. 
Note how dots of the same color correspond in the two staircases. The min- 
imal resolution is drawn on the right in Fig. 4.3. 


4.3.5 The minimal triangulation of RP? 


Consider the Stanley—Reisner ideal of the minimal triangulation of the real 
projective plane. The cellular dual to the triangulation is a cell complex X 
consisting of six pentagons, where opposite edges are to be identified in 
the antiparallel orientations. Label the 10 vertices of X with the minimal 
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generators of the ideal: 


0 O 
cef bef 


If the field k has characteristic not equal to 2, then X is acyclic, and the 
cellular complex Fx is the minimal free resolution 


0< S< glo. Sb . SS « 0 


of the Stanley-Reisner ring of the minimal triangulation of RP?. On the 
other hand, if k has characteristic 2, then X is not acyclic. 


4.3.6 Simple polytopes 


A convex polytope of dimension d is simple if every vertex meets d edges. 
Every simple polytope P gives a minimal cellular resolution of a squarefree 
monomial ideal in $ naturally associated to P, as follows. Suppose P has 
facets F\,...,F, and vertices v1,...,v,. Label each vertex v; of P by the 
squarefree monomial |, ¢ p, tj. Each face is labeled by the product of the 
variables x; corresponding to the facets not containing that face. Then the 
labeled cell complex P supports a cellular resolution Fp of the monomial 
ideal Ip generated by the labels on its vertices. The resolution Fp is both 
minimal and linear (Definition 2.16). These properties rely on the fact that 
P isa simple polytope; the reader is asked to supply a proof in Exercise 4.5. 


Example 4.12 When ? is two-dimensional, so P is a polygon, these res- 
olutions follow the pattern 


001 1100 1001 11001 10011 


The number of variables equals the number of facets of P. © 
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The ideal Ip plays an important role in the study of toric varieties 
(cf. Chapter 10). Briefly, each smooth (or just simplicial) projective toric 
variety is specified by a simple polytope P called its moment polytope. The 
facets of P correspond to the torus invariant divisors on the toric variety. 
The ideal [p is the irrelevant ideal of the toric variety inside its homogeneous 
coordinate ring S = kla1,...,2%,], which means that sheaves on the toric 
variety are represented by suitably graded S-modules that are saturated 
with respect to Ip. Hence the cellular resolution Fp is closely related to 
computation of sheaf cohomology on toric varieties. 


4.3.7 Squarefree monomial ideals revisited 


In this subsection we generalize the octahedron in Example 4.8. Suppose 
that J is an ideal generated by squarefree monomials x” of degree d, so 
each one satisfies o € {0,1}" and d = |o|. The Newton polytope of I is 
the convex hull of the exponent vectors o of the generators of J. This is a 
polytope of dimension < n — 1 because it lies inside the (n — 1)-simplex A 
consisting of all nonnegative vectors in R” with coordinate sum d. 

Let X be the labeled boundary complex of the Newton polytope of I. It 
will follow from Theorem 4.17 that Fx is a cellular free resolution of S/T. 
Using Theorem 4.7, we can determine the Betti numbers of J as follows. For 
7 € {0,1}”", let A” be the relatively open face of A consisting of all points 
whose support equals the support of 7. In particular, A(;,...1) denotes the 
interior of A. Let OA’ denote the boundary of the simplex A”. Then 


Xe = XNON and Bir (1) = dim, H;-1(X 9 0A’; k). 


The minimal free resolution of J measures homologically how the inclusion 
of polytopes X C A restricts to the boundary of each face of the simplex. 


4.4 The hull resolution 


In Chapter 3 we exploited the geometry of staircases—that is, the manner 
in which exponent vectors in N” also sit in R"—to produce free resolutions 
via planar graphs. Now, with the machinery of cellular resolutions, we con- 
struct canonical free resolutions of monomial ideals in arbitrary dimension 
from this geometry. These resolutions will generally be nonminimal, but 
their length is always bounded above by n. Given a real number ¢ € R and 
a vector a € N”, set 


Po. Ries ce, 
Fix a monomial ideal J and t € R. Consider the closed convex set 


Pi = conv{t?|x*e7} Cc R” 
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and assume that t > 1. We show that the finite set min(J) of minimal 
generators of J contains all the extreme points of the convex set ?;. The 
reverse inclusion is also true, but we defer this to Corollary 4.19. 


Lemma 4.13 The set Py is a polyhedron in R”. More precisely, we have 
P, = R&§_ +conv{é* | x* € min(/)}. 
Here, R$, denotes the orthant consisting of all nonnegative real vectors. 


Proof. First we prove the inclusion C. Let xP be any monomial in J. 
Then there is a minimal generator x* € min(/) dividing x. This implies 
t* < t% for all i, and hence t — # lies in R&,. Thus ¢? lies in t+ R&o, 
which is contained in R&, +conv{t? | x® € min(J)}. Since this latter set is 
convex, it must contain the convex hull P; of all points t? with xP € J. 
For the other inclusion, we prove that t?+R%,_ C P; if x® € min(/). Fix 
+u € 1? + R&, for a nonnegative real vector u = (u1,..., Un). Choose 
a positive integer r such that 0 < uj; < t¥+" —t% for j =1,...,n. Let 
C be the convex hull of the 2” points ¢* + )0,<,(t%7" — t%) -e; where J 
runs over all subsets of {1,...,n}. These points represent the monomials 


x*- [|] ,<,2j. The cube C is contained in P; and contains ¢* + u. 


Proposition 4.14 The face poset (i.e., the set of faces partially ordered 
by inclusion) of the polyhedron P; is independent of t € R fort > (n+ 1)!. 
The same holds for the subposet consisting of all bounded faces of P;. 


Proof. The face poset of P; can be computed as follows. Let C, C R"+! 
be the cone spanned by the vectors (¢#,1) for all minimal generators x? 
of I together with the unit vectors (e;,0) for i =1,...,n. The faces of P; 
are in order-preserving bijection with the faces of C; that do not lie in the 
hyperplane %n41 = 0 “at infinity”. A face of P; is bounded if and only if 
the corresponding face of C; contains none of the vectors (e;,0). It suffices 
to prove that the face poset of C; is independent of t. 

Consider any (n + 1)-tuple of generators of the cone C;, written as the 
columns of a square matrix, and compute the sign of its determinant: 


Cig ssa Ss ei, 951 rere fPin-r 


sign det ie ane fy aah wid l 


€ {-1,0,+1}. (4.1) 
The list of these signs forms the oriented matroid of the cone C;. It is 
known that the face poset of a polyhedral cone is determined by its oriented 
matroid. For details see [BLSWZ99, Chapter 9]. It therefore suffices to 
show that the sign of the determinant in (4.1) is independent of t as long 
ast > (n+1)!. This follows from the next lemma. 


Lemma 4.15 Let aj; be integers for 1 <i,j7 <r. Then the Laurent poly- 
nomial f(t) = det([t*)1<ij;<,) either vanishes identically or has no real 
roots fort > rl. 
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Proof. Suppose that f is not the zero polynomial and write f(t) = cat® + 
Ye cgt®, where the first term has the highest degree in ¢t. For t > r! we 
have the chain of inequalities 


| dv ee-t8| < Sleal-t? < (ST leal) #972 < rt-e2-} < £7 < eat". 
B B B 


Therefore f(t) is nonzero, and sign(f(t)) = sign(cq). 


Definition 4.16 The hull complex hull(/) of a monomial ideal I is the 
polyhedral cell complex of all bounded faces of for t >> 0. This complex 
is naturally labeled, with each vertex corresponding to a minimal generator 
of I. The cellular free complex Fyuiiz) is called the hull resolution of J. 


Our terminology for Fyuncz) is justified by the next theorem. 
Theorem 4.17 The cellular free complet Fryar) is a resolution of S/T. 


For the proof, we make use of the following general result from topolog- 
ical combinatorics. 


Lemma 4.18 Let F be a face of a polytope Q. If K is the subcomplex of OQ 
consisting of all faces of QO that are disjoint from F, then K is contractible. 


Proof. Consider the barycentric subdivision B(0Q) of the boundary of Q. 
This is a triangulation of OQ whose simplices are in bijection with chains 
(flags) of faces of QO. A geometric realization of B(OQ) is determined by 
selecting one point in the relative interior of each face of Q (the faces are 
then convex hulls of the vertices corresponding to a flag of faces). We 
construct a particular realization of B(OQ) by selecting a hyperplane H 
that separates the vertices of F' from all other vertices of Q. For each face 
of QO that meets F’ but is not contained in F’, select the point in the relative 
interior of that face to lie in the hyperplane H. 

Let H>o denote the closed half-space of H containing F’ and let H<o 
denote the complementary open half-space. Then 0QN Ho is an open ball 
that comes with a distinguished triangulation by B(OQ), using a Schlegel 
diagram [Zie95, Definition 5.5]. We construct a deformation retraction from 
O0QONH <p to its subcomplex B(K) as follows. Each point p in the difference 
(0QNH<o9)\ B(K) lies interior to a unique simplex of B(0Q). That simplex 
has a nonempty face in B(A’), and it contains a unique point P such that 
p is a convex combination of P and the vertices of the complementary face. 
The deformation retraction is obtained by linearly connecting each point p 
in (0@QN Heo) \ B(K) to the corresponding point P in B(K). 

This shows that the simplicial complex B(K) is contractible, and hence 
so is the polyhedral cell complex K. 
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Proof of Theorem 4.17. Let X = (hull(I))xp for some degree b. By 
Proposition 4.5, we need to show that the cell complex X is acyclic over k. 
We will even show that X is contractible. If X is empty or a single vertex 
then this is immediate. Otherwise, choose a real number t > (n+ 1)!, and 
let v =t~. If t® is a vertex of X then a < b, so 


t@-v = ¢t->.t® < th. th = n 


7 
whereas for any other monomial x° € I we have c; > b; +1 for some 2, so 
tev = ¢tbh.te > tem > t > n. 


Thus the hyperplane H defined by x-v = n separates the vertices of X from 
all other vertices of P;. Let H>o be the half-space containing the vertices 
of X. Then F = H is a face of the polytope Q = PN Hsp and X is 
precisely the complex of faces of Q which are disjoint from F’. Lemma 4.18 
implies that X is contractible and hence acyclic. 


Corollary 4.19 The vertices of the polyhedron P; are exactly the points t® 
for which x® is a minimal generator of I. 


The hull resolution is a canonical (though usually nonminimal) cellular 
resolution of S/I for any monomial ideal J. Used with Theorem 4.11, this 
yields an explicit formula for the numerator of the N”-graded Hilbert series. 


Corollary 4.20 Every monomial quotient S/I has a K-polynomial; it is 
given by the N”-graded Euler characteristic y(hull(I); x) of its hull complez. 


Of course, we could have stated the same corollary using the full Taylor 
resolution (Section 4.3.2) instead of the hull complex; but the hull complex 
has length at most n (the number of variables), and it has far fewer free 
summands. All N”-graded degrees of cells in hull(I) are exponents of least 
common multiples of some generators of J. The hull complex efficiently 
organizes inclusion—exclusion on the poset of least common multiples (the 
Icm-lattice). Compare our discussion of inclusion-exclusion in Section 3.1. 


Example 4.21 If J =m andt > 1, then P has n vertices (t,1,1,...,1), 
(1,t,1,...,1),...,(1,1,1,...,¢).. Their convex hull is an (n — 1)-simplex, 


and this is the only bounded facet of P;. Hence hull(Z) is an (n—1)-simplex 
and the cellular complex Fur) is the Koszul complex, as in Section 1.4. © 


Example 4.22 The staircase diagram of I = (x,y, z)° is at left below. For 
the hull resolution, consider the convex hull of {(¢*, t’,t*) |i +j +k = 5}, 
for t > 1, and look at this convex polyhedron from the point (1, 1,1): 
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The hull resolution of (x, y,z)°, depicted at right above, respects the S3- 
symmetry. In general, the hull resolution of (x,y, z)¢ has two classes of 
second syzygies: the “up” triangles and the “down” triangles. The three 
edges of any “down” triangle have the same label (the coordinates of the 
black dots in the staircase), and they are the reason for nonminimality: 
there should be two edges in each such degree. 

It is always possible using Algorithm 3.18 to remove edges from a cellular 
resolution of an ideal in three variables to get a minimal cellular resolution. 
In the present case, we have to remove one edge from each “down” triangle. 
When the power d is congruent to 0 or 1 (mod 3), it is even possible to retain 
the S3-symmetry. (The reader is invited to produce symmetric resolutions 
and to prove that none exist for 2 (mod 3); check [MS99] if necessary.) © 


Example 4.23 Consider the ideal I = (x?z, xyz, y?z, a°y°, a4y*, 2°y°). In 
Chapter 3 we saw that the Buchberger graph of J contains the nonplanar 
graph K33. The minimal free resolution of S/I has the format 


Oe Sa a eS Se 


where S = k[x,y,z]. The computer algebra system Macaulay 2 [GS04] 
produces the minimal cellular resolution on the left: 


201 111 021 201 111 021 
530 440 350 530 440 350 
Macaulay 2 output hull resolution 


The hull resolution for this exampls is depicted on the right. It is also min- 
imal, but it is more symmetric than the minimal resolution on the left. © 


Example 4.24 The minimal resolution of the permutohedron ideal in Sec- 
tion 4.3 is its hull resolution. © 


Example 4.25 Not every minimal cellular resolution is a hull resolution. 
We will see systematic failures in Chapter 6, provided by cogeneric mono- 
mial ideals. For a specific counterexample, the cellular resolution of the 
real projective plane RP? in Section 4.3.5 is not the hull resolution. It is a 
good exercise to check this directly by writing down the hull complex ex- 
plicitly, but there is a much easier reason: the hull complex is independent 
of characteristic, whereas the minimal resolution of RP? is not. © 


Example 4.26 In fact, the cellular resolutions associated to simple poly- 
topes in Section 4.3.6 are usually not hull resolutions, either. This is essen- 
tially because not every simple polytope has the same combinatorial type 
as the convex hull of a collection of squarefree vectors (i.e., in {0,1}"). © 
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4.5 Subdividing the simplex 


For artinian ideals, there are some useful geometric properties of hull res- 
olutions that makes them a little more tangible. Apart from the intrinsic 
interest in the main result of this section, Theorem 4.31, it has applications 
to the duality for Betti numbers (Theorem 5.48) and the characterization 
of generic monomial ideals (Theorem 6.26). 


Suppose that J is an artinian monomial ideal, meaning that oes nee 
are among its minimal generators for some strictly positive d,,...,dn. 


Choose t > (n+ 1)!, and let v,,...,v, be the vertices of the polyhedron P; 
from Definition 4.16 determined by these minimal generators. The convex 
hull of the points v1,...,U, is an (n — 1)-dimensional simplex that we de- 
note by A(J). Join this simplex with the special point 1 = (1,...,1) = ¢® 
to form an n-dimensional simplex, and intersect this n-simplex with the 
polyhedron ?; to get the following new convex polytope: 


Q, = conv({1}UA(J)) NP. 


If J has no minimal generators other than «,...,2%", then Q, = A(J). 
In this case, the hull complex equals the Koszul complex on om, aes 
and is a minimal free resolution of J. In what follows, we assume that J has 


at least one more minimal generator x}! --- a’ with i; < dy,..-,in < dn. 


Lemma 4.27 The polytope Q:; is n-dimensional, and it has the simplex 
A(J) as a facet. 


Proof. The n points v; = (1,...,1,t%,1,...,1) and the additional point 
1 = (1,...,1) are affinely independent. Their convex hull is the translate 
by 1 of an n-simplex given by the origin and n points on the n positive 
coordinate rays. Let w be the vector in R” whose i‘ coordinate is 
We = — > 0. 
This vector has the same inner product with each of the vertices v1,...,Un 
of the (n—1)-simplex A(J). The value of this inner product tends to n for 
t — oo. The inner product of w with 1 tends to 0 for t — oo. Hence w is an 
outer normal vector for the facet A(J) of the n-simplex conv({1}UA(J)). 
Now consider any other vertex of P;. It has the form 


CP ect where 91 diy nesta < aa 


The inner product of w with this vector tends to 0 for t — oo. This implies 
that this vector lies in the simplex conv({1} U A(J)) but not on the facet 
A(J). Therefore Q; is an n-dimensional polytope, and the face of Q,; with 
outer normal vector w is the (n — 1)-simplex A(.J). 


Lemma 4.28 Every bounded face of P, is a face of Q,. 
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Proof. If F is a face of P; then F'M Q; is a face of Q; because Q; C P;. Sup- 
pose that Fis bounded. Then F is the convex hull of a subset of the vertices 
of P;. But since all vertices of P; lie in Q;, it follows that F = F'M Q,. 


Lemma 4.29 A face F of Q; is a face of P; if and only if F has a strictly 
positive inner normal vector (all coordinates positive). The collection of 
such faces F' is the hull complex hull(J). 


Proof. Suppose F' is the face of Q; at which a strictly positive vector w 
attains its minimum. Then the face of P at which w attains its minimum 
is bounded, and it contains F’, so by the previous lemma it must equal F’. 
Hence F € hull(/). For the converse, suppose that F' is a face of Q; at 
which a vector w with w; = 0 for some 7 attains its minimum. Let F’ be 
the face of P at which w attains its minimum. Then F’ + Rsoe; C F’, 
which means that F” is unbounded. Hence F’ Q; = F but F’ 4 F, which 
means that F' is not a face of P;. In particular, F' ¢ hull(J). 


Definition 4.30 A polyhedral subdivision of a polytope P in R” is 
a polyhedral cell complex X whose underlying space |X| equals P. This 
means that P is the union of the polytopes in X. If all polytopes in X are 
simplices, then X is a triangulation of P. More generally, X is a poly- 
hedral subdivision of a polyhedral cell complex Y if |X| = |Y| and every 
face F in Y is polyhedrally subdivided by the cells of X contained in F’. 


There is a general construction [Zie95, Definition 5.5] in the theory of 
convex polytopes that uses a polytope Q to induce a polyhedral subdivision 
of a chosen facet A. This subdivision is called the Schlegel diagram of the 
polytope Q on the facet A. It is a technique for visualizing n-dimensional 
polytopes in dimension n—1, in particular for n = 3 and n = 4. If all extra 
generators vi --- xin have full support, then hull(J/) is precisely the Schlegel 
diagram for Q; on the facet A(J). If some extra generators rj! --- air do 
not have full support, then what we get is not the Schlegel diagram, but it 
is almost as good. Here is our main result in this section. 


Theorem 4.31 The hull complex hull(J) of an artinian monomial ideal J 
in n variables is a polyhedral subdivision of the (n—1)-simplexz A(J). A face 
G lies in the boundary of hull(J) if and only if ag fails to have full support. 


Proof. Pick any point p in the simplex A(J) and imagine walking from p 
toward the point 1 along a straight line segment ¢. Since Q; is a closed 
subset of R”, there is a unique last point ¢(p) along ¢ that is still in Q,. 
Let L(p) denote the unique face of Q; that contains ¢(p) in its relative 
interior. Consider an inner normal v to Q; along L(p). The set Z(p) of co- 
ordinates 7 such that p; > 1 coincides with the set of coordinates i such that 
£(p); > 1, because 1 ¢ Q;. The vector v is strictly positive in each coordi- 
nate i € Z(p), since otherwise v would be smaller at some vertex of A(.J). 
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On the other hand, 1; for i ¢ Z(p) can be made as large as desired without 
changing the fact that v is an inner normal to Q; along L(p). Lemma 4.29 
implies that L(p) is a face of P;, and hence that L(p) is in hull(J). 

Let us call two points p and p’ equivalent if L(p) = L(p’). The set of 
equivalence classes defines a subdivision of A(.J), with the cell containing p 
in this subdivision being affinely isomorphic to the polytope L(p) by projec- 
tion from 1. Hence we get a polyhedral subdivision of A(J) that is isomor- 
phic to a subcomplex of hull(J). This subcomplex is all of hull(.J) because 
the ray from 1 to any point of P; eventually pierces the simplex A(J). 

The second claim follows because the support of az p) is Z(p). 


Subdivisions of convex polytopes that arise from a polytope in one 
higher dimension in the manner described earlier are called regular sub- 
divisions. We can therefore summarize our discussion as follows. 


Corollary 4.32 The hull complex of an artinian monomial ideal is a reg- 
ular subdivision of the simplez. 


For details on the construction and algorithmic aspects of regular sub- 
divisions we refer to the book of De Loera, Rambau, and Santos [DRS04]. 
We close with an instructive example in three dimensions. 


Example 4.33 Consider the following subideal of the one in Example 4.22: 


The three-dimensional polytope Q; has two distinguished facets, namely the 
triangle A(J) with vertex set {(¢°, 1,1), (1, ¢°, 1), (1,1, ¢°)} and the hexagon 
with vertex set.4(2?,77,1), 07.2, Dy (tt), CEP) Ge 8, bea 
These two facets are joined by a band of six additional facets, namely three 
triangles and three quadrangles. In total, Q; has 9 vertices, 15 edges, and 
8 facets. The construction in the previous proof amounts to looking at the 
polytope Q; from the eye point (1,1,1). The hull complex hull(J) is the 
subcomplex of the boundary of Q; that is visible from (1,1,1). Of course, 
the triangle A(J) is not visible. Also not visible are the edge connecting 
(t°, 1,1) and (1,¢°,1) and the facet formed by this edge with the edge con- 
necting (¢°, t?,1) and (¢?,¢?,1). Thus hull(J) is a subdivision of a triangle 
with one hexagon, two quadrangles, and three triangles. In total, the hull 
complex hull(.J) has 9 vertices, 14 edges, and 6 facets. The algebraic hull 
complex Fpyn(s) is a minimal free resolution of k[x, y, z]/J. © 


Exercises 
4.1 Draw pictures illustrating Example 4.33, or get a computer to do it for you. 


4.2 For an arbitrary monomial ideal J and an arbitrary positive integer t, prove 
that the K-polynomial of the Frobenius power I! of I (Exercise 1.6) satisfies 
K(r"!; x) = K(I;x"]), where x!4] = (xi,..., a4). 
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4.3 A weakly labeled cell complex X has labels ag € N” attached to its 
faces G € X in such a way that ag X ag when G C G’. A free complex or 
resolution supported on a weakly labeled cell complex is weakly cellular. Show 
that if a weakly cellular resolution Fx resolves the quotient S/I, then I equals 
the ideal (x®” | v is a vertex of X); in other words, x®” € I for all vertices v € X. 


4.4 Find an artinian monomial ideal J inside k[z, y, z] and a cell complex that 
supports a minimal free resolution of J such that the edge graph of the cell 
complex is not planar. Hint: Exercise 3.2. 


4.5 Give a full proof of the claim in Section 4.3.6 to the effect that every simple 
polytope P supports a minimal linear free resolution. 


4.6 Extend the construction of Section 4.3.6 from simple polytopes to (possibly 
unbounded) simple polyhedra. In this general case, the cellular resolution is 
supported on the complex of bounded faces of the simple polyhedron. 


4.7 Prove that the union of all (closed) bounded faces of a convex polyhedron 
in R” is always a contractible topological space. 


4.8 Show that if the face F' in Lemma 4.18 is a vertex, then K is a union of facets. 


4.9 Draw the polyhedron 7; corresponding to the monomial ideal in Example 4.23 
and verify that the hull resolution is indeed minimal. 


4.10 Consider an arrangement of n hyperplanes in a real affine space. Label 
each cell of the arrangement with the squarefree monomial x;, vj, --- xi,. such that 
741, 12,...,%, are the indices of the hyperplanes not containing this cell. Prove that 
the complex of bounded cells is a minimal cellular resolution. 


4.11 The lcm-lattice of a monomial ideal J is the set of all least common multiples 
of subsets of the minimal generators of J, ordered by divisibility. Show that the 
Betti numbers of J are determined by the poset homology of intervals in the 
Icm-lattice of I. 


4.12 Fix acellular resolution Fx of S/I, and let J be another monomial ideal. In 
the spirit of Theorem 4.7, write down a cellular description of Tor($/I,$/J)a in 
terms of the topology of the labeled cell complex X and the combinatorics of J. 


4.13 Describe the hull resolution of the ideal (21, 22,23,24)"™ and compare it 
with the Eliahou—Kervaire resolution. 


4.14 Explain how the face poset of a polyhedral cone can be read off from the 
oriented matroid of its generators. (This is the construction used in the proof of 
Proposition 4.14.) 


4.15 Does the converse to Corollary 4.32 hold? That is, does every regular sub- 
division of a simplex arise as the hull complex of some artinian monomial ideal? 


4.16 Describe an algorithm for computing the hull complex of a given monomial 
ideal. Analyze the running time of your algorithm. 


Notes 


Cellular resolutions and the hull complex were introduced by Bayer and Sturmfels 
in [BS98], as an extension of the simplicial construction of Bayer, Peeva, and 
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Sturmfels [BPS98]. Most of the chapter is based on [BS98]. 

Example 4.6 is taken from [Mil98, Example 5.4]. The Taylor resolution in 
Section 4.3.2 is due to D. Taylor [Tay60]. A more efficient version of the Taylor 
resolution, which takes advantage of the ordering of the monomial generators, 
was given by Lyubeznik [Lyu88]. For more on the structure of permutohedra 
see [BiS96], or check [Mil98, Section 5] for extra details on the connections with 
cellular resolutions. Tree ideals from Section 4.3.4 arise in connection with the 
algebra generated by the Chern 2-forms of the tautological line bundles on the 
flag variety [PSS99]. The minimal cellular resolutions of tree ideals appeared in 
[MSY00]. The real projective plane comes up often as an example in combinatorial 
commutative algebra because of its sensitivity to the characteristic of the field k; 
see, for example, [BH98, Chapter 5]. 

Lemma 4.18 is known, but it seems difficult to locate a reference for the proof. 

One possible solution to Exercise 4.4 appears in [Mil02b, Example 9.2]. The 
construction of Section 4.3.6 and Exercises 4.5 and 4.6 is essentially equivalent to 
that of Exercise 4.10, which appeared in [NPS02]. The lcm-lattice of a monomial 
ideal in Exercise 4.11 was introduced by Gasharov, Peeva, and Welker [GPW99] 
as an analogue for monomial ideals of the intersection lattice of a hyperplane 
arrangement, including all of the encoded homological information. 


Chapter 5 


Alexander duality 


Duality gives rise to fundamental notions in many parts of algebra, combi- 
natorics, topology, and geometry. In our context, the intersection of these 
notions is Alexander duality. Its essence for arbitrary monomial ideals is 
the familiar optical illusion in which isometric drawings of cubes look al- 
ternately like they are pointing “in” or “out” (see Fig. 5.1). Alexander 
duality extends the combinatorial notion for simplicial complexes by ex- 
changing generators of ideals for irreducible components. More generally, 
this exchange works on cellular resolutions of monomial ideals, where it is 
manifested as topological duality. Roughly speaking, data contained in the 
least common multiples of minimal generators are equivalent (but dual) to 
data contained in the greatest common divisors of irreducible components. 


5.1 Simplicial Alexander duality 


Combinatorial duality on simplicial complexes is imposed by switching the 
roles of minimal generators and prime components: a minimal generator 
of the form x? = |],-, 2; becomes a prime component m? = (a; | 7 € @), 
as in Definition 1.35. Our first observation here is that Alexander duality 
really is a duality, in the sense that repeating it yields back the original. 


Proposition 5.1 If I is a squarefree monomial ideal, then (I*)* = I. 
Equivalently, (A*)* = A for any simplicial complex A. 


Proof. View Alexander duality as poset duality in the Boolean lattice 2!”) 
of subsets of [n] := {1,...,n}, as follows. Proposition 1.37 says that re- 
moving A from 2!"! leaves a poset isomorphic to A*, but with containments 
reversed under the operation T + 7. Removing A* from 2!"! therefore 
leaves A, but with containments reversed under the operation T +> T. 


Example 5.2 There are self-dual simplicial complexes, such as the two- 
dimensional simplicial complex consisting of an empty triangle and a single 
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fourth vertex. There are also complexes that are isomorphic to their duals 
(after relabeling the vertices), but not equal. For example, the stick twisted 
cubic with ideal I = (ab, bc, cd) = (a,c) (b, c) N (b, d) has this property. © 


Example 5.3 Fix a simple polytope P with n facets F,,...,F, and r 
vertices v,,...,U,. If A is the boundary of the simplicial d-polytope polar 
to P, so that the n vertices of A are in bijection with the n facets of P, 
then I, is Alexander dual to the ideal Ip introduced in Section 4.3.6. 

For example, let A be the octahedron 


Ia = (£0, Yo, 20) nN (£0, Yo: 21) a (£0, Y15 20) 
Mo, Y15 21) (£1, Yo: 20) N (£1, Yo, 21) 
Nx1, Yr, 20) A (1, Yi, 21) 


= (roX1, You, 2021) 


whose vertices are labeled by variables x;, y;, or 2; depending on which axis 
they lie. The Alexander dual ideal is 


art 

I, = (LoYo%0, LOYo21, LoY1 20; 
T0Y1215 %1Y0%0; 1Y0%1; 
L1Y120,%1Y121) 


= (£0, 21) M (Yo, y1) (20, 21) 


TOY141 ToYo%1 


with the labeling described in Section 4.3.6 on the cube P polar to A. © 


One theme that we will develop in this chapter is that Alexander du- 
ality extends from Stanley—Reisner ideals and simplicial complexes to free 
resolutions. In the squarefree context, this effect can be seen most simply 
on Koszul complexes. The idea is that instead of using the reduced chain 
complex of the simplex {1,...,n}, we can use its reduced cochain complex. 
This change produces another version of the Koszul complex. 


Definition 5.4 Monomial matrices for the coKoszul complex K* have 
scalar entries given by the reduced cochain complex of the full simplex on 
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{1,...,}, with the label x7 on the column and row corresponding to e, 
where 7 = {1,...,n}\ 7. The homological degrees are shifted so that e+ 
sits in homological degree n — |F| = |r|. 


For example, e% sits in homological degree n, while e7, ae sits in 
homological degree 0. The following is dual to Proposition 1.28. 


Proposition 5.5 The coKoszul complex K* minimally resolves k = S/m. 


Proof. Suppose b € N” has support o. The degree b part (K*)p of the 
complex K* comes from those rows and columns labeled by faces 7 C o. 
These rows and columns correspond to the basis vectors e= for T C a. 
Therefore, as a complex of k-vector spaces, (K*)p is the subcomplex of the 
cochain complex of the entire simplex on n vertices spanned as a vector 
space by the basis elements {e= | 7 C a}. (The reader should verify that 
this subvector space is closed under the coboundary maps.) Replacing each 
T by o —T, this set can also be written as {e*,. | 7 C o}. With this 
indexing, (IK*), is more clearly isomorphic (up to homological shift) to the 
cochain complex of the simplicial complex consisting of all faces of o: 


(K’)o 


x 
Crug 


C*(a;k) 


= 
+ sign(r, a)et, 


(5.1) 


where sign(r, @) is the sign of the permutation that puts the list (7,7@) into 
increasing order. Now use the fact that nonempty simplices have zero coho- 
mology, while the irrelevant complex {@} has cohomology in degree —1. 


The Koszul and coKoszul complexes are abstractly isomorphic as N”- 
graded complexes. Combinatorially, however, their N”-graded degrees have 
different interpretations, and such variations can be important in applica- 
tions. In particular, comparing the Koszul and coKoszul points of view will 
result in our next theorem. 

Many readers who have previously encountered Alexander duality will 
have done so in a topological context, where it manifests itself as an isomor- 
phism between the reduced homology of a closed topological subspace of a 
sphere and the reduced cohomology of the complement. In combinatorial 
language, this isomorphism reads as follows. 


Theorem 5.6 (Alexander duality) H;_)(A*;k) © H"-2-*(A;k). 


Proof. We have already calculated the left-hand side to be Tor?, ; (k, S/Ia)1 
for 1 = (1,...,1) in the proof of Theorem 1.34, by tensoring the Koszul 
complex K, with I, and taking i*® homology. Now let us instead calculate 
this Tor module by tensoring the coKoszul complex K* with S/T,. 

The N”-graded degree 1 part (K* ®@ S/I,), is a quotient of the cochain 
complex (K*); = C*(2!");k) of the full simplex 2!"!, namely 


(K°@ S/Ia)1 = (K’)1/Ua- K’)1. 
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Arguing as in the proof of Proposition 5.5, this quotient complex is natu- 
rally the reduced cochain complex C*(T';k) for some simplicial complex I. 
Writing 1+ for the basis vector of K* in N”-graded degree 7, and noting that 
x7 - 1 € (K’)1 corresponds to e* € C*(2!"|;k), we find that T = A because 


TET & x7 -1le¢Ua-K)1 © x’ €¢€In & TEA. 


Since e% sits in homological degree n instead of cohomological degree —1, 
(K* ® S/Ia)1 has i*® homology H"~1~#(A;k). Taking (i + 1)** homology, 
we conclude that H;_1(A*;k) & Tor’, (k, S/Ia)1 & H"-2-*(A;k). 


Remark 5.7 The direct connection between combinatorial Alexander du- 
ality and the usual topological notion uses the fact that a simplicial com- 
plex A is a closed subcomplex of the (n —2)-sphere constituting the bound- 
ary of the simplex 2!"!, as long as A is not the whole simplex 2!"1. The 
complement of A in this sphere retracts onto the simplicial complex A’. 
Therefore, Theorem 5.6 expresses the topological Alexander duality rela- 
tion inside the (n — 2)-sphere. 

Note that our proof does not use any properties of k and can be applied 
over the integers Z or any other ring R, since the Koszul complex still 
resolves R as a module over R[x1,...,2,]. This naturality explains why, 
despite the fact that dual vector spaces are isomorphic over fields, one side 
of the isomorphism in Theorem 5.6 uses cohomology and the other uses 
homology: the extension to arbitrary rings (and not just fields) would fail 
over general rings if both sides used homology, or if both used cohomology. 


Example 5.8 As we mentioned in Example 1.36, the simplicial complexes 
A and I from Examples 1.8 and 1.14 are Alexander dual, so T = A*. The 
fact that A has two components means that Ho(A;k) = k for any field k. 
On the dual side, this homology corresponds to the fact that Hy(A;k) = 
Ay_,(A;k) © H®-2-1(;k) = H?(P;k) =k. The simplicial complexes A 
and T each have one remaining nonzero reduced (co)homology group. In 
what (co)homological degrees do they lie? 


The proof of Theorem 5.6 required only the degree 1 part of K* @ S/Ia, 
but we can similarly calculate N”-graded Betti numbers for arbitrary mono- 
mial ideals, using the Alexander dual to Definition 1.33. 


Definition 5.9 For each vector b € N”, define b’ by subtracting 1 from 
each nonzero coordinate of b. Given a monomial ideal J and a degree 
b EN”, the (lower) Koszul simplicial complex of S/I in degree b is 


Ky(1) = {squarefree vectors tr < b | x +7 ¢ I}. 


The reason for our terminology “upper” and “lower” for the Koszul 
simplicial complexes KP and Ky can now be made explicit. The following 
is immediate from the definitions. 
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Lemma 5.10 For any monomial ideal I and degree b € N”, the upper and 
lower Koszul simplicial compeleres K® and Ky are Alexander dual inside 
the full simplex whose vertices are supp(b) = {i | b; 4 O}. 


Theorem 5.11 Given a vector b € N” with support o = {i | b; 4 0}, the 
Betti numbers of I and S/I in degree b can be expressed as 


Baip(D = Bip(S/T) = dim, Hlel-*1(K,(D;k). 


Proof. Apply Theorem 5.6 to Theorem 1.34, using Lemma 5.10. 


As a consequence, we derive Hochster’s original formulation of the result 
whose “dual form” appeared in Corollary 1.40. For each o C {1,...,n}, 
define the restriction of A to o by 


Ale = {rEA|r7 Co}. 


Corollary 5.12 (Hochster’s formula) The nonzero Betti numbers of In 
and S/I, lie only in squarefree degrees 7, and we have 


By 4olls) =. Bee(S/a) = dim HIP 4(A 27k): 


Proof. The nonzero Betti numbers lie in squarefree degrees by Corol- 
lary 1.40. Hence the result is obtained by applying Theorem 5.6 to The- 
orem 5.11, once we show that K,(I,) is the restriction A|,. This follows 
directly from the definitions of IA, K,(I,a), and A|,. 


Example 5.13 Let [ be as in Example 1.14. Taking the subset 0 = 
{a,b,c,d,e}, corresponding to the monomial abcde, we have T|, = I. 
From the labels on the monomial matrices from Example 1.25, we see that 
33,0(S/Ir) = B2,¢($/Ir) = 1, while the other Betti numbers in this degree 
are zero. Hochster’s formula computes the dimensions of the cohomology 
groups of [’: we find that H'([;k) = H?([;k) =k, whereas the other re- 
duced cohomology groups of T° are 0. The nonzero cohomology comes from 
the “empty” circle {a,b,e} and the “empty” sphere {a, b, c, d}. 

For another example, take o = {a,b,c,e}, corresponding to the mono- 
mial abce. The restriction I'|, is the simplicial complex 


for which Hochster’s formula gives H!?!-!~2(L|,;k) = H1(I|,;k) &k. The 
other cohomology groups of I'|, are trivial. © 
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Comparing the two versions of Hochster’s formula, Corollary 1.40 and 
Corollary 5.12, we see that the links of faces in a simplicial complex carry 
the same homological (and in fact combinatorial) information as the restric- 
tions of its Alexander dual to subsets of its vertices. Although restrictions 
may seem easier to visualize, it is the links of faces that more often carry 
geometric significance. For example, if A is a simplicial manifold, then all 
links of nonempty faces of A are spheres. That being said, when working 
with Koszul simplicial complexes that have nonzero homology—that is, at 
the “corners” of the staircase diagram of an arbitrary monomial ideal J—it 
is best to heed the advice of Dave Bayer [Bay96]: 


In choosing how to view a corner of J, one is deciding which of 
two dual simplicial complexes to favor. Often, the relationship 
between a corner and properties of J is inscrutable viewed one 
way, but obvious viewed the other way. One wants to develop 
the reflex of always looking at corners both ways, rather than 
assuming that one’s initial vantage point is preferable. 


In particular, should one wish to study a simplicial complex A via Stanley— 
Reisner theory, one should consider perhaps to use not I,, but Ia. instead! 
As an example, here is a device to recover the Hilbert series of [A and Ia» 
from one another. In applications, the forthcoming inversion formula allows 
one to follow Bayer’s advice, by using one or the other of Corollary 1.40 
and Corollary 5.12. Denote by K(1 — x) the polynomial that results after 
substituting (1—2,...,1— 2») for (@1,...,2,) in a polynomial K(x). 


Theorem 5.14 (Alexander inversion formula) Jf A is any simplicial 
complex, then the K-polynomial of its Stanley-Reisner ring satisfies 


K(S/Ia;x) = K(a31—x). 


Proof. By Proposition 1.37, the Hilbert series of [A+ is the sum of all 
monomials x? divisible by |] jg¢o tj for some face o € A: 


eee! 7” zi) : I]; ao Uj 
H(Iy;x) = >> Ts 2S cae (eC a = 


ocA ree ocA 


Now compare the numerator in the above expression with Theorem 1.13. 


Example 5.15 Let A be the simplicial complex in Example 1.5, which 
is Alexander dual to [ in Example 1.14. Starting with the K-polynomial 
1 — abcd — abe — ace — de + abce + abde + acde in Example 1.14, we calculate 


1 — (1—a)(1—b)(1—c)(1—-d) — (1—a)(1—b)(1—e) — (1—a)(1—c)(1—e) — (1—d)(1—e) 
+ (1—a)(1—b)(1—c)(1—e) + (1—a)(1—b)(1—d)(1—e) + (1—a)(1—c)(1—d)(1—e) 


= ad+ae+be+ce+ de + bcd — abe — ace — bce — 2ade — bde — cde + abce + abde + acde 


to be the K-polynomial of the Stanley—Reisner ideal Ia. © 
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5.2 Generators versus irreducible components 


In this section we prove uniqueness of irredundant decompositions of mono- 
mial ideals as intersection of irreducible monomial ideals from the (seem- 
ingly easier) uniqueness of minimal monomial generating sets. The tool that 
interpolates between these two is Alexander duality, suitably generalized. 
First, what are irreducible monomial ideals and decompositions? 


Definition 5.16 A monomial ideal in S = k[z1,...,2»] is irreducible if 
it is generated by powers of variables. Such an ideal can be expressed as 


m> = (a? 


b; = 1) 


for some vector b € N”. An irreducible decomposition of a monomial 


ideal J is an expression as follows, for vectors b,,...,b, € N”: 
I= m7n---nm". 
This decomposition is called irredundant (and the ideals m®,...,m>r are 


called irreducible components of /) if no intersectands can be omitted. 


Thus m5) is the ideal (a, z°) when S = k[x,y,z]. In examples, we 
might write an expression such as m!° instead of m5) when all the 
integers involved have just one digit. In general, the notation m? takes 
the monomial x® and inserts commas between the variables, ignoring those 
variables with exponent 0. We use the symbol m because it commonly 
denotes the maximal monomial ideal (21,...,2n). 


Remark 5.17 In the context of general commutative algebra, an arbitrary 
(not necessarily monomial) ideal in S = k[x,...,@n] is called irreducible if 
it is not the intersection of two strictly larger ideals. For our purposes in this 
chapter, we will not need that irreducible monomial ideals are irreducible 
in this usual commutative algebra sense (Exercise 5.7). However, we prove 
it more generally for semigroup rings in Chapter 11 (Proposition 11.41). 


Before defining Alexander duality, let us describe a fun algorithm to 
produce irreducible decompositions of a given monomial ideal. 


Lemma 5.18 Every monomial ideal has an irreducible decomposition. 


Proof. If m is a minimal generator of J and m = m’m” is a product of 
relatively prime monomials m’ and m”, then I = (I + (m’))N (1+ (m")). 
Iterating this process eventually writes the monomial ideal J as an inter- 
section of ideals generated by powers of some of the variables. 


Example 5.19 I = (ry’, z) = (I + (z))N (I+ (y”)) = (2,2) N{y?,z). © 
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For squarefree monomial ideals, Alexander duality can be confusing, 
with too many {0, 1} vectors and subsets of [n] = {1,...,n} creeping around 
along with their complements. When the duality is generalized to arbitrary 
monomial ideals, the confusion subsides a little, as the various squarefree 
vectors begin to take different roles: we are forced to forgo our conventions 
of automatically identifying any two objects representing a subset of [n]. 

Of course, the definition of Alexander dual must necessarily become 
more complicated. Nonetheless, the basic idea remains the same: make the 
irreducible components into generators. 


Definition 5.20 Given two vectors a,b € N” with b = a (that is, b; < a; 


for i=1,...,n), let a\ b denote the vector whose i‘ coordinate is 
ces SG if b; = 0. 


If J is a monomial ideal whose minimal generators all divide x*, then the 
Alexander dual of J with respect to a is 


rel = () {m®*P | x is a minimal generator of I}. 
For an example of complementation, (7,6,5) \ (2,0,3) = (6,0,3). 


Example 5.21 Let a = (4,4,4). Then 


I = (a3, ay, yz?) rel = (2?) n (et, y*) 9 (yt, 2°) 
= 
= (x°,y) M(x, 27) = (x?y*, 42°). 
Note that ([!)!@] = 7. We will see that this holds in general. © 


Example 5.22 Let n = 3, so that S = k[z, y, z]. Fig. 5.1 lists the minimal 
generators and irreducible components of an ideal J C § and its dual {4° 
with respect to a = (4,5,5). The (truncated) staircase diagrams represent- 
ing the monomials not in these ideals are also rendered in Fig. 5.1, where 
the black lattice points are generators and the white lattice points indicate 
irreducible components. The numbers are to be interpreted as vectors, so 
205 = (2,0,5), for example. The arrows attached to a white lattice point in- 
dicate the directions in which the component continues to infinity; it should 
be noted that a white point has a zero in some coordinate precisely when 
it has an arrow pointing in the corresponding direction. 

Alexander duality in three dimensions comes down to the familiar opti- 
cal illusion in which isometrically rendered cubes appear alternately to point 
“in” or “out”. In fact, the staircase diagram for [455] in Fig. 5.1 is obtained 
by literally turning the staircase diagram for I upside down (the reader is 
encouraged to try this). Notice that each minimal generator of I has the 
same support as the corresponding irreducible component of [!455), © 
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Figure 5.1: Truncated staircase diagrams of J and I'*°>) from Example 5.22 


The definition of Alexander duality is consistent with our earlier defini- 
tion in the squarefree case: if J = I, is a squarefree monomial ideal, then 
Ij» = (Iq)* is the Alexander dual of I, with respect to 1 = (1,...,1). 
Further statements beyond the definition of Alexander duality also have 
analogues for arbitrary ideals. Next we generalize Proposition 1.37. 


Proposition 5.23 Suppose that all minimal generators of the ideal I di- 
vide x®. If b Xa, then x? lies outside I if and only if x2—» lies inside I), 


Proof. Suppose I = (x® | c € C). Then x® ¢ J if and only if we have b ¥ c, 
or equivalently, a—b 4 a—c, for alle € C. This means that for each c € C, 
some coordinate of a — b equals at least the corresponding coordinate of 
a+1-—c; that is, x8~> € m@+1~© for all c € C. Equivalently, x®~® lies in 
the intersection (),¢gm**1~°, which equals 7/#] + m+? by definition. But 
x@—b ¢ jlal + mat? exactly when x?-¥ ¢€ Jl@!, because a— b <a. 


The complementation identity for vectors b < a in N” reads 
aX\(a\b) = b (5.2) 


and generalizes the squarefree relation @ = a; it follows from the obvious 
complementation a \ (a\ b) = 6 for natural numbers b < a. Moreover, the 
next theorem generalizes the squarefree result in Proposition 5.1. 
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Theorem 5.24 [f all minimal generators of I divide x*, then all minimal 
generators of I'*) divide x, and (i!)@) = 1. 


Proof. Suppose I = (x’1,...,x>r). The powers of variables generating 
the irreducible components of J!) all divide x® by definition. Since every 
minimal generator of J/*! can be expressed as the least common multiple of 
some of these powers of variables, these generators divide x*. 

Now generalize the proof of Proposition 5.1 as follows. Consider the set 
(0, a] of vectors in N” preceding a as a poset (think geometrically: a product 
of intervals, shaped like a box). Proposition 5.23 says that removing from 
[0,a] all monomials outside of I leaves a poset isomorphic to the poset 
of monomials in [0,a] inside /*), but with the order reversed under the 
operation b +> a—b. It follows that removing from [0,a] all monomials 
outside of [!! leaves a poset isomorphic to the poset of monomials in [(O,a 
inside J, but with the order reversed under the operation a— bt b. This 
argument shows that for b < a, we have x® € J if and only if xP ¢€ (Jl), 
The result follows because the previous paragraph implies as well that all 
minimal generators of (I'#!)!) divide x. 


Referring to Fig. 5.1 might help the reader understand the above proof, 
which explains how to generalize the optical illusion to higher dimensions. 

Proposition 5.23 and Theorem 5.24 together imply an algebraic state- 
ment of Alexander duality in the language of colon ideals. 


Corollary 5.25 If all generators of I divide x*, then I!) is the unique 
ideal with generators dividing x® that satisfies (m@+1 : [) = 1/@] + mat}, 


Proof. Observe that x ¢ I if and only if all monomials dividing x> 
lie outside of J. If b < a, then this occurs precisely when all monomials 
dividing x® lie outside of x?~>-J, which is equivalent to x®~>- J C m?*1, 


The next lemma is for the proof of uniqueness of irredundant irreducible 
decompositions in Theorem 5.27. It explains the odd definition of a \ b. 


Lemma 5.26 Suppose that b X a andc Xa in N”. Then x®>? divides 
x®°¢ if and only if m® C m°. 


Proof. We have m> C m° if and only if b; > c; whenever c; > 1 and also 
b; = 0 whenever c; = 0. This occurs if and only if a; —b; < a; —c; whenever 
c; > 1 and also 6; = 0 whenever c; = 0; that is, a; \ b; < a; \ c; for all 7. 


Theorem 5.27 Assume that all minimal generators of I divide x®. Then 
I has a unique irredundant irreducible decomposition, and it is given by 


I= () {ieee |x? is a minimal generator of pls 
Equivalently, the Alexander dual of I is given by minimal generators as 


real = (xPSP | m> is an irreducible component of dL) 
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Proof. The given intersection is equal to I by Theorem 5.24. It is irredun- 
dant by Lemma 5.26 because the intersection is taken over minimal gener- 
ators of I'@]. Now suppose that we are given any irredundant irreducible 
decomposition I = (\,ep m?, and choose a so that b < a for all b € B. 
The ideals {m® | b € B} are pairwise incomparable by irredundancy, so the 
set {x®P | b © B} minimally generates some ideal J by Lemma 5.26. Fur- 
thermore, the Alexander dual of J is J#] = I by definition, whence J = [/* 
by Theorem 5.24. It follows that B = {a\ c| x® is a minimal generator of 
I lal. Therefore, the decomposition is unique, and in particular it is inde- 
pendent of the choice of a. Apply (5.2) for the “Equivalently” statement. 


Remark 5.28 Theorem 5.27 along with Corollary 5.25 provides a useful 
way to compute the irreducible components of J given its minimal genera- 
tors: simply take those generators x of (m®*1 : J) dividing x®, and replace 
each one by m®*?. It turns out that computing colon ideals is fast on many 
symbolic algebra systems. Of course, we can also compute the generators 
of I from its irreducible components this way, by turning each component 
m?> into a generator x®*? for I'@] and computing I using Corollary 5.25. 


Remark 5.29 By a Noetherian induction argument, every (not necessar- 
ily monomial) ideal J can be written as an intersection Qi M---9Q, of 
irreducible ideals, as defined in Remark 5.17. Such intersections are not 
unique—it might be that intersecting all but one of the Q, still yields J. 
But even assuming this is not so (i.e., that the intersection is irredundant), 
the irreducible decomposition still need not be unique. Theorem 5.27 says 
that the situation changes dramatically when the ideal J and all of the 
intersectands Q; are required to be monomial ideals. 


5.3 Duality for resolutions 


We have already seen that Alexander duality produces fun optical illusions 
on staircases in three dimensions and provides a useful way to think about 
irreducible decompositions, by relating them to minimal generators of the 
dual ideal. Moreover, we have seen connections to topological duality when 
dealing with squarefree ideals. In this section we explore a deeper connec- 
tion: applying Alexander duality to a cellular resolution supported on a cell 
complex X corresponds to topological duality on X itself, rather than du- 
ality on Koszul simplicial complexes K of the monomial ideal it resolves. 
In this way, “global” topological duality on free resolutions induces “local” 
topological dualities at every N”-graded degree. 

Let us start by reviewing a little relative cellular topology. If X is 
a cell complex, then its cochain complex C*(X;k) is the k-vector space 
dual of the chain complex C.(X;k); its differential, called the coboundary 
map, is transpose to the boundary map. We saw this notion for simplicial 
complexes in Chapter 1. If X’ C X is a subcomplex, then of course X’ 
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also has chain and cochain complexes. The inclusion C,.(X';k) C C.(X;k) 
is naturally dual to a surjection of cochain complexes the other way, and 
its kernel is an object that is central to duality for resolutions. 


Definition 5.30 The cochain complex C*(X, X';k) of the pair X’ C X 
of cell complexes is defined by the exact sequence 


0 —> C°(X,X';k) — C'(X;k) — C'(X';k) — 0. 
The i*” relative cohomology of the pair is H‘(X, X';k) = H'C*(X, X';k). 


When we use language such as “Y is a pair of cell complexes”, we think 
of Y = (X' Cc X) as the set of faces in X that lie outside X’. Thus, for 
instance, we will use the term facet of Y to mean a facet of X that happens 
not to lie in X’, noting that every maximal face of Y is also maximal in X, 
because X’ is a subcomplex of X. 

It will be convenient to use the language of distributive lattices instead 
of referring to greatest common divisors and least common multiples of 
monomials. Thus, for two vectors a and b in N”, we write a\b and aVb for 
the meet and join, respectively. These vectors satisfy x®/P = gcd(x®, x?) 


and x®VP = lem(x®,x?), so their it coordinates are 
(a A b); = min(a;, bi), 
(a V b); _ max(aj, b;). 


Definition 5.31 Let Y be a cell complex or a cellular pair. Then Y is 
weakly colabeled if the labels on faces G C F satisfy ag = ap, and Y 
is colabeled if, in addition, every face label ag equals the join \/ar of all 
the labels on facets F D G. 


The point of a colabeling is that it is dual to a labeling, with the roles 
of vertices and facets being switched: subtracting all labels on a labeled 
complex from a fixed vector yields a weakly colabeled complex (this is the 
next lemma; its proof is immediate from the definitions). When speaking 
of cell complexes endowed with multiple labelings, it is helpful to have a 
notation X for the underlying unlabeled cell complex X. 


Lemma 5.32 If a cell compler X is labeled, and the label on every face 
GeX satisfies ag xc, then relabeling each face G € X byc—ag yields 
a weakly colabeled compler c — X. 


Weakly colabeled cell complexes give rise to monomial matrices, just as 
labeled cell complexes do, but using the coboundary map instead of the 
boundary map of the underlying cell complex. 


Definition 5.33 Let Y be a cell complex or a cellular pair X’ C X, 
(weakly) colabeled. The (weakly) cocelluar monomial matrix supported 
on Y has the cochain complex C*(Y;k) for scalar entries, with faces of di- 
mension n—1 in homological degree 0; its row and column labels are the face 
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labels on Y. The (weakly) cocellular free complex F* supported on Y 
is the complex of N”-graded free S-modules (with basis) represented by the 
cocellular monomial matrix supported on Y. If F* is acyclic (so its homol- 
ogy lies only in degree 0), then F* is a (weakly) cocellular resolution. 


Example 5.34 Starting with the labeled complex X in Fig. 4.1, form the 


. oe . 
441 Js 
41 422 
’ . 
351 | 442 404 i 
: 403 a 
354 oo 
: Sy all =a 
"055 135 a —" 
PRS 
Y455 
405 215 135 055 354 451 442 423 455 
205f 1-1 0 0 0 0 0 0 405 1 
15] 0 1-1 0 0 0 0 0 215] 1 
035] 0 oO 1-1 0 0 0 0 135] 1 
054] 0 O O 1-1 0 0 0 055] 1 
351] 0 0 O O 1-1 0 0 354] 1 
441] 0 0 0 0 O 1-1 +0 451] 1 
422} 0 0 0 0 0 0 1 -1 442] 1 
4o3l-1 0 0 0 0 0 0 1 423 | 1 
FYa455- 0) ss sé S 0 
faces edges vertex 


Figure 5.2: Colabeled relative complex from Example 5.34; compare Fig. 4.1 


weakly colabeled cell complex Y = (5,6,6) — X as in Lemma 5.32. The 
set Y4455 of faces sharing at least one coordinate with (5, 6,6) constitutes a 
weakly colabeled subcomplex of Y, depicted on the left in Fig. 5.2. The cel- 
lular pair Y<455 of complexes Yz455 C Y is depicted on the right in Fig 5.2. 
Observe that Y 455 is colabeled, not just weakly colabeled; it supports a 
cocellular free complex FY=4*5 written down in full detail in Fig. 5.2. To 
write the scalar matrices, orient all edges toward the center and all faces 
counterclockwise. The left copy of $® represents the 2-cells in clockwise 
order starting from 361, the right copy of $° represents the edges clockwise 
starting from 161, and the copy of S represents the lone vertex. The other 
vertices and edges are missing because they lie in the subcomplex Yx455. 
As it turns out, F¥<455 resolves the ideal ['°5] from Example 5.22; this will 
be a consequence of Theorem 5.37, given Example 4.6. © 


In the next lemma, we write Maa = @y~, Mp for the quotient of an 
N”-graded module M modulo its elements of degree not preceding a. Note 
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that when I is an ideal, [<a is not an ideal of S, but rather the S-module 
OAC EG hie Pp 


Lemma 5.35 Fix an ideal I generated in degrees preceding a. If F* is a 
cocellular resolution of Ixa, and Yxa is the set of faces of Y whose labels 
precede a, then F*=* is a cocellular resolution of I. 


Proof. The faces G contributing a nonzero monomial to degree b of F*=@ 
are precisely those faces G € Y whose labels ag precede a. Therefore the 
complex of k-vector spaces in degree b of F¥=* is the same as that of FY 
in degree aA b. Consequently, FY=e is a cocellular resolution of some mod- 
ule M. Looking at the generators and relations tells us that M@ = I. Indeed, 
we have thrown away none of the generators of J, nor any of the minimal 
syzygies among these generators, by results in Section 4.3.2. On the other 
hand, we have thrown away the relations saying that xP = 0 for b > a. 


In the forthcoming proof of duality for resolutions, we will calculate 
the homology of a cell complex Y using an acyclic cover by subcomplexes 


Ui,...,Un of Y. This means that we will be given an expression Y = 
U, U---UUhp, referred to as a cover U of Y, in which U, = (),<, U; either 
has zero reduced homology or is empty for each subset o C {1,...,n}. 


The nerve of this (or any) cover U is, by definition, the simplicial complex 
N(U) consisting of those subsets o for which U, is nonempty. For acyclic 
covers U, the nerve of Uv has the same cohomology as Y. 


Lemma 5.36 (Nerve lemma) If U is an acyclic cover of a polyhedral 
cell complex Y by polyhedral subcomplexes, then H*(Y;k) ~ H*(N(U);k). 


Proof. By barycentrically subdividing every face of Y, we may assume that 
Y and all of the subcomplexes in U/ are simplicial. Now the result is [Rot88, 
Theorem 7.26], but for cohomology instead of homology. (The argument 
in [Rot88] works just as well for cohomology; alternatively, use that we are 
working over a field k, so homology and cohomology are isomorphic.) 


Now we come to the main general theorem concerning duality for reso- 
lutions. In the course of its proof, we apply Proposition 4.5 so many times 
that we will not explicitly mention it. 


Theorem 5.37 Fix a monomial ideal I generated in degrees preceding a 
and a length n cellular resolution Fx of S/(I + m?*+) such that all face 
labels on X precedeat+1. If Y =a+1—X, then F* is a weakly cocellular 
resolution of (Hels, and F*=* is a weakly cocellular resolution of I!. 
Both Y and Yx_ support minimal cocellular resolutions if Fx is minimal. 


The assumption X<g+1 = X, which prevents generators of oa 
from occurring in degrees outside N”, is there to simplify the proof, but 
the theorem is true without it. The assumption is pretty harmless: in all 
naturally occurring cellular resolutions, every vertex label precedes a + 1; 
consequently X<a+1 = X, since face labels on X are joins of vertex labels. 
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Proof. By Lemma 5.35, it is enough to show that F@+1!~* is a weakly 
cocellular resolution of (I/#!).4. The faces of X contributing monomials to 
degree b in F®+1~~* are precisely those whose labels in a+ 1—X precede b. 
These are the faces in X=8+1—P. Therefore (F2+1-*), = C*(X=811-5: k), 
up to a homological shift that we will identify precisely later. 

Let Xya+1-b consist of those faces of X whose labels are not preceded 
by a+1-—b. Then we have an exact sequence 


0+ E (Xpasanilkt) — C(Xjk) F(X) — 0 


of complexes of vector spaces over k. Since X is acyclic, the long exact co- 
homology sequence implies that H*~1(X=8+1—>:k) = H*-?(Xya4i_p;k). 
The cell complex Xya+1—pb is covered by its subcomplexes U,,...,Un, 
where U; consists of those faces G € X whose labels ag have i*" coordinate 
at most a; — b;. Setting c, = (a—b)+d-G for each subset o C {1,...,n} and 
some fixed d > 0, we find that U, = (),_,, Ui in fact equals Xe, , which has 
zero homology when it is nonempty. By the nerve lemma, H *(Xya+1—p3 k) 
can be calculated as the cohomology H‘(N(U);k) of the nerve of U. 
The key point will be that (7!!)., has an “artinian” relation along the 
axis, with degree preceding (a; — b; + d)e;, for each i =1,...,n. 
First assume the set 7 of indices i such that b; > a; + 1 is nonempty. 
Then U, is empty unless o C 7. On the other hand, when o C7, the faces 
corresponding to artinian relations in degrees preceding de; for each 7 € T 
all lie in U,. Therefore N(U/) is a simplex, which has zero cohomology. 
Now assume b x a. Then U, is nonempty, except perhaps when o = 
{1,...,n}, because of artinian relations. Therefore the nerve N(U) is either 
a full (n—1)-simplex or it is an (n—2)-sphere. The latter case occurs exactly 
when X ap is empty, or equivalently when x?~P does not lie in J. Using 
Proposition 5.23, we find that M(U/) is an (n — 2)-sphere when x? ¢ J/@!, 
The isomorphism of C*(X=#+1-; k) with (F#+41-*),, reindexes the for- 
mer to be a chain complex (differentials decrease indices), with its faces of 
dimension n — 1 in homological degree 0. This makes H;(F2+1~*), equal 
to H"—"+2(Xya41-p;k) and results in the only homology of the spheres in 
the previous paragraph being placed in homological degree 0. 


1€0 


qth 


Remark 5.38 The most natural setting in which to carry out Alexander 
duality is that of injective resolutions. These explain, for instance, why 
the boundary of the triangle had to be removed in Example 5.34. Injective 
resolutions are main characters in Chapter 11, and some of their connections 
to Alexander duality are treated in the exercises there. 


5.4 Cohull resolutions and other applications 


As a first indication of the usefulness of cocellular resolutions, let us derive 
some important properties of minimal cellular resolutions. (We challenge 
the reader to prove them without Theorem 5.37; we do not know how.) 
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Corollary 5.39 [If the labeled cell complex X supports a minimal resolution 
of an artinian monomial quotient of S, then X is pure of dimension n—1. 


Proof. Fx resolves $/I for an ideal I containing m**+ for some a. If G 
is a facet of X, then the differential of F?+1~~* is zero on G. Minimality 
of F#+1-X implies that G represents a nonzero homology class. Hence G, 
which must sit in homological degree 0 of F#+1~*, has dimension n — 1. 


Proposition 5.40 Suppose G is a face of a labeled cell complex X support- 
ing a minimal cellular resolution of an artinian quotient of S. If the i” co- 
ordinate (aq); of the face label ag is nonzero, then (ag); = (aq); for some 
face G’ € X containing G that is maximal among faces whose labels have 
the same support asag. Any such face G’ satisfies dim(G’) = |supp(G)|—1. 


Proof. Let XG be the subcomplex of X on faces whose labels have support 
contained in supp(ag). Since Xg equals X<¢.supp(ac) for d > 0, it supports 
a minimal cellular resolution of an artinian quotient of the polynomial ring 
k|[a; | ¢ € supp(ag)] by Proposition 4.5. Restricting to Xq@ reduces us to 
the case where X = Xq, so ag has full support supp(ag) = {1,...,n}. 

It is enough to show that if G has dimension d < n— 1, then G is 
strictly contained inside a face whose label shares its i” coordinate with ag. 
Supposing that this is not the case, we show that Fy is not minimal. 
This assumption means that x; divides the coefficient of G on 0(G’) for all 
faces G’ under the differential 0 of Fx (where by convention, x; divides 0). 

The differential 6 on F®+1~~* (given by the transpose of O) is nonzero 
on G by Corollary 5.39. Hence 6 must take G to an element x;y for some y € 
Fe+1—-X by the previous paragraph. However, 6(y) = 0 because F2+1~~* is 
a torsion-free S-module and x;6(y) = 6(a:y) = 62(G) is zero. Therefore G 
does not map under 6 to a minimal generator of ker(5), because x;y lies in 
x; ker(d) C mker(65). It follows that F®+4~~* is not minimal. 


Corollary 5.41 If the cellular resolution Fx in Theorem 5.37 is minimal, 
then the adjective “weakly” may be dropped from that theorem’s conclusion. 


Proof. For faces G whose labels ag have full support, Proposition 5.40 says 
that ag equals the meet of the labels on all facets of X containing G. 


Alexander duality is based on the principle that irreducible decomposi- 
tions are dual to generating sets. Duality in polyhedral geometry is based 
on the principle that vertices are dual to facets. Our next application uni- 
fies these two principles: irreducible decompositions of J can be read off the 
facet labels on minimal cellular resolutions of “artinianizations” of S/TI. 


Theorem 5.42 Fix a monomial ideal I generated in degrees preceding a, 
and let Fx be a minimal cellular resolution of S/(I + m®*1). Writing 
b= 0, <a, biei for the vector obtained from b € N” by setting each has 
coordinate greater than a; to zero, the intersection (|g m®¢ over facets G 
of X is an irredundant irreducible decomposition of I. 
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I hull(I + (z+, y4, z4)) cohull444(J*) 


Figure 5.3: I and J* are the permutohedron and tree ideals when n = 3 


Proof. Corollary 5.39 says that every facet G has dimension n— 1, so 
Proposition 5.40 implies that ag has full support. Therefore we find that 
a+1-—acg ~<a for all facets G € X. But then x*t1~®¢ js a minimal 
generator of [[#] by Theorem 5.37, and these are in bijection with irreducible 
components of //?! by Theorem 5.27. Now note that ag has i*® coordinate 
a, +1 if and only ifa+1-—ag has i*® coordinate zero, which occurs if and 
only if a\ (a+1-— ag) has i** coordinate zero. 


Example 5.43 Theorem 5.42 is evident for the cellular resolution illus- 
trated in Section 4.3.4, as well as for the one in Example 4.6, which resolves 
the ideal whose staircase is on the left-hand side of Fig. 5.1. © 


Example 5.44 The n = 3 example J” in Section 4.3.4 is Alexander dual to 
the ideal I in Section 4.3.3 with respect to a = (3,3,3). It so happens that 
the hull resolution of k[a, y, z]/(I + m“*4)) is minimal; see the middle of 
Fig. 5.3. Therefore Theorem 5.37 produces a minimal cocellular resolution 
of [*, supported on the interior faces of the center diagram in Fig. 5.3, but 
with the labels subtracted from (4, 4, 4). © 


Definition 5.45 Given an ideal J generated in degrees preceding a, the 
cohull complex of J with respect to a is the weakly colabeled complex 


cohulla(!) = (a+1—X)_a for X =hull(r@! + m+), 
and Foehulla(!) is the cohull resolution of J with respect to a. 
Theorem 5.37 justifies our terminology. 
Corollary 5.46 Feta is a weakly cocellular free resolution of I. 


Proof. The complex F°°?s() is Alexander dual to the hull resolution of 
S/(1@] + m2+1), which satisfies the hypotheses of Theorem 5.37. 


The center diagram in Fig. 5.3 betrays the fact that the cohull resolu- 
tion of J* can also be construed as a cellular resolution supported on the 
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right-hand cell complex of Fig. 5.3. In fact, this is the cellular resolution 
we drew in Section 4.3.4. This example suggests that cohull resolutions 
are always cellular (Exercise 5.16). It is not hard to show that arbitrary 
cohull resolutions are weakly cellular (Exercise 4.3), and therefore cellular 
if minimal; see Exercises 5.13-5.15. 


X minimally resolves 7/432] 4 543 hull(I) hull (7/4321 + m®43) 
500 
OD 


002 002 


021 
TE? 030 301 


301 


030 


400 


400 030 ‘400 


staircase of I rightside up 


staircase of [432] upside down cohullaz2 (J) 


Y minimally resolves [ 


Figure 5.4: The cellular resolutions of Example 5.47 


Example 5.47 Not all cellular resolutions come directly from hull and 
cohull resolutions. All resolutions in this example can be construed as be- 
ing cellular, supported on labeled cell complexes depicted in Fig. 5.4. Set 
I = (2?,23z,2+,y°,y?z,cyz) so that 1/482] = (ayz?, x?y3z,24y?z). Then 
hull(Z) and cohullg32(Z) are not minimal (the offending cells have italic la- 
bels); moreover, cohull,(Z) = cohullgg2(J) for all a > (4,3, 2). Nonetheless, 
7{482] + m482 has a minimal cellular resolution Fx, so Theorem 5.37 yields 
a minimal cocellular resolution for J. In fact, this cocellular resolution is 
cellular, supported on the labeled cell complex Y. © 


The next theorem can be thought of as the reflection for arbitrary mono- 
mial ideals of the fact that Hochster’s formula has two equivalent and dual 
statements. In the case where J = J, and a = (1,...,1), it reduces to 
simplicial Alexander duality, Theorem 5.6. 


Theorem 5.48 (Duality for Betti numbers) /f I is generated in de- 
grees preceding a and1 <b <a, then Bn_ip(S/D) = Bsn gD): 


5.4. COHULL RESOLUTIONS AND OTHER APPLICATIONS 99 


Proof. Let X = hull(IJ + m@++) and Y = cohulla(Z?!). By Theorem 4.7 
applied to X, we get the equality 6;(S/I) = Gi»(S/(1 + m?*1)) when 
b <a. Now calculate the Betti numbers of $/J and J'@! as in Lemma 1.32 
by tensoring Fx and FY with k. By Theorem 4.31 and Theorem 5.37, the 
resulting complexes k @g Fx and k ®@g F* in degrees b and a+ 1~— b are 
vector space duals over k, and their homological indexing has been reversed 
(subtracted from n). Therefore the (n — i)** homology of k @g Fx has the 
same vector space dimension as the i'* homology of k @g F* over k. 


When $/(J-+m*+) has a minimal cellular resolution Fx, the equality of 
Betti numbers in Theorem 5.48 comes from a geometric bijection of syzygies 
rather than an equality of vector space dimensions: the (n — i — 1)-faces 
labeled by b in X are the same faces of X labeled by a+1—bin Y. It 
is just that G € X represents a minimal (n — i)*" syzygy of S/I, whereas 
G €Y represents a minimal i*” syzygy of 1. 


Example 5.49 The following table lists some instances where the Betti 
numbers are 1 for the permutohedron and tree ideals J and [* = [/3°3] of 
Sections 4.3.3 and 4.3.4: 


3-i b |i a+1—-b 
0 (2 an 2 eco) 
Es, 3,3) | -68,7,09 
2 83 B)F0" 1G, 1) 


Bae). = Bae BU 1 


Look at the figures in Sections 4.3.3 and 4.3.4 to verify these equalities, not- 
ing both the positions of these degrees in the staircase diagrams and which 
faces correspond in the cellular resolutions. Fig. 5.3 may also be helpful. © 


Alexander duality for resolutions in three variables has a striking in- 
terpretation for planar graphs. To state it, let us call azial an almost 3- 
connected planar map that minimally resolves an artinian ideal in k[z, y, z]. 
This term refers to the three azial vertices each labeled by a power of a 
variable and lying on the corresponding axis in the staircase surface. An 
axial planar map has a well-defined outer cycle. The planar dual of a given 
map G is the planar map G obtained by placing a vertex in each region of G 
and connecting pairs of vertices if they are in adjacent regions. For axial 
planar maps, we omit the vertex of G in the unique unbounded region of G, 
and we instead draw infinite arcs emanating from vertices of G in bounded 
regions of G adjacent to the unbounded region. The resulting dual of an 
axial planar map is called its dual radial map. 


Theorem 5.50 Let I > m®, where m = (x,y,z). An axial planar map G 
supports a minimal cellular resolution of k{x,y,z|/I if and only if its dual 
radial map G supports a minimal cellular resolution of k(x, y, 2|/1'). 
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axial radial 


Figure 5.5: Duality for planar graphs as Alexander duality 


Example 5.51 In nice cases, the dual axial and radial graphs can both be 
embedded in their staircase surfaces. We shall not make this precise here, 
but we instead present an example in Fig. 5.5 that we hope is convincing. 
Note that both surfaces are the same; this makes it easier to compare the 
planar maps drawn on them. Turning the picture upside down yields two 
pictures of the Alexander dual staircase surface, with the radial embedding 
appearing the right way out and the axial embedding backward. Note how 
the irreducible components form natural spots to place the dual vertices 
and how the “outer” ridges naturally carry edges of the planar dual. © 


The reader is invited to produce their own proof for Theorem 5.50 (the 
key being duality for resolutions) or to see the Notes for references. It 
is an open question how to generalize the embeddings of planar maps in 
3-dimensional staircases to get embeddings of cellular resolutions inside 
staircases—canonically or otherwise—in higher dimensions. 


5.5 Projective dimension and regularity 


The interaction of Alexander duality with the commutative algebra of ar- 
bitrary monomial ideals, as developed in this chapter, was sparked in large 
part by a fundamental observation relating free resolutions of Alexander 
dual squarefree ideals. Specifically, duality interchanges two standard types 
of homological invariants, which we introduce in Definitions 5.52 and 5.54. 


Definition 5.52 The length of a minimal resolution of a module M is 
the projective dimension pd(M). The module M is Cohen—Macaulay 
if pd(M) equals the codimension of M. 


The Auslander—Buchsbaum formula [BH98, Theorem 1.3.3] implies that 
the projective dimension of M is at least its codimension, which—if M is a 
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monomial quotient S/IJ—equals the smallest number of generators of any ir- 
reducible component of J. Hence the Cohen—Macaulay condition is a certain 
kind of desirable minimality: the free resolution is as short as possible. 

There are many useful criteria for determining when a Stanley—Reisner 
ring is Cohen—Macaulay; we shall see some in Chapter 13, including general 
criteria such as those in Theorem 13.37 and a specific combinatorial condi- 
tion (shellability) in Theorem 13.45. The most widely used criterion, and 
the most useful here, is the one due to Reisner, which says that links have 
only top homology. It is a consequence of the general Cohen—Macaulay 
characterization in Chapter 13, specifically part 9 of Theorem 13.37, based 
on local cohomology. Therefore, although we present Reisner’s criterion 
here for use in the Eagon—Reiner Theorem, we postpone its proof until 
Chapter 13.4. (No results between here and Chapter 13.4 depend logically 
on the Eagon—Reiner Theorem or on Reisner’s criterion.) 


Theorem 5.53 (Reisner’s criterion) The Stanley—Reisner ring S/Ia is 
Cohen-Macaulay if and only if, for every face o € A, the link satisfies 


H'(linka(c);k) =0 for i#¢dim(A)— lol. 
(We say that A is a Cohen—Macaulay simplicial complez.) 


Cohen—Macaulayness is a length condition on free resolutions. On the 
other hand, here is a measure of how “wide” a free resolution is. 


Definition 5.54 The regularity of a N”-graded module M is 
reg(M) = max{|b|—4| 6;»() #0}, where |b] = 5°}. 
j=l 


The next lemma follows immediately from the definitions. The converse 
to the second sentence holds when M is a monomial ideal (Exercise 5.19). 


Lemma 5.55 The regularity of M is at least the smallest total degree of a 
generator of M. If all of the minimal generators of M lie in the same degree, 
then M has linear free resolution precisely when that degree equals reg(M). 


The duality theorem of Eagon and Reiner says that the conditions of 
minimality in the regularity and projective dimension are Alexander dual: 
for free resolutions, minimal length is dual to minimal width. 


Theorem 5.56 (Eagon—Reiner Theorem) $/I, is Cohen—Macaulay if 
and only if IX has linear free resolution. 


Proof. Suppose that the ideal IX is generated in degree d. Then J, has 
linear free resolution if and only if G;,,(I,) is zero whenever |o| 4 d+i. The 
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dual version of Hochster’s formula, Corollary 1.40, says that the ideal I, 
has linear free resolution if and only if for every face o € A, 
H;-,(linka(@);k) =0 for i#|o|—d. (5.3) 
The ideal J, being generated in degree d is equivalent to A having dimen- 


sion n — d— 1, so dim(A) — |a| equals n — d—1—- (n-—|o|) = |o| —d—-1. 
Hence (5.3) is Reisner’s criterion for A to be Cohen—Macaulay. 


Example 5.57 The face ideal of a simplicial sphere A is Cohen—Macaulay. 
In particular, if A is the boundary of a simplicial polytope as in Exam- 
ple 5.3, then JA is Cohen—Macaulay. By Theorem 5.56, JA has a linear 
resolution. Of course, we already know from Section 4.3 (and Exercise 4.5) 
that this linear resolution is cellular, supported on the polar polytope P. 
See Example 5.3 for an illustration of this linear resolution. © 


Example 5.58 The stick twisted cubic (Example 5.2) is Cohen—Macaulay 
because the simplicial complex is 1-dimensional and connected. On the 
other hand, we found that the Alexander dual of the stick twisted cubic is 
just another stick twisted cubic, and therefore also Cohen—Macaulay. Thus 
Theorem 5.56 implies that its face ideal has a linear resolution, as well. © 


The rest of this chapter, which contains no proofs, surveys some gener- 
alizations of Theorem 5.56; references can be found in the end-of-chapter 
Notes. The first generalization, still in the context of squarefree ideals, 
says that in addition to transposing the properties of length-minimality and 
width-minimality for free resolutions, Alexander duality in fact transposes 
the deviation from minimality: for free resolutions, length is dual to width. 


Theorem 5.59 The projective dimension and regularity of Alexander dual 
squarefree ideals satisfy pd(S/Ia) = reg(Ih). 


Note that Theorem 5.56 follows immediately from Theorem 5.59, be- 
cause the codimension of [A equals the smallest degree of a generator of IK 
by the very definition of Alexander dual ideal (m7 <= x7). Theorem 5.59 
has an elementary proof relying only on Hochster’s formulas. 

The relation between projective dimension and regularity can be viewed 
as the boundary case of a duality that preserves a family of homological 
invariants interpolating between them. 


Definition 5.60 An i" Betti number (;,;(M) 4 0 of an N-graded mod- 
ule M in degree j is extremal if 3, ,(/) = 0 for all p and q satisfying the 
following three conditions: (i) p > i, (ii) p—q>1%4-—J, and (iii) q>7+1. 


In the Macaulay betti diagram of M, the Betti number G;,;(M) is 
plotted in column 7 and row j — 7. Using this notation, condition (i) says 
that 3, (J) lies in a column weakly east of 3;,;(1/), condition (ii) says that 
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Bp,q( M) lies in a row weakly south of (;,; (14), and imposing condition (iii) is 
equivalent to the additional requirement that (p,q) 4 (i, 7). Thus a nonzero 
Betti number (3; ;(/) is extremal if it is the only nonzero Macaulay betti 
entry in the quadrant of which it is the northwest corner. 

Projective dimension measures the column index of the easternmost 
extremal Betti number, whereas regularity measures the row index of the 
southernmost extremal Betti number. The following theorem implies, in 
particular, that these roles are switched under Alexander duality. 


Theorem 5.61 The Betti number (;,;(S/Ia) is extremal if and only if 
Bj-i-1,3(S/IK) is extremal, and in this case B;;(S/IA) = Bj-i-1,;(S/TA).- 


Theorem 5.59 is refined by Theorem 5.61 for squarefree monomial ideals, 
in the sense that the former is an immediate consequence of the latter. For 
arbitrary monomial ideals, even Theorem 5.59 cannot hold verbatim, since 
one side of the equality (projective dimension) is bounded while the other 
(regularity) is not. On the other hand, regularity is not a particularly N”- 
graded thing to measure—the definition requires us to sum the coordinates 
of the degree b, which is more of a Z-graded procedure. The generalization 
to arbitrary monomial ideals of Theorems 5.56 and 5.59 needs an N”-graded 
analogue of regularity. 


Definition 5.62 The support-regularity of a monomial ideal J is 


supp.reg(I) = max {|supp(b) —# | 6i»(Z) 4 Of, 


and J is said to have a support-linear free resolution if there isa d € N 
such that |supp(m)| = d = supp.reg(J) for all minimal generators m of I. 


For squarefree ideals the notions of regularity and support-regularity 
coincide, because the only degrees we ever care about are squarefree. In 
particular, the two sentences in the following result specialize to the Eagon— 
Reiner Theorem and Theorem 5.59 when a = (1,...,1). 


Theorem 5.63 If a monomial ideal I is generated in degrees preceding a, 
then S/I is Cohen—Macaulay if and only if the Alecander dual ideal I'*) has 
support-linear free resolution. More generally, pd(S/I) = supp.reg(I™!). 


The optimal insight provided by Theorem 5.63 comes in a context com- 
bining monomial matrices for free and injective resolutions, the latter of 
which we will introduce in Chapter 11. For a glimpse of this context, see 
Exercise 11.2. Essentially, decreases in the dimensions of the indecompos- 
able injective summands in a minimal injective resolution of S/I correspond 
precisely to increases in the supports of the degrees in a minimal free res- 
olution of J]. The former detect the projective dimension of $/I by the 
Auslander—Buchsbaum formula. Thus, when the supports of syzygy degrees 
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of J] increase as slowly as possible, so that J/#] has support-linear free reso- 
lution, the dimensions of indecomposable summands in a minimal injective 
resolution of S/I decrease as slowly as possible. This slowest possible de- 
crease in dimension postpones the occurrence of summands isomorphic to 
injective hulls of k as long as possible, making the depth of S/J as large as 
possible. As a result, S/I must be Cohen—Macaulay (see Theorem 13.37.7). 

At the beginning of this section, we noted that Alexander duality inter- 
changes two types of homological invariants, by which we meant projective 
dimension and regularity. Theorem 5.61 extends this interchange to a flip 
on a family of refinements of this pair of invariants. In contrast, the crux of 
Theorem 5.63 is that we could have meant a different interchange: namely 
the switch of Betti numbers for Bass numbers (Definition 11.37): whereas 
Betti numbers determine the regularity, the projective dimension can be 
reinterpreted in terms of depth—and hence in terms of Bass numbers—via 
the Auslander-Buchsbaum formula. 


Exercises 


5.1 Prove Theorem 5.11 directly, by tensoring the coKoszul complex K’* with S/T. 


5.2 Prove Corollary 5.12 by applying Theorem 5.6 to Corollary 1.40. 


5.3 Compute the Alexander dual of (x4, y*, 23z, y®z, 0727, y? 2", 02°, yz) with 


respect to a = (5,6, 8). 
5.4 Resume the notation from Exercise 3.6. 


(a) Turning the picture there upside down yields the staircase diagram for an 
Alexander dual ideal ['*!, What is a? 

(b) On a photocopy of the upside down staircase diagram, draw the Buchberger 
graph of rl@], Compare it to the graph Buch(/) that you drew in Exercise 3.6. 

(c) Use the labels on the planar map determined by Buch(I'!) to relabel the 
vertices, edges, and regions in the planar map determined by Buch(J). 

(d) Show that this relabeled planar map is colabeled and determines the reso- 
lution Alexander dual to the usual one from Buch(J), as in Theorem 5.37. 


5.5 For any monomial ideal J, let ay be the exponent on the least common multi- 
ple of all minimal generators of I, and define the tight Alexander dual I* = ['7), 
Find a monomial ideal J such that (1*)* # I. Characterize such ideals I. 


5.6 Show that tight Alexander duality commutes with radicals: rad(J)* = rad(J*). 


5.7 Prove from first principles that a monomial ideal is irreducible as in Defini- 
tion 5.16 if and only if it cannot be expressed as an intersection of two (perhaps 
ungraded) ideals strictly containing it. 


5.8 The socle of a module M is the set soc(M) = (0: m) of elements in M 
annihilated by every variable. If M = S/I is artinian, prove that x° € soc(M) 
if and only if m®+? is an irreducible component of J. Use Corollary 5.39 and 
Hochster’s formula to construct another proof of Theorem 5.42. 
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5.9 The monomial localization of a monomial ideal J C k[x] at 2; is the 
ideal I|z,=1 € k[x \ x,] that results after setting x; = 1 in all generators of J. 
Suppose that a labeled cell complex X supports a minimal cellular resolution of 
$/(I + m?**). Explain how to recover a minimal cellular resolution of I|z,=1 from 
the faces of X containing the vertex v € X labeled by a, = eae This set of 
faces is called the star of v, and the minimal cellular resolution will be supported 


on the link of v (also known as the vertex figure of X in a neighborhood of v). 


5.10 Suppose that a colabeled cell complex Y supports a minimal cocellular 
resolution of S/(I + m**1). Explain why the set of faces of Y whose labels have 
i‘ coordinate a; + 1 is another colabeled complex. Show that it supports a 


minimal cocellular resolution of the monomial localization I|,,;-1 (Exercise 5.9). 


5.11 Exhibit an example demonstrating that if the condition of minimality in 
Theorem 5.42 is omitted, then the intersection given there can fail to be an 
irreducible decomposition—even a redundant one. Nonetheless, prove that if the 
intersection is taken over a suitable subset of facets, then the conclusion still holds. 


5.12 If Fx is a minimal cellular resolution of an artinian quotient, then a face 
G € X is in the boundary of X if and only if its label ag fails to have full support. 


5.13 Prove that weakly cellular resolutions (Exercise 4.3) of artinian quotients 
are cellular if they are minimal. 


5.14 Prove that the cohull resolution F°°'* of I with respect to a can be 
viewed as a weakly cellular free resolution Foonug(1)- Hint: Consider the poly- 
hedron dual to ?; from Definition 4.16, and use Theorem 4.31. 


5.15 Prove that if hull(72! +m) is minimal, then Feohulla(1) iS a minimal 
cellular (not weakly cellular) resolution. 


5.16* Open problem: Prove that all cohull resolutions are cellular. 


5.17 Replace “Fx a minimal cellular resolution” in Theorem 5.42 by “Fx the 
(possibly nonminimal) hull resolution”, and conclude with these hypotheses that 
the intersection (|, m*¢ over facets G € X is a (possibly redundant) irreducible 
decomposition of J. Hint: Use Exercises 4.3 and 5.14. 


5.18 Define a vector b € N” to lie on the staircase surface of a monomial 
ideal I if x® € I but xb-spP(>) ¢g J. Prove that every face label on the hull 
complex hull(/) lies on the staircase surface of J. Hint: This can be done directly, 
using the convex geometry of hull complexes, or with Exercises 4.3 and 5.14. 


5.19 Prove that if a monomial ideal J is not generated in a single N-graded degree, 
then J has a minimal first syzygy between two generators of different N-degrees. 
Conclude that if the module M in Lemma 5.55 is a monomial ideal, then M can 
only have linear free resolution if its generators all have the same total degree. 


Notes 


In one form or another, Alexander duality has been appearing in the context of 
commutative algebra for decades. A seminal such use of it came in Hochster’s 
paper [Hoc77]; our proof of Theorem 5.6 more or less constitutes his proof of 
Corollary 5.12. Sharper focus has been given to the notion of Alexander dual 
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simplicial complex, as a combinatorial object, ever since its appearance in the 
work of Eagon and Reiner [ER98]. The Eagon—Reiner Theorem initiated the 
subsequent active research on interactions of Alexander duality with commutative 
algebra, including all of the results after Section 5.1 in this chapter. 

The Alexander inversion formula seems to have been noticed first in [Mil00b, 
Theorem 4.36], where it is proved for the squarefree modules of Yanagawa [Yan00]. 
It was motivated by connections to equivariant K-theory of vector spaces with 
algebraic group actions, but in applications it is used as a tool to help calculate the 
K-polynomial of an ideal through its dual, in keeping with Dave Bayer’s advice. 
As an example, see [KnM04a], where the for subword complexes (generalizing the 
ones to be introduced in Chapter 16) are computed this way. 

Our presentation of irreducible decomposition is adapted from [Mil00b, Sec- 
tion 1.1]. The algorithm in Remark 5.28 for computing irreducible decompositions 
has been implemented in Macaulay 2 by G. Smith [GS04, HoS02]. The special 
case of Alexander duality in the context of planar graphs was originally stated in 
[Mil02b, Theorem 15.1]. 

Background on relative (co)homology can be found in a number of good text- 
books such as [Hat02, Mun84, Rot88] on Algebraic Topology. 

Duality for resolutions in the form of Theorem 5.37 is a special case of the 
Grothendieck-Serre local duality theorem [BH98, Section 3.6]. The proof here 
using cellular resolutions to avoid the technology of general homological algebra 
is new. There is a generalization of Grothendieck—Serre duality, due to Greenlees 
and May [GM92]; correspondingly, there is strengthening of Alexander duality, 
in the context of free and injective resolutions [Mil02a]. 

Theorem 5.59 is due to Terai [Ter99a]. It inspired Bayer, Charalambous, and 
Popescu to introduce extremal Betti numbers and prove Theorem 5.61 [BCP99]. 
The robustness of these N-graded homological invariants is supported by their 
stability under taking reverse-lexicographic generic initial ideals [BCP99]. The 
natural N”-graded refinements of extremal Betti numbers for squarefree monomial 
ideals are also preserved numerically while their locations are flipped by Alexander 
duality [BCP99]. Extremal Betti numbers can be defined for graded modules over 
exterior algebras; Aramova and Herzog proved that taking generic initial ideals 
preserves extremal Betti numbers in that setting [AHO00], just as it does over 
polynomial rings, and they consequently gave new proofs of Kalai’s theorems on 
algebraic shifting (see the Notes to Chapter 2). In general, reworking many of the 
results in this book for exterior algebras should be a fruitful line of future research. 

Theorem 5.63 is a consequence of a general result for arbitrary N”-graded 
modules [Mil00a, Theorem 4.25] that describes how Alexander duality extends to 
a functor interchanging free and injective resolutions. This functorial Alexander 
duality for resolutions implies Theorem 5.48 and generalizes it to N”-graded de- 
grees without full support, where Bass numbers are more natural invariants to use. 
Solutions to Exercises 5.9, 5.10, 5.12, and 5.13 can be extracted from [Mil00a]. 

Reisner’s criterion (Theorem 5.53) is one of the fundamental results that con- 
nects simplicial topology to commutative algebra and algebraic geometry. It 
originated in the thesis of Gerald Reisner [Rei76], who (according to his advisor, 
Mel Hochster) pronounces his last name “reess’- nor”. 


Chapter 6 


Generic monomaial ideals 


We have already seen in Chapter 2 that monomial ideals derived from 
certain kinds of randomness have more concrete homological algebra. In our 
discussion of three-dimensional staircases, we saw that randomness of the 
exponent vectors on the minimal generators has similar consequences. In 
this chapter we study generic monomial ideals in any number of variables. 
Their minimal free resolutions are cellular. The underlying complex is 
simplicial and is known as the Scarf complex. Certain questions about 
arbitrary monomial ideals can be reduced to questions about generic ideals 
by a process called deformation of exponents. It is in this context that the 
naturality of genericity is borne out. We close with a discussion of cogeneric 
monomial ideals, which are Alexander dual to generic monomial ideals. 


6.1 Taylor complexes and genericity 


Consider an arbitrary monomial ideal J = (m,,...,m,) in the polynomial 
ring S = k[z,,...,2,]. For any subset o of {1,...,r}, we write m, for the 
least common multiple of {m; | i € o} and set ag = deg(m,) € N”. 


Definition 6.1 Let A be a labeled simplicial complex on {1,...,r}. The 
Taylor complex Fa is defined by putting the reduced chain complex of A 
into a sequence of monomial matrices with the face label m, = x®° on the 
row and column corresponding to the (unlabeled) face o € A. 


The Taylor complex Fa, is a cellular free complex supported on A. It 
is therefore an N”-graded complex of free S-modules, and assuming that 
each singleton {7} is a face of A, its zeroth homology module equals S/TI. 

Let us also describe Fa without referring to monomial matrices. In- 
troduce a basis vector e, in N”-graded degree deg(m,) and homological 
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degree |o| for each face o of A. The free S-module 


Fa = @— S-e, 


oE€A 


with differential 
m 


He) = Y sign(i,c) 


1€0 


2 Covi 

Moni 

is the Taylor complex. Here, sign(i,c) = (—1)/~! if i is the j*® element 
of o when the elements of the set o are listed in increasing order. In the 
literature, the term “Taylor complex” has almost always referred to the 
Taylor resolution of Section 4.3.2, which is the special case when A is the 
full (r — 1)-simplex consisting of all subsets of {1,...,r}; but Definition 6.1 
should raise no confusion. 


Example 6.2 Taking I = (x?, xy, y?z, z), let A be the simplicial complex 
consisting of the two triples {1,2,4} and {2,3,4} and their subsets. Here 
is a picture of A, with each face accompanied by its monomial label. 


xyz? xyz? 
LY Zz yz vz 2 y xryz xyz -1 0) 
ay| 1 0 0 1 1 yz? | 1 ) 
xz | 0 0 dye 1, 0 xz? | 0 
“Ly x? 2? yz _ 0 Le Si QO -1 xy 0 1 
i[ i Tt 1 | yez}—-1  —1 0 oOo oO acyz? | 1 -1 
0O- S¢ S4. SP « S2—0 


For an example of the non-monomial matrix way to write this complex, 
note that the left column in the rightmost map corresponds to 


O(e234) = ze23 + e34 — yera, 


where €934 is the basis vector of Fa in degree ayz.3.4; = (1, 2, 2). © 
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The Taylor complex F, in the above example is both exact and minimal, 
so it is a minimal free resolution of J = (x7, xy, y?z, 27). However, if we 
were to flip the diagonal and redefine A as the simplicial complex with 
facets {1,2,3} and {1,3,4}, then Fa would not be exact. (Check this.) 
This raises the question of under what conditions F, is exact or minimal. 


Lemma 6.3 The Taylor compler Fa is acyclic if and only if for every 
monomial m, the simplicial subcompler Axm = {0 € A| mg divides m} is 
acyclic over k (homology only in degree 0). 


Proof. This is a special case of Proposition 4.5. 


Lemma 6.4 The Taylor complex Fa is minimal if and only if for all faces 
a € A and all indices i € o, the monomials mz and Mov; are different. 


Proof. A complex of N”-graded free S-modules is minimal if in its repre- 
sentation by monomial matrices, every nonzero matrix entry has its column 
label different from its row label. Here, these labels are m, and m,,,. 


In Chapter 4 we constructed the hull resolution, which is a cellular free 
resolution of length < n for an arbitrary monomial ideal I in k[a1,..., 2p]. 
In this chapter we will see that J also has a simplicial free resolution of 
length < n; that is, there exists a simplicial complex A of dimension < n—1 
on the generators of J whose Taylor complex Fa is acyclic. The basic 
idea in constructing such resolutions is to wiggle the exponents and to 
consider generic monomial ideals first. In the next section we show that 
for generic ideals, the hull resolution is both minimal and simplicial, and in 
Theorem 6.24 we show how to “unwiggle” the exponents. 

Let us close this section with the definition of “generic”. 


Definition 6.5 A monomial m’ strictly divides another monomial m 
if m’ divides m/a; for all variables x; dividing m. A monomial ideal 
(m,,...,M,) is generic if whenever two distinct minimal generators m; 
and m,; have the same positive (nonzero) degree in some variable, a third 
generator m,, strictly divides their least common multiple lem(m;, m,). 


Equivalently, a monomial ideal I = (m,,...,m,) is generic if the two 
monomials in any edge {m;,m,} of the Buchberger graph Buch(J) do not 
have the same positive degree in any variable. This definition is more 
inclusive than the notion of strongly generic in Chapter 3. For instance, 
the ideal (x?, xy, y?z, z*) in Example 6.2 is strongly generic and hence also 
generic. The ideal (x?z, xy, y*z, z*) is generic but not strongly generic. The 
ideal (x?, ry, yz, 27) is neither strongly generic nor even generic. 


Example 6.6 The tree ideal J* in Section 4.3.4 is generated by the mono- 


mials w, = [],<, n—lel+1 for the nonempty subsets o C {1,...,n}. Ifo 


and o’ are distinct subsets, then wy, strictly divides the least common 
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multiple of w, and wz. This shows that I* is generic. Let A be the first 
barycentric subdivision of the (n — 1)-simplex. The vertices of A are la- 
beled by nonempty subsets of {1,...,} and hence by the generators of I*. 
For n = 3 this is depicted in Section 4.3.4. Using Lemma 6.3 we can see 
that the Taylor complex Fa is a minimal free resolution of J*. This is an 
instance of the Scarf complex construction in the next section. © 


6.2 The Scarf complex 


To every monomial ideal we can associate a simplicial complex as follows. 


Definition 6.7 Let I be a monomial ideal with minimal generating set 


{m,,...,m,}. The Scarf complex A; is the collection of all subsets of 
{my1,...,m,} whose least common multiple is unique: 
Ar = te etl pan) gS Me => a=}. 


We will now show that a subset of a set in A; is again a set in Ay. 


Lemma 6.8 The Scarf complex Ay; is a simplicial complex. Its dimension 
is at most n — 1. 


Proof. If o is a face of the Scarf complex and i is an element of o, let 
T =o i. Suppose that m, = m, for some index set p. Then mg = Mpui 
and consequently Ui =o, because o lies in the Scarf complex. It follows 
that either p = T or p = ao. However, the latter is impossible, since that 
would mean m, = m,. Hence r = p and we conclude that T is a face of Ay. 

For the dimension count, a facet o of A; has cardinality at most n 
because for each index 7 € a, the generator m; contributes at least one 
coordinate to m,—that is, there is some variable x; such that m,; is the 
only generator dividing m, and having the same degree in x, as Mg. 


If n = 2 then the Scarf complex is one-dimensional, and its facets are the 
adjacent pairs of generators in the staircase. For an example with n = 3, 
the complex A of two triangles in Example 6.2 is the Scarf complex of the 
given monomial ideal. Note that the Scarf complex may be disconnected. 


Example 6.9 When I = (xy,xz,yz), the Scarf complex A; consists of 
three isolated points, its 1-skeleton edges(A,) is the empty graph on three 
nodes, and Buch(J) is the triangle. The minimal free resolution is given by 
any two of the three edges. © 


In all dimensions, every edge of the Scarf complex of a monomial ideal 
is an edge of the Buchberger graph: 


edges(Ar) C Buch(J), 


but the converse is usually not true unless J is generic; this is the content 
of the next lemma, whose proof we leave to the reader. 
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Lemma 6.10 For I a generic monomial ideal, edges(A7;) = Buch(J). 
We now consider the cellular free complex defined by the Scarf complex. 


Definition 6.11 The Taylor complex Fa, supported on the Scarf com- 
plex A, is called the algebraic Scarf complex of the monomial ideal J. 


Whether or not J is generic, its Scarf complex always shows up. 


Proposition 6.12 If I is a monomial ideal in S, then every free resolution 
of S/I contains the algebraic Scarf complex Fa, as a subcomplex. 


Proof. Every free resolution contains a minimal free resolution (Exer- 
cise 1.11), so it is enough to show that Fa, is contained in some minimal free 
resolution F of S/I. In particular, we may choose F to be a subcomplex of 
the full Taylor resolution, which is supported on the entire simplex whose 
vertices are the minimal generators of J. Every basis vector e, for 0 € Ar 
must lie in F by Theorem 4.7 and the uniqueness of a, as a face label. 


The algebraic Scarf complex solves the problem of finding the best pos- 
sible cellular (in fact, simplicial) resolutions for generic monomial ideals. 


Theorem 6.13 Jf I is a monomial ideal, then its Scarf complex Ay is a 
subcomplez of the hull complex hull(I). If I is generic then A; = hull(J), 
so its algebraic Scarf complex Fa, minimally resolves the quotient S/T. 


Proof. Let F = {x™,...,x®} be a face of the Scarf complex A; with 
mp = x". For any index i € {1,...,p}, the least common multiple mpv; of 
F \ {x} strictly divides mp in at least one variable. After relabeling, we 
may assume that this variable is 7;. Hence the x;-degree of x* is strictly 
larger than the «;-degree of mp .;. We conclude that az; < a, for any 
two distinct indices i and k in {1,...,p}. This condition ensures that the 
determinant of the p x p matrix (t*’) is nonzero, so the points t®!,...,¢®” 
are affinely independent in R”, and their convex hull is a simplex. 

The points t?",...,¢° constitute the vertex set of the restricted hull 
complex hull(J)<y. It follows that every face of hull(/) labeled by x" has 
vertices with labels from among {x*',...,x??}. There can be at most one 
such face of hull(/), since F' is a Scarf face, and there must be at least 
one by Proposition 6.12. We conclude that the simplex F is a face of the 
polyhedral cell complex hull(I)<u. This completes the proof of the first 
assertion in Theorem 6.13. 

For the second assertion in Theorem 6.13, we need the following lemma. 


Lemma 6.14 Let I be a monomial ideal and F a face of hull(I). For each 
monomial m € I there is a variable x; such that deg,,,(m) > deg,, (mr). 
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Proof. Suppose that m = x" strictly divides mp in each coordinate. Let 


t™,...,t°” be the vertices of the face F and consider their barycenter 
1 
v(t) = —-(t* +---4 9) € F. 
Pp 


The j*" coordinate of v(t) is a polynomial in ¢ of degree equal to deg, (mr). 
The j*" coordinate of t¥ is a monomial of strictly lower degree. Hence 
t¥ < v(t) coordinatewise for t >> 0. Let w be a nonzero linear functional 
that is nonnegative on R% and whose minimum over ?; is attained at the 
face F. Then w- v(t) = w-a; =--- = Ww-a,, but our discussion implies 
wt" <w-v(t), a contradiction. 


Continuing with the proof of Theorem 6.13, let F' be any face of hull(J) 


and let x™1,...,x®” be the monomial generators of I corresponding to the 
vertices of F’. We may assume that all n variables x; appear in the mono- 
mial mp = lem(x™,...,x°”). Suppose that F' is not a face of the Scarf 
complex A;. Then either 
(i) lem(x™!,...,x'-1,x9+1,...,x®P) = mp for some i € {1,...,p}, or 
(ii) there exists another generator x" of J such that t¥ ¢ F and x" di- 
vides mp. 


Consider first case (i). By Lemma 6.14 applied to m = x*‘, there exists 
a variable x; such that deg,,(x™) = deg,,(mpr), and hence deg,,(x™) = 
deg, ,(x**) for some k #7. Since I is generic, there exists another genera- 
tor m of I strictly dividing lcom(x*, x®*) in all of its positive coordinates. 
Since lcm(x**, x**) divides mp, it follows that m divides mp in all n coor- 
dinates. This is a contradiction to Lemma 6.14. 

Consider now case (ii), and suppose that we are not in case (i). For any 
variable x; there exists i € {1,...,p} such that deg, (x*) = deg, (mr) = 
deg, (x"). If the inequality “>” is an equality “=”, then there exists 
a new monomial generator m strictly dividing mp in all of its positive 
coordinates, a contradiction to Lemma 6.14, as before. Therefore “>” is 
a strict inequality “>” for all variables x;. This means that x" strictly 
divides mr in all coordinates, again a contradiction to Lemma 6.14. 

Hence both cases (i) and (ii) lead to a contradiction, and we conclude 
that every face of the hull complex hull(/) is a face of the Scarf complex Aj. 
This implies that hull(J) = Az, by the first part of Theorem 6.13. The 
algebraic Scarf complex Fa, is minimal because no two faces in A; have 
the same degree. 


In what follows we draw some algebraic conclusions from Theorem 6.13. 


Corollary 6.15 The minimal free resolution of a generic monomial ideal I 
is independent of the characteristic of the field k. The total Betti number 
BL) = Vaenn Bia(Z) equals the number f;(Az) of i-dimensional faces of 
its Scarf complex Ay. 
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Corollary 6.16 The K-polynomial of S/I for a generic monomial ideal I 
equals the N”-graded Euler characteristic of the Scarf complex Ar: 


K(S/fitij: yaa) = S$ Ei eliny. 


oe Ar 


Moreover, there is no cancellation of terms in this formula. 


Proof. The Euler characteristic statement follows from Theorems 6.13 
and 4.11. There can be no cancellation by definition of A;. 


Example 6.17 If I = (2?, ry, y?z, 27) as in Example 6.2, then 


1-2? ry yz 24g te + xy + ryz + yz? + zyz” om xyz” = zy 2" 
is the K-polynomial of $/I. © 


We close with another trivariate example to show that Scarf complexes 
of generic monomial ideals need not be pure. 


Example 6.18 The generic ideal I = (2727, xyz, y?24, y423, xy°, vty?) 


has staircase diagram and Scarf complex as follows: 


LY 4 024 
it 043 


202 


(ae 


430 


Observe that this Scarf complex is not pure, though it is still contractible. © 


The Scarf complex best reflects all the properties of a generic ideal I 
when S/J is artinian, so that I contains a power of each variable. 


Corollary 6.19 Jf I = (my,...,m,) is generic and S/I is artinian, with 
Mm, = a fori =1,...,n, then the Scarf complex A; is a regular trian- 
gulation (usually with additional vertices, some of which may lie on the 
boundary) of the (n — 1)-simplex with vertex set {1,...,n}. 


Proof. This follows from Theorem 4.31 and Theorem 6.13. 


The Scarf complex A; in Corollary 6.19 has an additional vertex on 
the boundary of the (n — 1)-simplex if and only if the squarefree monomial 
1°+++2Xp fails to divide some generator of J that is not a power of a variable. 
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It is not true that every triangulation is the Scarf complex of a generic 
artinian monomial ideal. A first condition is that the triangulation be 
regular, but even being regular is not enough: for n > 4, there are many 
regular triangulations of the (n — 1)-simplex that cannot be realized as the 
Scarf complex of a monomial ideal. One example is the Schlegel diagram 
of the cyclic 4-polytope with 13 vertices. That this triangulation of the 
tetrahedron is not a Scarf complex will follow from the results in Section 6.4. 

The next result gives a formula for the irreducible decomposition of a 
generic monomial ideal. It generalizes the irreducible decompositions for 
monomial ideals in n < 3 variables that we saw in Chapter 3. We use the 
same notation as in Chapter 5; for instance, if c € N” then m° denotes the 
ideal generated by the powers xf? where i ranges over all indices with c; > 0. 


Corollary 6.20 Let I be a generic monomial ideal, and fix u € N” such 
that each minimial generator of I divides x". Set I* = I+m"*1, and for 
any b € N”, abbreviate b = oi <u, biei- Then the intersection (\g mac 
over all facets G € Ay is the irredundant irreducible decomposition of I. 


Proof. Use Theorems 5.42 and 6.13, since J* is still generic (check this!). 


Example 6.21 Let I = (x°y?z,x7yz3, xyz) be the ideal J from Sec- 
tion 3.2, but without any of the artinian generators {a*, y*, 2+}. Here, we 
can take u = (3,3,3). The irreducible decomposition of I is 


T= (2) (y) 1 (a) 0 y?, 2°) 9 (a? 27) 0 (we, y?) 91 (2®, y®, 2°). 


The second-to-last component is m@¢ = (x?, y?), where G is the triangle in 
A; with vertex labels x?yz*, xy?z?, and z*. The ideal J in Section 3.2 
plays the role of J* here, and the reader should compare the irreducible 
decomposition here with the irreducible decomposition of J* there. © 


We close this section with a discussion of the Cohen—Macaulay con- 
dition (Definition 5.52) for a monomial quotient. A necessary condition 
for S/I to be Cohen—Macaulay is that all associated primes of J have the 
same dimension, but this condition is generally not sufficient. For instance, 
the Stanley—Reisner ring of the projective plane in Section 4.3.5 is a coun- 
terexample when char(k) = 2. It turns out, however, that the necessary 
condition is also sufficient when the monomial ideal J is generic. 


Theorem 6.22 Let I be generic. The quotient S/I is Cohen—Macaulay if 
and only if all irreducible components of I have the same dimension. More 
generally, the projective dimension of S/I equals the maximum number of 
generators of an irreducible component of I. 


Proof. By Theorem 6.13, S/I has projective dimension equal to the max- 
imum cardinality |o| of a facet o € A;. Suppose every generator of I 
divides x*, and set J* = I + m®*+. By Corollary 6.19, every facet of A; 
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extends to a facet of A;« by adding vertices of the form peeie, For a given 
facet o € Ay, the number of such vertices added to get a facet of A;+ equals 
n —|o|. On the other hand, Corollary 6.20 implies that the minimum of 
these numbers n— |o| over the facets o € A; equals n minus the maximum 
number of generators of an irreducible component of I. This proves the sec- 
ond statement of the theorem. To get the first, note that J has codimension 
equal to the minimum number of generators of an irreducible component. 


6.3 Genericity by deformation 


As we have used it in Definition 6.5, the word “generic” is basically taken to 
mean “random”, as applied to the exponent vectors on monomial genera- 
tors of ideals. However, there is another mathematical meaning of the word 
“generic”, namely “invariant under deformation”, that also reflects the na- 
ture of generic monomial ideals. This meaning of “generic” can be made 
precise using Definition 6.23, allowing us to characterize generic monomial 
ideals in terms of it. As a result, in Theorem 6.26, we get a host of equivalent 
algebraic, combinatorial, and geometric conditions equivalent to genericity. 
Let us begin with the definition of “deformation”. 


Definition 6.23 A deformation ¢€ of a monomial ideal J = (mj,...,m,) 
is a choice of vectors €; = (€:1,..-,€in) € R” for i € {1,...,r} satisfying 


Ais <Qjg => Gis tis < Aj5 + Ejs and as5=0 > Es =0, 


where a; = (@j1,.--,@n) is the exponent vector of m;. Formally introduce 
the monomial ideal (in a polynomial ring with real exponents): 


= €1 €2 € = aite1  ,a2te2 arte 
I, = (m-x"!,mo-x?,...,Mp XT) = (x x Aree, mice 


A deformation € is called generic if J, is a generic monomial ideal. 


The Scarf complex A; of the deformed ideal J, still makes sense, as a 
combinatorial object, and has the same vertex set {1,...,r} as A;. The 
reader uncomfortable with real exponents can safely ignore them and view 
them simply as symbols to break ties between equal coordinates of generat- 
ing exponents. Indeed, the combinatorics of a deformation depends only on 
the coordinatewise order that results on generating exponents, and there is 
always a choice of deformation that results in integer exponents inducing 
the same coordinatewise order. 

For generic deformations €, the Scarf complex A;, of the deformed ideal 
gives an easy simplicial (but typically nonminimal) free resolution of J. 


Theorem 6.24 Fix a monomial ideal I and a generic deformation ¢. De- 
fine AS by relabeling each face a in the Scarf complex Ay, by mg instead 
of lem(m:x |i € oa). The resulting Taylor complex Fa< resolves S/I. 
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ry 
Ar Ar 


Figure 6.1: Generic deformation of (zx, y, z)? 


Proof. Given any vector b € N”, the (unlabeled) simplicial subcomplex 
(A§)=pb can also be expressed as (A;,)<p’ for the least common multiple 
b’ 


xP = lem(m;x“ | m; divides x”) 


of the deformations of all generators dividing x». Now use Proposition 4.5 
along with the acyclicity of Fa,, that results from Theorem 6.13. 


The resolution F< in Theorem 6.24 has length less than or equal to the 
bound n provided by the Hilbert Syzygy Theorem, by Lemma 6.8, but it 
is generally not minimal. Note that unlike the reductions to squarefree or 
Borel-fixed ideals, this reduction to the generic situation actually produces 
a free resolution of $/I for any I. (Sticklers may argue that depolarization 
of a minimal free resolution of the polarization yields a resolution of the 
depolarization, but that is reducing the problem to one we also cannot 
solve: finding the minimal free resolution of a squarefree monomial ideal.) 


Example 6.25 The square m? of the maximal ideal m = (2, y, 2) is not 
generic, and indeed, its Scarf complex is 1-dimensional and not contractible. 
However, we can find a generic deformation as depicted in Fig. 6.1. The 
resolution of m? afforded by the right-hand diagram but with labels as in 
the left-hand diagram is not minimal. Compare Example 3.19. © 


We are now prepared to state the main theorem of this chapter. It 
provides appropriate converses to Theorem 6.13 and Corollary 6.20. The 
result is independent of the particular choice of the vector u € N” used to 
define I*, as long as all generators of I divide x". As before, m+? denotes 
the irreducible artinian ideal (v11,..., att), 


Theorem 6.26 Fix an ideal I generated by monomials dividing x“, and 
set I* =I +m"*1. The following are equivalent. 


(a) I is generic. 
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(b) Fa,. is a minimal free resolution of S/I*. 

(c) Ar = hull(/*). 

(d) IT = (\{m*® | o € Apeand |o| = n} is the irredundant irreducible 
decomposition of I, where b= pair | bi<a;} b;e;. 

(e) For each irreducible component m® of I*, there is a face a € Ar 
labeled by ag =b. 

(f) Fa, ts a free resolution of S/I, and no variable x, appears with the 
same nonzero exponent inm, and m, for any edge {i,j} of Ar. 

(g) Ifo € Ay, then some monomial m € I strictly divides mg. 

(h) The Scarf complex Ay» is unchanged by arbitrary deformations of I*. 


Proof. The scheme of the proof is 
(6) = (c) = (d) = (e) > (0) and (c) > (f) = (@) = (g) > (A) = (0). 


(b) = (c): Use induction on n. If n = 2, this is obvious, so suppose 
(b) = (c) for <n —1 variables. The fact that $/I* is artinian implies that 
A;~ is pure of dimension n — 1 by Corollary 5.39. The restriction of A;« to 
those vertices whose monomial labels are not divisible by x, is, by definition, 
the Scarf complex of the ideal If = (1* + (ax))/(ax) in klai,..-,¢n]/(an) 
generated by those monomials in J* not divisible by x,. On the other hand, 
this restriction A; also equals (Ar*)<p for b= u+1— (uz, + 1)ex. By 
induction, we therefore find that A;- = hull(If), because Fay is acyclic 


by Proposition 4.5. 

The topological boundary of hull(I*) is by Theorem 4.31 the union over 
k € {1,...,n} of the complexes hull(J7) = Azy*. On the other hand, by 
Theorem 6.13, we know that the acyclic simplicial complex A;« is a sub- 
complex of the polyhedral cell complex hull(I*). The latter being a poly- 
hedral subdivision of the (n — 1)-simplex, and both complexes containing 
the boundary of hull(J*), we can conclude that Ay» = hull(J*). 

(c) = (d): Holds for any minimal cellular resolution by Theorem 5.42. 

(d) = (e): Trivial, given that b; > a; implies b; = a; + 1 for b= a,. 


Lemma 6.27 If b € N” and 6; ,(S/I*) 4 0 for some i, then there is an 
irreducible component m° of S/I* such that b X ce. 


Proof. If Gi(S/I*) is nonzero, then the upper Koszul simplicial complex 
K(1) is not the whole simplex 2!"!, so xb~+ lies outside of I*. Since $/I* is 
artinian, some monomial multiple x°~ -xP-1 = xc? lies in (I* : m). This 
means precisely that A‘(I) is the (n — 2)-sphere consisting of all proper 
faces of 2!"). It follows that ¢ has full support, and that Bn,¢($/I*) = 1 by 
Theorem 1.34. Using Theorem 5.48 we find that x¥t1+1~¢ is a minimal 
generator of (J*)'™+4], and we conclude using Theorem 5.27 that m° is an 
irreducible component of J*. 
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(e) => (b): The full Taylor resolution supported on the entire simplex 
whose vertices are the generators of J* contains a minimal free resolu- 
tion F of S/I* as an algebraic subcomplex (Exercise 1.11). But 6;,.(.$/I*) 
is nonzero only when c = a, for some face 0 € Ay» by hypothesis and 
Lemma 6.27, so F must be contained inside the subcomplex Fa,, of the 
full Taylor resolution. Proposition 6.12 implies that Fa, = F. 

(c) = (f): Acyclicity follows from the criterion of Proposition 4.5, be- 
cause A; is the subcomplex (A;«)<u consisting of the faces whose labels 
divide x". It therefore suffices to show the condition on edges when I = I*. 

Suppose oa is a face of A;« such that |o| = |supp(a,)|. For each index 
k € supp(a,), there is, by Definition 6.7, a unique vertex 7 € o such that 
a, shares its k*® coordinate with a,. It follows that 


if |o| = |supp(a,)| then no two exponent vectors on distinct («) 
vertices of o share the same nonzero coordinate with a,. 


Suppose now that two generators m; and m,; have the same degree in x, 
and that {i, 7} € A; is an edge. Proposition 5.40 implies that some face o 
containing {i,j} satisfies || = |supp(a,)| and shares its k*" coordinate with 
ay;,j}, SO that a; and a; contradict (*) in coordinate k. 

(f) = (a): For any generator m; let 


A; = {m,;|m; 4m, and deg,, m; = deg,, m; > 0 for some k}. 


The set A; can be partially ordered by letting mj x mj if mg;;, divides 
mij}. It is enough to produce a monomial m, that strictly divides ms,_;}. 
whenever m; € A; is a minimal element for this partial order. Supposing 
that m,; is minimal, use acyclicity to write 


™M{a,5 i,j 
oe eos ee 03 = > buw  defuyy)s 
bas WG {u,v}EAr 


where we may assume (by picking such an expression with a minimal 
number of nonzero terms) that the monomials b,,, are 0 unless m4,,y} 
divides m,;,;3. There is at least one monomial m; such that bj; # 0, 
and we claim m ¢ A;. Indeed, m; divides m4;;; because myj;} does; 
therefore, if deg,,m; < deg,,m, (which must occur for some t because 
mj; does not divide m;), then deg,,m, < deg,,m,;. Applying the sec- 
ond half of (f) to miz,;}, we get deg,,m; < deg,,m,;, and furthermore 
deg,,, Mi} < deg,, M4i,;4, whence m ¢ A; by minimality of m;. There- 
fore, if deg,, my; > 0 for some k, then either deg,, m; < deg,, mj; by 
the second half of (f), or deg, m; < deg,, m; because m; ¢ Aj. 

(a) = (g): Choose o ¢ A;y« maximal among subsets with label mg. 
Then mo = movi for some i € o. If supp(m,/m;) = supp(m,), the proof 
is done. Otherwise, there is some j € o \ 2 with deg, m; = deg, mj; > 0 
for some xy. Then neither m,; nor m,; is a power of a variable, so m,;,m, € I. 
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Since J is generic, some monomial m € I strictly divides m;,;;, which in 
turn divides m,. 

(g) = (h): The strict inequalities defining the conditions “m; does not 
divide m,” and “m, strictly divides m,” persist after deformation. Persis- 
tence of the former implies that a € A;y* remains a face in the deformation, 
while persistence of the latter implies that o ¢ A; remains a nonface. 

(h) = (b): By Theorem 6.24, there is a deformation ¢€ of I* such that 
A; gives a free resolution of $/I*. Since Ay» = A;«, the complex F4g,.. is 
a free resolution, which is automatically minimal. 


Remark 6.28 The equivalence (g) = (h) remains true even if every occur- 
rence of J* is replaced by J, but the resulting conditions are not equivalent 
to genericity. A counterexample is the non-generic ideal I = (xy,xz, rw), 
whose Scarf complex A; nevertheless does not change under deformation. 


6.4. Bounds on Betti numbers 


The passage from a monomial ideal to a generic deformation does not 
change the number of minimal generators, but it generally increases the 
Betti numbers. In this section we examine the question of how large the 
Betti numbers can be if the number of variables and the number of genera- 
tors are fixed. We use the Upper Bound Theorem from the theory of convex 
polytopes to derive a nontrivial bound on Betti numbers of monomial ideals. 

According to the Upper Bound Theorem (see [Zie95, Theorem 8.23], for 
example), there exists a polytope C;,(r), the cyclic polytope, that simulta- 
neously attains the maximum possible number C;,,,, of t-faces for each 7. 
For n <r, the cyclic polytope C;,(r) can be defined as the convex hull of 
any r distinct points on the moment curve t + (t,t?,...,¢”). The combi- 
natorial type of C,,(r) is independent of the choice of r points, and the r 
points are precisely the vertices of the convex hull. 

The statement and proof of the next result rely only on methods from 
Chapter 4. We waited until now to present it because the maximal Betti 
numbers are attained by generic ideals, and because we are prepared at this 
point to see the dual perspective in Corollary 6.31 using Chapter 5. 


Theorem 6.29 The number 3;(I) of minimal i™ syzygies of any monomial 
ideal I with r generators in n variables is bounded above by the number 
Cin, of t-dimensional faces of the cyclic n-polytope with r vertices. If 
t=n-—1 then we even have B;(1) < Chin r — 1. 


Proof. The number of i-faces of the hull complex hull(I) equals (JZ). 
Consider the polytope Q; = conv{t® | x? € min(J)} that appears as a 
Minkowski summand in Lemma 4.13. This polytope has dimension < r and 
<n vertices. Every face of hull(Z) is a bounded face of P; and therefore 
also a face of Q,, with the same supporting hyperplane. Hence (3;(I) is 
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bounded above by the number of i-dimensional faces of Q;, which is at 
most Cin,- by the Upper Bound Theorem. The inequality with Cin, is 
strict for i = n — 1 because O; must have at least one facet whose inner 
normal vector has a nonnegative coordinate (or else the recession cone of QO; 
would contain R&,), and this facet is erased in P; by the Minkowski sum. 


In three dimensions, these bounds are the ones given by planar graphs: 
C1 3.r = 3r—6 and C23. = 2?r—A4, 


The first new and interesting case is that of monomial ideals in four un- 
knowns, so S = k{a,b,c,d]. Four-dimensional cyclic polytopes are neigh- 
borly, which means that every pair of vertices is joined by an edge. Hence 
Car = (3). The numbers of edges and vertices, together with Euler’s 
formula “vertices — edges + 2-faces — facets = 0”, uniquely determines the 
number of 2-faces and facets of a simplicial 4-polytope. For neighborly 
4-polytopes, such as the cyclic polytope, we find that 


Clar = tr(r -1), Coar=r(r—-—3), and Cya, = ar(r — 3). 
Here is a concrete example where the bounds of Theorem 6.29 are tight. 


Example 6.30 (n = 4, r = 12) For the generic monomial ideal 


I = (a°,0°,c°,d, 0%’ Ad, 7d’, ABed’, 


ab*cd®, a8b?c?d?, atbcod", a" b® cd", a3b*c°d°) 
every pairwise first syzygy is minimal. The minimal free resolution of J is 


0 < [¢ gi. 566 P 5108 , 3 % 0. 


Each of the Betti numbers in this resolution is maximal among all monomial 
ideals generated by 12 monomials in four variables. © 


From the bound on Betti numbers in Theorem 6.29 we derive the fol- 
lowing bound on the number of irreducible components. 


Corollary 6.31 The number of irreducible components of an ideal gener- 
ated by r monomials in n variables is at most Ch—1inrtn — 1. 


Proof. We assume that I is generic, as the number of irreducible compo- 
nents can only rise under generic deformation (the reader is asked to prove 
this in Exercise 6.9). Now apply Corollary 6.20: The artinian ideal J* has at 
most n+r generators, and its Scarf complex A;~ has at most Ch_injr+n — 1 
facets G. These facets index the irreducible components m@¢ of I. 
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Example 6.32 (n = 4, r = 9) Consider the generic monomial ideal 
(a°b' cid, ocd’, abcd’, abtc'd®, a®b?c2d®, atbc§d", a’ b®cd4, arb?cd®), 


which is obtained from Example 6.30 by removing the artinian generators. 
This ideal has 53 irreducible components, the maximal number among all 
ideals generated by nine monomials in four variables. © 


Generalizing the previous example, we say that a monomial ideal I is 
neighborly if every pair of generators is connected by a minimal first syzygy, 
or in symbols, @,(2) = Ce a ), Neighborly monomial ideals are algebraic 
analogues to neighborly polytopes. The cyclic polytopes show that, in fixed 
dimension n > 4, neighborly polytopes can have arbitrarily many vertices. 
Surprisingly, the analogous statement does not hold for monomial ideals. 
The following theorem gives a precise bound for neighborly ideals. We refer 
the reader to the original article [HM99] for the proof. 


Theorem 6.33 (Hosten and Morris [HM99]) Let HM,, be the number 
of simplicial complexes on the set {1,...,n—1} such that no pair of faces 
covers all of {1,...,2—1}. Then the maximum number of generators of a 
neighborly monomial ideal in n variables equals HM,,. 


The quantity HM,, grows doubly-exponentially in n. The following table 
contains some small values of the Hosten—Morris number: 


n |3 4 5 6 7 8 
HM, |;4 12 81 2,646 1,422,564 229,809, 982,112 


For example, HM, = 12 refers to the twelve simplicial complexes on {1, 2, 3}: 
the void complex, the irrelevant complex, one point (3), two points (3), a 
segment (3), and three points. These complexes are in a certain bijection 
with the minimal generators in Example 6.30. Every monomial ideal in 
k[a, b, c, d] with 13 or more generators has at least one “missing s-pair” (i.e., 
a pair of generators that does not correspond to a minimal first syzygy). 
Likewise, every monomial ideal in n variables with more than HM,, gener- 
ators has at least one missing generator. This implies the following. 


Corollary 6.34 The bounds on Bettt numbers in Theorem 6.29 are not 
tight ifn > 4 andr > HM, 41. 


We next present the analogue to Example 6.30 for n = 5. 


Example 6.35 (n = 5, r = 81) What follows is a maximal neighborly 
monomial ideal in five variables. Each of the following 81 tuples of five 


positive integers i,igi3t4i5 represents a monomial cP aPayapce: 
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811111 1812 2 2 2 2 813 3 3.3 3 814 70565241 5 
72545043 6 71555142 7 68584449 8 69574548 9 64 62 47 46 10 
65 61464711 6660494412 6759484513 6236586314 63 37 57 6215 
58 39 705216 5938695317 6041685018 6140675119 54 44 54 67 20 
55 45 53 66 21 56 42 5665 22) 57 43556423 46496559 24 47 48 66 58 25 
48 47636126 4946646027 50536155 28 5152625429 525159 57 30 
53 50 60 56 31-80 32 37 35 32-79 33 36 36 33-78 34 39 33 34) = 77 35 38 34 35 
76 28 41 39 36 «75 29 40 40 37)—s_ 74 30 43 37 38) = 73 31 42 38 39. 41 20 80 26 40 
421979 2741 4322782442 4421772543 4518762344 36 25 75 31 45 
37 24 74 3246 38 27732947 39 26723048 4023712849 31 10 26 8050 
32 9 277951 3312247852 3411257753 35 8 237654 2615 31 75 55 
27 14327456 2817297357 2916307258 3013287159 23 6 35 70 60 
24 7 34696 25 5 336862 1880131063 197914 9 64 2078111265 
2177121166 227610 8 67 1375181568 1474191469 15731617 70 
1672171671 1771151372 107022 6 73 116921 7 74 126820 5 75 
7 67 6 2276 8 66 7 2177 9 65 5 2078 5 6491979 6 63 8 1880 
4 4 4 4 81 


This example appears in a different notation in [HM99, p. 136]. We invite 
the computationally minded reader to determine the minimal free resolution 
and the irreducible decomposition of this neighborly monomial ideal in 
k[a1, @2, %3, 4, U5]. If you enlarge this ideal by any monomial of your choice, 
then the new ideal with 82 generators is no longer neighborly. © 


6.5 Cogeneric monomial ideals 


In the paragraph before Theorem 5.42 we remarked on the connection, 
forged by Alexander duality for resolutions, between dualities on monomial 
ideals and those on polyhedra. Under this connection, monomial ideals 
generic with respect to their generating sets correspond more or less to 
simplicial polytopes. Consequently, their duals, which are generic with 
respect to their irreducible components, correspond to simple polytope. 


Definition 6.36 A monomial ideal J is cogeneric if, whenever distinct 
irreducible components J; and I; of J have a minimal generator in common, 
there is a third irreducible component Ie C I; + J; such that Ip and I; + I; 
do not have a minimal generator in common. 


Translating this definition into a statement about the minimal gener- 
ators of an Alexander dual ideal immediately reveals the duality between 
genericity and cogenericity. 


Lemma 6.37 A monomial ideal I = (x®1,...,x>) is cogeneric if and only 
if its Alecander dual I] for any (hence every) vector a > \/;bj ts generic. 


Proof. If I; = m?>**, I; = m?>>s, and Ip = m?>"¢, then I, C I; +I, if and 
only if x¢ divides lem(x®‘, x2). Moreover, Ip and [;+J,; do not have a min- 
imal generator in common if and only if x»¢ strictly divides lem(x:, xs). 
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Example 6.38 The permutohedron ideal J in Section 4.3.3 is cogeneric. 
It is the Alexander dual, with respect to a= (n+1,...,n +1), of the tree 
ideal J* in Section 4.3.4. Hence the permutohedron ideal J is the intersec- 
tion of the irreducible ideals Geen | i € o), where o runs over nonempty 
subsets of {1,...,n}. Since the tree ideal I* is generic, by Example 6.6, 
its minimal free resolution is the Scarf complex A;«. By Theorem 6.13, 
the Scarf complex A;« coincides with the hull complex hull(J*). Applying 
Alexander duality to this resolution, the results in Section 5.4 show that 
the cohull resolution of the permutohedron ideal is minimal. Since hull(J*) 
is simplicial, its Alexander dual cohull(J) is simple. In fact, cohull(Z) is 
precisely the complex of all faces of the permutohedron. © 


Example 6.38 is an instance of the following general construction. 


Definition 6.39 Fix a € N” and let I be a cogeneric monomial ideal whose 
generators all divide x*. The coScarf complex A/? is the cohull complex 
cohulla(Z) as in Definition 5.45. The corresponding cohull resolution is 
called the algebraic coScarf complex and is identified with A‘. 


Theorem 6.40 For a cogeneric monomial ideal I, the algebraic coScarf 
complex A!* is a minimal cellular free resolution of I. 


Proof. Apply Theorem 5.37 to Theorem 6.13. 


In what follows we give a self-contained description the coScarf com- 
plex A‘? that makes no reference to duality for resolutions (Theorem 5.37). 
Suppose that we are given a monomial ideal I by its irreducible components 
but that we do not know the minimal generators of J. Suppose further 
that the given irreducible ideals satisfy the requirements, spelled out in 
Definition 6.36, for I to be cogeneric. Then the following combinatorial 
construction yields the minimal free resolution A‘*, and as a byproduct 
we also obtain the minimal generators of I. 

Pick a = (aj,...,@n) € N” such that a; exceeds the exponent of x; in 
any of the given irreducible components. Form the Alexander dual ideal 


rel = Cane | m? is an irreducible component of I »; 
and make //@! artinian by adding powers of the variables: set 
rm = yel+meatt = yale (2@th gant), 


so the ideal /* is artinian and generic. Next compute its Scarf complex Aj, 
which is a regular triangulation of the (n — 1)-simplex, according to Corol- 
lary 6.19. Consider the labels on the Scarf complex as exponent vectors 
rather than monomials, and subtract each label from a+1. Now make a 
complex of free S-modules by using the cochain complex of A;« for scalars in 
monomial matrices, with the new labels from A; on the rows and columns. 
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440 


Figure 6.2: The coScarf complex from Example 6.42 


Then take the submatrices whose rows and columns are indexed by interior 
faces of A;«. More succinctly, the scalars are the relative cochain complex 
of the pair (A;«, 0A;«), where ‘0’ means “boundary of”. At this point, the 
interior vertices of A;+ are labeled by the irreducible components of I, and 
the facets of A; are labeled with the minimal generators of I. 


Corollary 6.41 The interior faces of the Scarf complex Ay« minimally 
resolve $/I. This resolution coincides with the coScarf resolution Al *. 


Proof. The identification between A;+, labeled as described earlier, and 
the cohull complex cohull('!) is seen by tracing through the constructions 
of Section 5.4. Then apply Theorem 6.40. 


Example 6.42 Suppose we are given the task of computing the minimal 
generators and the free resolution of the trivariate monomial ideal 


T= (2,y’,2°) (a7, y°, 2) 0 (2°, y, 2). 


Then what we do is to draw the Scarf complex A;- for [* = J/@l + 
(xUitt yt yastl) This has been done in Section 3.2, with a = (3,3, 3). 
Now relabel according to the regimen above, subtracting all of the face la- 
bels from a+ 1 = (4,4,4), to get the labeled complex in Fig. 6.2. Reading 
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the facet labels (in nonitalic sans serif font) tells us that 
I = (2,y3,23, yz, 22", 27y, ryz). 


Restricting the cochain complex of the triangulated triangle to the interior 
faces yields the minimal free resolution 


0+ Sv §° « S3 — 0 


corresponding to the 3 interior vertices, 9 interior edges, and 7 triangles. © 


It is instructive to consider the Alexander duals of the various upper 
bound problems in Section 6.4. This includes the problem of bounding 
the number of minimal generators in terms of the number of irreducible 
components. By dualizing Corollary 6.31, we obtain the following. 


Corollary 6.43 The number of minimal generators of an intersection of r 
irreducible monomial idels in n variables is at most Ch—iynrtn — 1. 


For example, if we intersect 9 irreducible monomial ideals (a, b’, c’, d') 
in k{a, b,c, d], then the number of minimal generators is at most 53. That 
the bound is tight is seen by taking the Alexander dual of Example 6.32. 


Exercises 
6.1 Prove Lemma 6.10. 
6.2 Compute the Scarf complex A; for the generic monomial ideal 
I = (a°,0°,c°,d°,ab’c'd*, a7b'c1d, a°b*cd?, a*bc*d*) 
in k[a, b, c,d]. This Scarf complex is a triangulation of the tetrahedron; draw it. 
6.3 Compute the irreducible decomposition of the ideal J in Exercise 6.2. 


6.4 Prove that an edge of Buch(/) connects two minimal generators of a mono- 
mial ideal J if and only if there is a deformation J. in which the corresponding 
generators are connected by an edge in the Scarf complex Ay,. 


6.5 Describe the Stanley—Reisner complex of the radical of J in terms of the Scarf 
complex A; when J is a generic monomial ideal. 


6.6 What is the maximum number of irreducible components of an artinian ideal 
generated by 10 monomials in 4 variables? Find an example attaining the bound. 


6.7 Consider the nongeneric monomial ideal I = (x, y, z)* generated by all mono- 
mials of degree 3 in {x,y,z}. Construct at least three different free resolutions 
of I by deformation of exponents. 


6.8 Express the algebraic coScarf resolution as a cellular free resolution. 


6.9 Prove that any generic deformation I, of a monomial ideal J has at least as 
many irredundant irreducible components as J does. More precisely, show that 
every irreducible component of I. specializes to an irreducible ideal containing J, 
so the facets of A;, provide a (possibly redundant) irreducible decomposition of I. 
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6.10 Draw the minimal free resolution of the cogeneric ideal 
(ah y" 2°).0 (a? y? 2!) 1 ey, 2°) 0 fo" y?, 27) 9 (a? yh 2°) 9 (a? 2), 


whose staircase diagram is depicted below: 


6.11 What is the maximal number of minimal generators of an intersection of 81 
irreducible monomial ideals in k[x1, 72, 73, %4, 5]? 


6.12 Classify all monomial ideals that are both generic and cogeneric. 


6.13 True or false: Every Cohen—Macaulay monomial ideal J possesses a generic 
deformation that is also Cohen—Macaulay. 


6.14 Give a combinatorial characterization, in the spirit of Theorem 6.22, of 
cogeneric monomial ideals that are Cohen—Macaulay. 


6.15 Let P bea finite poset and A(P) the order complex of chains in P. Show 
that there exists a generic monomial ideal whose Scarf complex equals A(P). 


Notes 


The notions of genericity and deformation were implicit in the work of H. Scarf, 
who introduced the Scarf complex in the context mathematical economics [Sca86]. 
The algebraic version is due to Bayer, Peeva, and Sturmfels [BPS98], but was re- 
worked to its current form by Miller, Sturmfels, and Yanagawa [MSY00] so that 
genericity can be characterized in terms of invariance under deformation. As a 
result, monomial ideals called “generic” in the original [BPS98] definition of gener- 
icity are called “strongly generic” in [MSY00], as we have done in Definition 3.8. 

The proof of Theorem 6.26 is one of the main reasons we developed duality 
for resolutions and its consequences in such detail in Chapter 5. Conditions (b), 
(d), and (h) in Theorem 6.26 can more naturally be phrased—without referring 
to I* and its algebraic properties—in terms of Z"-graded injective resolutions 
of S/I, which turn out to be equivalent to free resolutions of S/I* [Mil00a]. See 
the Exercises and Notes in Chapter 11. 

Theorem 6.29 is from [BPS98]; it led to an interplay between commutative 
algebra and extremal combinatorics, culminating in articles such as [HM99]. The 
coScarf resolution, introduced in [Stu99] and [Mil98], was one of the points of 
departure for developing the general theory of Alexander duality in Chapter 5. 

Solutions to Exercises 6.5 and 6.14 can be found in [MSY00]. Exercise 6.15 
is a result of Postnikov and Shapiro [PS04, Section 6]. 


Part II 


Toric Algebra 


Chapter 7 
Semigroup rings 


The polynomial ring S = k[x1,..., Zp] is the semigroup ring associated with 
the semigroup N”. Note that N” is the subsemigroup of Z” generated by 
the unit vectors e1,...,@,. In this chapter we replace Z” by an arbitrary 
finitely generated abelian group, and we replace N” by a subsemigroup. 
The structure of a semigroup ring k[Q], including its dimension and 
whether or not it is an integral domain, is derived from properties of the 
semigroup Q. When n generators for Q are given, the semigroup ring k[Q] is 
a quotient of the polynomial ring S by a lattice ideal, which is characterized 
in terms of the surjection N” — Q. In the case of an affine semigroup 
Q c Z4, the structure of the monomial ideals in k[Q] is explicitly described 
in terms of the polyhedral combinatorics and arithmetic of rational cones 
in Euclidean space. Our final topic is an introduction to the polyhedral 
geometry of the initial ideals of lattice ideals under weight orders. 


7.1 Semigroups and lattice ideals 


Fix an abelian group A together with a distinguished list a,,...,a, of 
elements. We write Q for the subsemigroup of A generated by aj,...,an. 
By a semigroup we will always mean the subsemigroup @ generated by a 
finite subset of an abelian group A. Thus all our semigroups are finitely 
generated, cancellative, and come with a zero element (additive identity). 


Definition 7.1 The semigroup ring k[Q] of a semigroup Q is the k- 
algebra with k-basis {t® | a € Q} and multiplication defined by 


t? ‘ tP = tatP 
In this chapter we assume that k is a field, but the definition makes sense 
when k is any ring. The extra generality will be required in Chapter 8, 


where we need semigroup rings over the integers. 
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Let L denote the kernel of the group homomorphism from Z” to A that 
sends e; to a; fori=1,...,n. Thus LF is a lattice in Z”. We have 


AD Z"/L and Q & N"/Ayz, 


where ~ is the equivalence relation on N” given by u~yp vSu-—ve L. 
It is useful to translate this relation into multiplicative notation. 


Definition 7.2 The lattice ideal J; C S associated to L is the ideal 
Ir = (x*—x*|u,v €N” with u—veL). 
Theorem 7.3 The semigroup ring k{Q] is isomorphic to the quotient S/TI,. 


Proof. Let t™,...,t8" denote the generators of the semigroup ring k[Q] 
corresponding to the given generators of the semigroup Q. Then k[Q] is 
the free k-algebra generated by t™!,...,t®" subject to the relations 


t1..-tr = t91..-t%» whenever aj,+:--+a;, = aj, +---+a,, in A. 


There is a canonical k-algebra homomorphism ¢ from S$ onto k[Q] sending 
x; tot. The kernel of ¢ certainly contains the ideal generated by binomials 
Li, Li, — Xj, -++%;, satisfying aj, +---+a;,=aj, +---+ aj, in A, 
which equals the lattice ideal J. The question is whether there can be any 
more relations. But in fact, the kernel of @ is spanned as a vector space 
over k by the binomials {x"—xY | u—v € L}. To see why, consider for each 
element a € A the vector space S, whose basis consists of the monomials x¥ 
mapping to t®. The image of S, in the quotient by the above binomials 
has dimension 1 over k (assuming that a € Q, for the dimension of S, is 
zero, otherwise), since the images of the basis vectors of S, are equal in the 
quotient. The canonical map S/Iz — k[Q] is therefore an isomorphism of 
vector spaces graded by A and hence an isomorphism of k-algebras. 


Let us consider some examples of groups generated by three elements. 
In each case L is a sublattice of Z°, the abelian group A is Z3/L, the 
semigroup Q is N°/~,, and the lattice ideal J; lives in k[z, y, 2]. 


eL= {O}, dj, (0), A Z, Q N° 


e L=Z{(3,4,5)}, I, = (23y*z® -1), A=Q=HZh? 
e L=Z{(3,4,—-5)}, I, = (x3 y* — 2°), A= Z?, Q = N{(5, 2), (0, 1), (3, 2)} 


e L={(u,v,w) € Z | 3ut-4v+5w = 0}, I, = (2? — yz, x7y — 27,22 - y"), 
A=Z,Q=N{3,4,5} 


e L={(u,v,w) € Z | 3u+4u = 5u}, I, = (23 z-y, x2yz?-1), A=Q=Z 
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e L={(u,v,w) € Z| ut+u+w is even}, Ip = (a? -1,azy—-1,yz-1)= 
(ec-ly-1,z-IN(4t1l1y4+1,24+1), A=Q=Z/2Z 


eL=2, I, =(z-1,y-1,z-1), A=Q = {0} 


Note that the prime decomposition in the second-to-last example is only 
valid if char(k) # 2. If char(k) = 2 then x? —1 = (a — 1)? and the 
corresponding ideal J; is primary but not prime. 

Returning to our general discussion, we have the following result. 


Theorem 7.4 The following are equivalent. 


1. The lattice ideal I, is prime. 

2. The semigroup ring k[Q] ts an integral domain (has no zerodivisors). 
8. The group generated by Q inside of A is free abelian. 
4 


. The semigroup Q is an affine semigroup, meaning that it is iso- 
morphic to a subsemigroup of Z¢ for some d. 


Proof. Replacing A with the subgroup generated by Q if necessary, we may 
as well assume that @ generates A. The third and fourth conditions are 
equivalent because every free abelian group is isomorphic to Z? for some d. 
The equivalence of the first two conditions comes from Theorem 7.3. The 
third condition implies the second because k[A] is a Laurent polynomial 
ring (hence a domain) if A is free abelian, and k[Q] is a subalgebra of k[A]. 
Finally, suppose the third condition is false. Then A contains a nonzero 
element a such that m-a = 0 for some m > 1. Write a = a! — a” with a’ 
and a” in Q, so t”® = t™" in k[Q] but t® 4 t®” in k[Q]. We conclude 
that t® — t®” is a zerodivisor in k[Q], and hence k{Q] is not a domain. 


Proposition 7.5 The Krull dimension of k[Q] equals n — rank(L). 


Proof. As the statement does not involve A, we again replace A with its 
subgroup generated by Q. The inclusion k[Q] C k[A] is the localization map 
inverting the elements t®!,...,t?”, and this localization of k[Q] equals k[A], 
so the algebras k[A] and k[Q] have the same Krull dimension. Let Aor be 
the torsion subgroup of A. Since A = Z”/L, the group A/Ator is isomorphic 
to Zr-tank(Z) and the group algebra k[A/Ator] is a Laurent polynomial 
ring in n — rank(L) variables. Choosing a splitting A/Ator @ A, the group 
algebra k[A] becomes a module-finite extension of the Laurent polynomial 
ring k[A/Ator] and hence also has Krull dimension n — rank(L). 


In many applications, the semigroup Q will generate the group A, which 
will be presented to us as the cokernel of an integer matrix L with n rows. 
In this case, the lattice DL is generated by the columns of L. In order to 
determine A as an abstract group, we compute the Smith normal form 
of L; that is, we compute invertible integer matrices U and V such that 


132 CHAPTER 7. SEMIGROUP RINGS 


U.-L.-V is the concatenation of a diagonal matrix and a zero matrix. As 
an example, let A be the group that is the cokernel of 


2 -4 8 
2 Bi. 
Le -4 2 8 

L = ca, tee (7.1) 
8 2 -4 
8 -4 2 


The Smith normal form of the matrix L equals 


-6 2400 5 2-4 8 2 0 0 
-5 2300 4 2 8 —4 sae 4 0 6 0 
-12 -3 8 00 10] |-4 2 8 Bea ge Nome | Oe Ose 
-l1 -1010 1 -4 8 2 ape 288 0 0 0 
-l1 -1 101 0 8 2 -4 0 0 0 
-3 -1200 2 8 -4 2 0 0 0 


We conclude that A Y Z/2Z 6 Z/6Z 6 Z/18Z 6 Z. This computation was 
done in the computer algebra system Maple using the command ismith. 

The next question one might ask is how to compute the semigroup Q, 
or equivalently, its defining lattice ideal I;, from the matrix L = (¢;;). This 
is done as follows. Form the ideal Jy, in S' that is generated by 


bij bi; 
I] =" - IT =”, 


4 with 4 with 
£;3>0 £i3 <0 


where j runs over all column indices of the matrix L. 


Lemma 7.6 The lattice ideal I, is computed from Iq, by taking the satu- 
ration with respect to the product of all the variables: 


Tr = (Uy: (r1-++%n)*), 
which by definition is the ideal {y € S | (a1 ---4n)'y € It for some m > O}. 


Proof. Clearly Jy, is contained in J;. On the other hand, consider any gen- 
erator x¥ — x¥ of J,. We can write u—v asa Z-linear combination of the 
columns of L; hence x" is an alternating product of the Laurent mono- 
mials [[),..9 Me /TIe,,<0 a . Subtracting 1 from both sides and clearing 
denominators, we find that a monomial multiple of x¥ — x” lies in Jj. 
The proof is completed by noting that the lattice ideal is saturated: I, = 
(I : (41 +++ &p)°°). This follows from Theorem 7.3 and the observation that 
none of the monomials t* are zerodivisors in the semigroup ring k[Q]. 


For the example in (7.1) we have 
I, = (xjxpugeg — 1304, wpazaqes — xjxg, x{e5r4xe — 2525), 
but Ip = Un: (@1.%29%324%52%6)~) is minimally generated by 28 binomials. 
Questions concerning a semigroup Q and the group it generates in A 
can be answered by examining the lattice ideal J;. For instance, we may 
ask whether Q is already a subgroup of A, or equivalently, whether every 
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nonzero element in @ has an additive inverse. It suffices to test whether all 
of the elements a; are invertible. 


Remark 7.7 The semigroup Q is a subgroup of A if and only if 
I, +(a;)= (1) forall i=1,2,...,n, 


so that all of the variables x; are units modulo I;. 


7.2 Affine semigroups and polyhedral cones 


In this section we assume that @ is an affine semigroup; that is, the four 
equivalent conditions of Theorem 7.4 are satisfied, and the group A is free 
abelian. The map Z” — A C Z4 can therefore be represented by a d x n 
integer matrix A = (aj,...,a,). This means that Q is the subsemigroup 
of Z4 generated by the integer column vectors aj,...,a,. When only L is 
given, the matrix A can be chosen as the last d rows of the invertible n x n 
matrix U in the Smith normal form computation for L. 


Definition 7.8 A subset T C Q is called an ideal of Q if Q+TCT. A 
subsemigroup F' of Q is called a face if the complement Q ~ F is an ideal 
of Q. The affine semigroup Q is pointed if its only unit is 0, where a unit 
is an element a € Q whose additive inverse —a also lies in Q. 


By definition, then, F' is a face precisely when each pair of elements 
a,b € Q satisfies 


at+beF Ss ac€FandbeF. (7.2) 


The unique smallest face of Q is its group QM (—Q) of units. 
The N”-graded algebra we did over the polynomial ring k[x1,...,2,] in 
Part I generalizes to the Z7-graded algebra of affine semigroups rings. 


Definition 7.9 A monomial in the semigroup ring k[Q] is an element of 
the form t® for a € Q. An ideal I C k[Q] is a monomial ideal if it is 
generated by monomials. 


For any subset T of Q, we write k{T} for the k-linear span of the 
monomials t® with a € JT. Thus J is a monomial ideal if and only if J = 
k{T} for some ideal T of Q, or equivalently, if J is homogeneous with respect 
to the tautological A-grading on k[Q], which is defined by deg(t®) = a. For 
any subset F' of Q we abbreviate Pr = k{Q \ F}. 

All issues concerning primality and primary decomposition are com- 
patible with the A-grading on k[Q]. For instance, to test whether a ho- 
mogeneous ideal I is prime or primary, it suffices to check homogeneous 
polynomials in the definition of “prime” or “primary”. Also, the associ- 
ated primes of an A-homogeneous ideal are automatically A-homogeneous. 
This follows from [Eis95, Exercise 3.5], because the grading group A can 
be totally ordered; see Proposition 8.11. 
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Lemma 7.10 A subset F of Q is a face if and only if Pr is a prime ideal. 


Proof. The subspace Pr is an ideal if and only if the implication “=” holds 
in (7.2). Assuming that this is the case, the implication “=” says that 
t2+> © Pp implies t? € Pp or t® € Pr. The latter condition is equivalent 
to Pr being a prime ideal, by the above remark about the A-grading. 


Definition 7.11 If F is a face of Q, then the localization of Q along F 
is the semigroup Q — F = Q+ ZF consisting of all differences a — b with 
aéQandbé€ F. The quotient semigroup Q/F is the image of Q in 
the group Z4/ZF. 


The map Q — Q/F always factors through the localization Q - Q-F, 
and the quotient semigroup Q/F = (Q — F)/ZF is always pointed. 

The terms “face” and “pointed” refer to the relationship between affine 
semigroups and cones, whose polyhedral geometric definitions we recall. 
A (polyhedral) cone in R¢ is the intersection of finitely many closed linear 
half-spaces in R?, each of whose bounding hyperplanes contains the ori- 
gin. We write dim(C) for the dimension of the linear span of C. Every 
polyhedral cone C is finitely generated: there exist ¢1,...,c, € R@ with 


C= {Arce +++ + Arey | Ar,..-, Ar € Ro}. 


We call the cone C' rational if c,,...,¢, can be chosen to have rational 
coordinates, and we say that C is simplicial if r = dim(C) generators 
suffice. A face of a cone C is a subset of the form HMC in which H is 
the bounding hyperplane of a closed half-space Hy that contains C’. The 
unique smallest face of C is the lineality space CN(—C). We call the cone C 
pointed if CN (—C) = {0}. 


Lemma 7.12 The map F +> RsoF is a bijection from the set of faces of 
the semigroup Q to the set of faces of the cone R>oQ. In particular, the 
semigroup Q is pointed if and only if the associated cone R>oQ is pointed. 


Proof. Let F be a subset of Q and consider the following linear system of 
equations and inequalities in an indeterminate vector w € R?: 


w:-a=OforacF and w-b>O0forbeQvF. 


If this system has a solution w, then F is a face of Q by definition. If this 
system has no solution, then by Farkas’ Lemma [Zie95, Proposition 1.7], 
there exists a linear combination a of vectors in F' that equals a positive lin- 
ear combination of some vectors b € Q\ F’. The vector a can be moved into 
F by adding a vector from F’, and hence we may assume a itself lies in F’. 
Since F is a face, some vector b € Q \ F lies in F' as well, a contradiction. 

The argument in the previous paragraph shows that a subset F' of Q is 
a face if and only if it has the form F = HM Q, where 4H is the bounding 
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Figure 7.1: The primes in k[Q] for Q = the saturated cone over a square 


hyperplane of a closed half-space H>9 containing Q. If F is a face of Q, then 
RsoF is a face of C, and conversely, if F’ is a face of C, then F’NQ is a face 
of Q. These two maps are inverses to each other, for if H is a hyperplane 
satisfying HQ = F, then F C RsoF' C A, whence QN RsoF = F. 


Lemma 7.12 implies that affine semigroups Q have only finitely many 
faces F’, so affine semigroup rings k[Q] have only finitely many homoge- 
neous prime ideals Pr. Computing this list of prime ideals is a valuable 
preprocessing step in dealing with a semigroup ring. This will be important 
in our study of injective modules and injective resolutions in Chapter 11. 


Example 7.13 Every monomial ideal J in any affine semigroup ring k[Q] is 
an intersection of monomial ideals J, at most one for each face F’, with Ip 
primary to Pr. We will prove this in Corollary 11.5, which rests mainly on 
Proposition 8.11, where we indicate how to derive a more general statement 
from [Eis95, Exercise 3.5]. For now, we present a 3-dimensional example 
that also serves to illustrate the other concepts from this section. 

Let Q be the subsemigroup of Z? generated by (1,0,0), (1,1, 0), (1,1, 1), 
(1,0,1). Its semigroup ring equals 


k[Q] & kla,b,c,d|/(ac — bd). 


The cone RyoQ is the cone over a square and therefore pointed. It has nine 
faces: one of dimension 0, four of dimension 1, and four of dimension 2. 
Hence there are precisely nine homogeneous prime ideals in k[Q]. They are 
codim 3 primes: Po = (a,b,c, d) 

codim 2 primes: P, = (b,c,d), P, = (a,c,d), P. = (a,b, d), Py = (a,b,c) 
codim 1 primes: Pi», = (c,d), Pye = (d,a), Pea = (a,b), Paa = (b,c). 
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Figure 7.2: Primary decomposition in a 2-dimensional semigroup 


The faces of RsoQ are labeled in Fig. 7.1, where (for example) the ray 
labeled ab contains all of the monomials outside of Py». 

Computing intersections of monomial ideals in affine semigroup rings is 
more complicated than in a polynomial ring. Certain bad behavior arises, 
such as the fact that the intersection of two principal ideals is generally not 
principal. For instance, in our example, for any 7 € N, 


(aiid: = Kol da bd a eda Ode, acugtibh aa. 
An arbitrary principal monomial ideal here has 
(abickd') = (a,b)'t3n (b,c)Ft¥ Nn (ce, d)*t'n (a, d)t! (7.3) 
as its primary decomposition. © 


Example 7.14 Every principal ideal in the ring k[Q] from the previous 
example is pure of codimension 1. Although this may be intuitive from 
a geometric standpoint, it can fail for arbitrary pointed affine semigroup 
rings. The simplest example comes from the two-dimensional semigroup Q’ 
generated by (4,0), (3,1), (1,3), (0,4), depicted in Fig. 7.2; note the lack of 
a dot in the empty space at the midpoint between 6 and c. (This example 
gives a reason why we do not assume that our semigroups generate the 
ambient group A, which in this case is Z?.) In the semigroup ring 


k[Q’] = k[s*, st, st?, t*] = k[a, b, c, d]/(be—ad, c? — bd”, ac? —b7d, b®— ac), 
the principal ideal generated by 6 has the minimal primary decomposition 
(b) = (a,b) (b, c,d) (a”,b, c?, d), (7.4) 


so all three monomial prime ideals of k[Q’] are associated to (b). In partic- 
ular, the maximal ideal (a, b,c, d) is an embedded prime of (b). In Fig. 7.2, 
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the principal ideal (b) consists of the black lattice points, whereas the ideals 
(a, b) and (b,c, d) consist of the nonunit lattice points outside of the vertical 
and horizontal strips, respectively. The ideal I = (a?,b,c?,d) contains all 
of the nonunit lattice points except for a, c, and ac, but as a ¢ (b,c, d) and 
c ¢ (a,b), we have circled only ac. © 


All of the primary ideals appearing on the right-hand sides of both (7.3) 
and (7.4) are actually irreducible ideals. We will treat irreducible decom- 
position of monomial ideals in semigroup rings from a general perspective 
in Chapter 11. 

The generating sets that we gave for the semigroups in the previous two 
examples were unique, as we now show more generally. 


Proposition 7.15 Any pointed affine semigroup Q has a unique finite 
minimal generating set Ha. 


Proof. Every pointed semigroup Q can be regarded as a partially ordered 
set (poset) via a < b if b—a € Q. Moreover, since {0} is a face of Q, we 
can fix a vector w € Z4 such that w-a > 0 for all ac Q\ {0}. We call 
the positive integer w-a the height of the element a € Q. 

Let Hg be the subset of the generators of Q that are minimal in Q< {0} 
with respect to the partial order on Q. A straightforward argument, by 
induction on the height, shows that every element a € Q is an N-linear 
combination of elements in 7(g. On the other hand, elements in Hg cannot 
be written in a nontrivial way as N-linear combinations in @. Hence Ha 
generates Q, and every generating set of Q must contain Hg. 


Some authors call Hg the “Hilbert basis” of Q, but we reserve that 
term for its use in the next section (Definition 7.17), where Q is saturated. 


7.3. Hilbert bases 


In the previous section we associated a cone with any affine semigroup. It 
turns out that we can also go in the opposite direction and associate an 
affine semigroup to a given cone, provided that the cone is rational. 


Theorem 7.16 (Gordan’s Lemma) /f C is a rational cone in R4, then 
COA is an affine semigroup for any subgroup A of Z%. 


Proof. Since the intersection of C with the real subspace spanned by A is 
again a rational cone (with respect to the lattice A), we may as well assume 
that A = Z¢. What we are claiming is that CM Z4 is finitely generated 
over N. Since C is rational, there exist integer vectors b;,...,b, € Z% such 
that C = Rso{bi,...,b,}. Consider the following compact subset of R?: 


k= {yaw 
i=l 


De <1 fori=1...r}, 
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Then K’ = KOZ‘ is a finite subset of our semigroup CNZ?. Every element 
ain CNZ‘ can be written asa = )7\_, ib; where ju; are nonnegative reals. 
Writing A; = 4; — |u;| for the fractional part of 4;, we find that 


r 


i=1 i=1 


Hence a is an N-linear combination of elements in K’. We conclude that 
the finite set K’ generates the semigroup CN Z?. 


Definition 7.17 Let C be arational pointed cone in R¢. The pointed semi- 
group Q = CN Z4 has a unique minimal generating set, called the Hilbert 
basis of the cone C' and denoted by He or Ha, afforded by Theorem 7.16 
and Proposition 7.15. More generally, a finite subset of Z% is a Hilbert 
basis if it coincides with the Hilbert basis of the cone it generates in R@. 


Example 7.18 Let C be the cone in R* consisting of all vectors such that 
the sum of any two distinct coordinates is nonnegative. This is the cone over 
a 3-dimensional cube. The Hilbert basis Ho equals {(1,0,0, 0), (0, 1,0, 0), 
(0,0, 1,0), (0,0,0,1),(—1,1,1,1), (1,-1,1,1),(1,1,-1,1),4,1,1,-D}. o 


It is instructive to examine the Hilbert basis of a cone in the plane. 


Example 7.19 (Two-dimensional Hilbert bases) Let C be a rational 
pointed cone in R?. The Hilbert basis Ho is constructed geometrically as 
follows. Let Pc denote the unbounded polygon in R? obtained by taking 
the convex hull of all nonzero integer points in C. The polygon Pc has two 
unbounded edges and a finite number of bounded edges. The Hilbert basis 
Hc is the set of all lattice points that lie on the bounded edges of Pc. We 
order the elements a1, a2,...,a, of Ho in counterclockwise order. Then a; 
and a, are the primitive lattice points on the boundary of C, and we have 


det(aj,aiz1) = 1 fori=1,...,n—-1 


because the triangle with vertices {0,a;,a;;1} has no other lattice points 
in it (Exercise 7.11). It follows that there exists \; € N with 


Ay aj =aj_1+ajys, fori =2,3,...,n—1, (7.5) 
which gives rise to the following binomials in the associated lattice ideal: 

ty-1%i41 — 24 el, fori=2,3,...,n—-1. (7.6) 
We will return to this ideal in the next section. © 


We next describe an algorithm for computing the Hilbert basis of a 
rational pointed cone C’, which we assume has m facets (= maximal faces). 
As a first step, we embed C as the intersection of a linear subspace V with 
a positive integer orthant N”. 
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Proposition 7.20 Assume C C R® is a pointed cone, and let 11,...,Vm 
be the primitive integer inner normals to the facets of C. Define the map 
v:R4 > R™ sending a € R¢ to (y-a,...,%m-a), and set V = v(R®). Then 
v is injective, and its restriction to C is an isomorphism to v(C) = R&QNV. 


Proof. The map v is injective precisely because C' is pointed: the inter- 
section of the kernels of 11,..., Um is by definition the lineality space of C, 
which is zero for pointed cones. Moreover, a point a € R@ lies in C if and 
only if all v;- a are nonnegative. 


We wish to compute the Hilbert basis for the pointed semigroup N"NV. 
Consider the sublattice A = {(v,—v) | v € VN Z™} of Z?™. The lattice 
ideal I, is an ideal in k[x, y] = k[a,...,@m,Y1,---;Ym]- Such ideals are 
called Lawrence ideals. We can compute a minimal generating set of this 
ideal using Lemma 7.6. By Theorem 7.21, this solves our problem. 


Theorem 7.21 A vector a € Z4 lies in the Hilbert basis Hc if and only if 
the binomial x”? — y”? appears among the minimal generators of In. 


Proof. We will equivalently prove that u € H,,c) if and only if x" — y" 
appears among the minimal generators of I[,. Consider a nonzero vector u 
in N” OV. If u is not in H,c), then we can write u = u;, + U2 for two 
nonzero vectors uy and ug in N” MV. The identity 


xu = y" = x1 (x? Pa y"?) +4 y? F (x0 = y"') 


shows that x" — y™ is not a minimal generator of I,. 

For the converse, suppose x"—y™ is not a minimal generator of J,. Then 
x" — y" is a (nonconstant) monomial linear combination of some binomials 
xvy” — xy” with v,w © N” and v—w € V. We may assume that all 
terms have the same degree. By setting all x; equal to zero, we see that 
at least one appearing binomial satisfies v = 0 or w = 0. Suppose w = 0. 
Then x” properly divides x", so u is not in the Hilbert basis H,(c). 


u 


Example 7.22 Let us find all nonnegative integer solutions to the equation 
Qu, t+7u2 = 3u3+5ua. (7.7) 
The lattice of all integer solutions to this equation has the basis 
(—1,0,1,-1), (-1,1,0,1), (2,1, 2,1). 
Using this basis we express the corresponding Lawrence ideal I, as follows: 
((w1tays—@ayiya, Latayi —Liy2ya, T{2VZL4— YT y2y3ya) : (w1e2--ys)~). 


This ideal has 30 minimal generators. Eighteen of the generators have the 
form required in Theorem 7.21 and hence give elements in the Hilbert basis. 
For example, the generator x323x} — ysy3y} of I, gives (0,4,1,5) € He. 
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We find that the cone C' of nonnegative solutions to (7.7) has Hilbert basis 


(0, 2, 3, 1) (0, 3, 2,3), (0, 3, 7, 0), (0, 4, 15:5), (0, 5,0, 7), (I, d3 i0)3 
(1,2, 2,2), (1,3, 1,4), (1,4, 0,6), (2,1,2,1), (2,2, 1,3), (2,3, 0,5), 
(3,0, 2,0), (3, 1,1, 2), (3, 2,0, 4), (4,0,1, 1), (4,1, 0,3), (5,0, 0, 2). 


These 18 vectors minimally generate the semigroup of solutions to (7.7). 
The underlined vectors will be explained in Example 7.26. © 


Proposition 7.20 has another useful consequence. 


Corollary 7.23 Every d-dimensional pointed affine semigroup can be em- 
bedded inside N¢. 


Proof. Given a pointed cone C, define V C R’” as in Proposition 7.20. 
Choose m — d standard basis vectors e;,,...,¢;i,,_, So that their images 
modulo V form a basis for R/V. Then the coordinate subspace E’ spanned 
by e;,,---,€;,,_, intersects V trivially. Under the projection R™ — R4 
with kernel EF, the subspace V maps isomorphically to its image, and N™ 
maps to N¢. Therefore, projection modulo E takes any subsemigroup of C 
isomorphically to its image in N¢. 


If Q is an arbitrary affine semigroup in Z7, then RsoQ is the smallest 
cone in R¢ containing Q. Similarly, there is a smallest subgroup of Z? con- 
taining Q. Intersecting these yields an affine semigroup closely related to Q. 


Definition 7.24 If A is the subgroup of Z? generated by an affine semi- 
group Q inside of Z“, then the semigroup Qsat = (RsoQ) NA is called the 
saturation of the semigroup Q. We call Q saturated if Q = Qsat, and we 
say that its semigroup ring is normal. 


By the normalization of an integral domain R we mean the set of ele- 
ments in its field of fractions satisfying a monic polynomial in R[y]. 


Proposition 7.25 The semigroup ring k[Qsat] of the saturation Qsat 1s the 
normalization of the affine semigroup ring k[Q]. 


Proof. As earlier, we may as well forget the original Z¢ and instead refer 
to the subgroup A generated by Q as Z%, after choosing a basis for it. 
Let H',...,H” be hyperplanes whose associated closed half-spaces Ee 
intersect precisely in C = RsoQ. Then k[Qsat] is the intersection of the 
rings k[H{) 9 Z4| inside the Laurent polynomial ring k[Z“]. The rings 
k[H&,. Z4| are all normal, being isomorphic to k[N x Z4~1], and they all 
have the same fraction field k(Z%). Therefore their intersection k{Qsat] is 
normal, by definition: any element of k(Z“) satisfying a monic polynomial 
with coefficients in k[Qsat] lies in each k[H$,Z“]. It remains to show that 
the normalization of k[Q] contains k[Qsat]. If t® € k[Qsat], a straightforward 
argument shows that some multiple ma lies in Q. Thus t? € k[Qsat] satisfies 
the monic polynomial f(y) = y™ — t’™® with coefficients in k[Q]. 
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It is a basic computational task to decide whether a given affine semi- 
group Q is saturated and, if not, to compute its saturation Qsat.. Equiv- 
alently, we wish to compute the normalization of a given affine semigroup 
ring k[Q]. Here, the input is any generating set for Q and the desired 
output is the Hilbert basis for Qsat. For small instances, this task can be 
accomplished using the algorithm of Theorem 7.21. 


Example 7.26 (Computing the saturation of an affine semigroup) 
For the semigroup generated by the underlined vectors in Example 7.22, 


Q = N- {(0, 3,7, 0), (0, 5,0, 7), (3, 0, 2, 0), (5,0, 0, 2)} Cc Ni, 
the semigroup ring is not normal: 
k[Q] = k[x1, £2, £3, aal/ (ajay = v5.03”). 


Our four vectors generate the rank 3 lattice defined by (7.7), and the cone 
RsoQ is the cone of nonnegative real solutions to (7.7). Therefore the satu- 
ration Qsat is precisely the semigroup that was computed in Example 7.22. 
Its Hilbert basis consists of the 18 listed vectors. ° 


We close this section with an example due to Bruns and Gubeladze 
showing that Hilbert bases in higher dimensions can be quite complicated 
and counterintuitive. If Q is a pointed saturated affine semigroup in Z%, 
then we say that Q has the Carathéodory property if every element in Q is 
an N-linear combination of a subset of d elements in Hc. Every pointed sat- 
urated affine semigroup in dimensions d < 3 has the Carathéodory property. 
For example, every nonnegative integer solution to (7.7) can be written as 
an N-linear combination of only 3 of the 18 listed Hilbert basis elements. 

It is unknown whether the Carathéodory property holds for Hilbert 
bases in dimensions d = 4 or d= 5. However, it does fail for d > 6. 


Theorem 7.27 (Bruns and Gubeladze, 1999) There exists a pointed 
saturated affine semigroup in Z® lacking the Carathéodory property. 


Proof. Let C' be the semigroup generated by the columns of the matrix 


0 0 0 0 01 1 1 1«21 
ce ewe ake ees 
A - 0 1000 2 02 1 «21 
0 0 1 00 1 2 02 «1 
0 001 011 2 0 2 
0 0 0 0 1 2 1 1 2 ~«0 


These 10 vectors coincide with the Hilbert basis Hc. The cone RoC is a 
6-dimensional pointed cone with 27 facets. The vector 


a = (9,13,13,13,13,13)' = A-(1,3,0,5,2,0,0,1,5,3)7 


lies in the semigroup C’, but it cannot be written as an N-linear combination 
of 6 of the 10 columns of A. This can be checked by exhaustively searching 
over all column bases of A and solving the associated linear system. 
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7.4 Initial ideals of lattice ideals 


This section concerns the initial monomial ideals of the lattice ideal Jy. 
These correspond geometrically to Grobner degenerations of the variety of 
I, and combinatorially to decompositions of the semigroup Q = N”/~_. 
We begin by discussing how to get (partial) term orders from weights. 

Fix a positive weight vector w € R&,. Given any term cyx", where 
Cy is a nonzero scalar in k, the weight of cyx™ is the dot product w-u = 
wyuy+:+:+WpUn. For any polynomial f € S, we write in,,(f) for the initial 
form of f, by which we mean the sum of all terms of f having maximal 
weight under w. If J is any ideal inside S, then we express the initial ideal 
of J under the weight order defined by w as the ideal 


inw(L) = (inu(f) | f € 2) 


generated by initial forms of all polynomials in J. We say that w is generic 
for I if inw(Z) is a monomial ideal. In analogy with the Grébner basics in 
Chapter 2.2, a finite subset G of I is a Grobner basis for I with respect to w 
if inw(Z) is generated by {inw(g) | g € G}. If w is generic for J and every 
element of G is monic, then G is a reduced Grobner basis if the initial term 
of each element in G does not divide any term of any other element in G. 
For a fixed weight vector w that is generic for I, the reduced Grobner basis 
of I is unique; see Exercise 7.16. 

Replacing the initial ideal in,,(Z) by its radical yields a squarefree mono- 
mial ideal, whose Stanley—Reisner simplicial complex A,,(J) we call the ini- 
tial complex of I with respect to w. The initial complex can be described as 
follows: a subset FC {1,...,n} is a face of A,, (JZ) if there is no polynomial 
f € I whose initial monomial in,,(f) uses only the variables {x; | i € F}. 


Proposition 7.28 The Krull dimension of S/I equals dim(A,,(I)) + 1. 


Proof. The three algebras S/I, S/iny(Z), and S/rad(in.,(1)) have the same 
Krull dimension—the first two because their Hilbert series are equal and 
the latter two because their zero sets are equal. The result follows because 
rad(in,,(Z)) is the Stanley—Reisner ideal of the simplicial complex A,,(J). 


We now take J to be a fixed lattice ideal J; and fix a weight vector 
w € R&, that is generic for I;. It is our objective to describe the initial 
ideal in,,(Zz) and the initial complex A, (Jz). 

A nonnegative integer vector u = (t,...,Un) € N” is called optimal 
if u—v € L implies w-v > w-u for all v € N” \ {0}. Thus u is not 
optimal if and only if there exists a vector v € N” with w-v < w-u and 
x"—xYeTl,. 


Corollary 7.29 The initial monomial ideal in,,(I,) equals the vector space 
spanned over k by all monomials x" whose exponent vector u is not optimal. 
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Our terminology refers to an optimization problem called “integer pro- 
gramming”. Readers familiar with integer programming will note that the 
initial complex A,,(Jz) is the collection of all optimal bases of the underly- 
ing “linear programming relaxation”. Here is a tiny optimization example. 


Example 7.30 (Making change with the fewest coins) Let L be the 
kernel of the 1 x 4 matrix (1,5,10,25) and w = (1,1,1,1). Denoting the 


d vi b 


four variables in S by the letters p, n, d, and q, we find that 


{p? —n, n? —d, d’n — 4, 2 — ng} 
is the reduced Groébner basis for I; with respect to w. The initial ideal is 
inw (Iz) — (p°,n?, d*) m (p?,n, a’). 


A monomial p'n/d'q! is optimal if and only if i < 4, 7 <1, and j +k <2. 
Our optimization problem is to replace a collection of 7 pennies, 7 nickels, 
k, dimes, and | quarters (U.S. currency) by the fewest coins of equal value. 
The given collection is optimal if and only ifi << 4,7 <1, andj+k<2.0 


Let us focus our attention on geometry of the initial complex A,,(Jz). 
If the semigroup is pointed and the semigroup ring has Krull dimension 1, 
as in the coin example, then A,,(Iz) is just a point. Therefore let us move 
on to examples of semigroups in dimension 2. 


Example 7.31 Let Iz, be the lattice ideal of a two-dimensional Hilbert ba- 
sis as in Example 7.19. Choose w € R” so that wj-1+ wisi > Ay: Ww; for i = 
2,...,n—1, where 4; is the positive integer defined by (7.5). We claim that 


inw(dn) = (aa; |l1<i<j-2<n-—2). (7.8) 
For all indices ¢ and j with 7 — 7 > 2 there exists a unique relation 
ajta; = pagt+vagy, with pyvecNandi<k<k+1<j. 


The convexity in our construction implies that x;x; is the w-initial term in 
the corresponding binomial x;2; — eis 41 © Ir. Hence the left-hand side 
contains the right-hand side in (7.8). If containment were strict, then Ir 
would contain a binomial xj xj.) —x}xj,, with i < 7 —2. But this is ruled 
out because the cones Rso{a;,aj4i} and Rso{a;,a,;+1} are disjoint. 

We conclude that the initial complex consists of n — 1 segments: 


Aw(In) = {{1,2},{2,3},...,{n—1,n}, {1}, {2}... {nfo}. 


It is customary to identify A,,(Z,) with the triangulation of the cone C = 
Rso{aj,a2,...,an} into the subcones Rso{a;,a;41} fori =1,...,n—-1.0 


144 CHAPTER 7. SEMIGROUP RINGS 


Let Lg := L @R be the real vector space spanned by L, and let Lx be 
its orthogonal complement in R”. Define the closed convex polyhedron 


Py = R&oN (w+ LR). (7.9) 


Before proving any results about Py, let us take a moment to say a word 
about its geometry. 

The vector space Lz is naturally identified with the set of linear func- 
tions Ap — R, where Ap = R"/Lp. Embed Ag & R? inside R¢+! with 
last coordinate zero. Each covector w+v € w+ Lg induces a function 
{ai,...,an}— R that sends a; + w; + v(a;). Think of w + v as lifting a; 
to the point a; at height w; + v(a;) in R¢4+!. Note that changing v does 
not alter the combinatorics of the lower convex hull of a;,...a,, as such a 
change only shears the set a;,...a,, by adding the graph of a linear function. 

The polyhedron P,, consists of those lifts w+ v such that a),...,an 
all lie on or above the hyperplane with last coordinate zero. Among all of 
these nonnegative lifts w+v of a1,...,@p, some leave more of the vectors a; 
at height zero than any others. The corresponding points w+v € Py are 
vertices. More generally, each face F' of Py, is characterized by the set of 
indices i such that every covector w+ € F lifts a; to height zero in R?*1. 
This set of indices corresponds to the smallest face of R&, containing F’. 


Lemma 7.32 P,, is a simple polyhedron if inw(I,) is a monomial ideal. 


Proof. Let m = rank(L), so that P,, has dimension n—m. We are claiming 
that every vertex of P,, misses exactly m facets. Suppose this is not the case. 
Then there is a vertex u € P,, such that |supp(u)| < m— 1. This implies 
the existence of a nonzero vector c € L with supp(c)Msupp(u) = @. Hence 
u-c, =u-c_ =0, where c =c;—Cc_ is the decomposition into positive 
and negative parts. Moreover, since u— w € Le we havew-c=u-c=0. 
Therefore both x°+ and x°- lie in the monomial ideal in,,(J). Hence there 
exists b € L such that w-b = u-b > 0 and x>+ divides x°+. Since u is 
nonnegative, we conclude that 0 < u- by < u-c4, a contradiction. 


The next theorem is our main result in this section. It tells us that the 
radical of the initial ideal in,,(I_) encodes the faces of the polyhedron P,,. 
In fact, as the geometry preceding Lemma 7.32 indicates, it says that the 
initial complex A,,(I;) is the regular triangulation (see [DRS04]) of the 
cone C = RsoQ in Ap corresponding to the lifts w+v € Py. 


Theorem 7.33 The initial compler Ay(Ir) of the lattice ideal I; equals 
the simplicial complex polar to the boundary of the simple polyhedron Py. 


Proof. Our assertion is equivalent to the following statement: a subset 
FC {1,...,n} lies in A,,(1,) if and only if there exists u € P,, such that 
supp(u) = {1,...,n} \ F. Write ep = )°),-,¢e; for the incidence (row) 
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vector of a subset F’. Let L be an integer m x n matrix whose rows form a 
basis for the lattice L, and let b= L-w. By linear programming duality, 


minfer-u|ueR",u>0,Lu=b} = max{v-b|v¢R’%, vL <ep}. 
This translates into the equivalent statement 
minfer-u|ucé Py} = max{c-w|cé Lp,c < er}. 


The left-hand side is nonnegative. It is zero if and only if some point 
u € P,, has support contained in {1,...,n}\F. By Lemma 7.32, the family 
{supp(u) | u € Py} is closed under taking supersets, so that “is contained 
in” can be replaced by “equals” in the previous sentence. The maximum 
on the right-hand side is positive if and only if there exists c =c,—c_ € L 
with c, -w > c_-w and supp(c,) C F. This holds if and only if there 
exists f € Iz with supp(in(f)) C F, which is equivalent to F ¢ Aw(Iz). 


The boundary of a polytope is homeomorphic to a sphere, and the 
boundary of an unbounded polyhedron is homeomorphic to an open ball. 
If we pass to the normal fan and intersect it with the unit sphere, then we 
get either a sphere or a closed ball of the same dimension. This implies the 
following topological result concerning our initial complex. 


Corollary 7.34 The initial complex of a lattice ideal I, in S is homeo- 
morphic to either a sphere or a ball of dimension n — rank(L) — 1. 


We can use the result of Theorem 7.33 as a method for computing the 
boundary of a given polyhedron P,,. How this is done in practice depends on 
how the lattice L and the vector w are given to us. For instance, suppose we 
are given anm xn matrix L = (¢;;) whose rows form a basis for the lattice L 
and that we are given the vector b= L-w € R™. Then P,, is equal to 


P = {ueER"|u>0,L-u=b}. (7.10) 
In combinatorial applications, the matrix L will have nonnegative entries. 


Corollary 7.35 Let L be a nonnegative integer m xn matriz with no zero 
column, and let b be a generic point in the cone spanned by the columns 
of L. Then P is a simple polytope. Its boundary complex is polar to the 
initial complex, with respect to any weight vector w € P, of the ideal 


I, = (af af®...¢% —1[4=1,...,m). 


Proof. The assumption that L is nonnegative and has no zero column 
implies that I, = Iz. The corollary now follows from Theorem 7.33. 


In order to compute the (supports of the) vertices of the polytope P, it 
suffices to find the minimal associated primes of the initial ideal in,,(Zz). 
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Corollary 7.36 Using notation as above, we have the prime decomposition 


rad(in,,(I,)) = () (a; | 4 € supp(v)). 


vofP 


This algebraic approach to polyhedral computations is surprisingly ef- 
ficient when the ideal in,,(Iz) is squarefree, or close to squarefree. In those 
cases the complexity of in,,(Zz) is similar to the complexity of A,,(J;z). 


Example 7.37 We compute the polytope P in (7.10) for 


4 3 0 0 0 1 te 
L=]0 1 4 3 00 and b=] 8]. 
0 0 0 1 4 8 5 
For w = [1,1,1,1,1,0] € P, the ideal 4, = I, has the Grobner basis 
{airs — aeaaat , cjztubes — xh22 , zexhx? — xfs} , 


4,3 4,2 4,3 8.6 4 
U3L4 — L{LZXG, TaC5TZ—1, Texg — #20504} 


The radical of the initial ideal equals 
rad(inw(Zz)) = (a1 22, %3%4, @5X6). 
This shows that the initial complex is the boundary of an octahedron, 
Aw(Ur) = {135,136, 145, 146, 235, 236, 245, 246}, 
and we conclude that P is combinatorially isomorphic to the 3-cube. © 


Example 7.38 Consider finally a case when A & Z4 and the lattice L is 
given to us as the kernel of the d x n matrix A = [aj,...,a,]. Recall that 
the row space of A equals Lz, and that our simple polyhedron P,, can be 
identified with 


{u € R*|u-a; > —w, for i=1,2,...,n}. (7.11) 


This polyhedron’s normal fan is a regular triangulation of the cone R>o9Q 
using rays in aj,...,A@,, and it coincides with the initial complex of Jz. 
Let aj,...,a, be a Hilbert basis in Z? and w as in Example 7.31. Then 
(7.11) is an unbounded polygon. The normals to its bounded edges are 
@2,..-,@n,—1. The normals to its unbounded edges are a; and ay. © 


Exercises 


7.1 Let L be the sublattice of Z* that is the integer kernel of a given d x n 
matrix A. Show that J; remains unchanged by elementary row operations on A. 


7.2 Suppose that Q and Q’ are subsemigroups of two groups A and A’, respec- 
tively. Prove that Q is isomorphic to Q’ if there is an isomorphism A * A’ taking 
a generating set of Q to a generating set of Q’. 
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7.3 Change the matrix L in (7.1) by replacing each entry —4 by —3. Recompute 
the Smith normal form. Is the semigroup Q = N”/-~ 1 affine? Is it pointed? 
Compute a minimal generating set of binomials for the lattice ideal Iz. 


7.4 Let Q be an affine semigroup in Z*. A subset T C Z® is called a Q-set if 
Q+T CT. Let us call T modular if the complement (Q+T) \ T is a Q-set. 


(a) IfT C Z* is modular, construct ak[Q]-module k{T} with basis {t® | a € T}. 
(b) Show that T is modular if and only if —T is modular. 
(c) What is the relation between k{T} and k{—T}? 


7.5 Verify the equality (7.3) from Example 7.13. 


7.6 Show that the graded maximal ideal is associated to every nonunit principal 
ideal in the semigroup ring k[Q’], where Q’ C Z? is generated by the vectors 
{(4, 0), (3, 1), (1,3), (0,4)} as in Example 7.14. 


7.7 Suppose that a principal ideal (t*) has an associated prime Pr of codimension 
at least 2 in the affine semigroup ring k[Q]. Must every other nonunit principal 
ideal (t) have an associated prime of codimension at least 2? What if b ¢ F? 


7.8 Every affine semigroup ring k[Q] has a unique maximal Z‘-graded ideal m, 
whether or not Q is pointed. Prove Nakayama’s Lemma for k[Q]: if M is a finitely 
generated Z*-graded module over k[Q] and m1,...,m, € M are homogeneous 
elements whose images modulo m generate M/mM, then m1,...,m,r generate M. 
You may use a local or Z-graded version of Nakayama’s Lemma in your proof. 


7.9 Prove that an affine semigroup Q is pointed if and only if the maximal Z7- 
graded ideal m of k[Q] is maximal in the usual sense (so k[Q]/m is a field). In this 
case, show that a fixed set monomials in k[Q] generates k|Q] as a k-algebra if and 
only if it generates m as an ideal. Now use Exercise 7.8 to prove Proposition 7.15. 


7.10 Fix any ring k and any abelian group A. Prove that if A’ C A is any 
subgroup, then k[A] is free as a module over k[A’], and any system c1,...,c¢ € A 
of representatives for the cosets of A’ yields a k[A’]-basis {t°!,...,t°¢} for k[A]. 


7.11 Prove that a triangle in the plane R? whose vertices are the only lattice 
points in it (so there are no other lattice points on the edges either) has area 1/2. 
Using the tetrahedra with vertices (0,0,0), (1,0,0), (0,1,0),(1,1,a) for a > 0, 
show that the analogous statement is false in R” for n > 3. 


7.12 (Generalize Theorem 7.21) For a lattice L C Z”, consider its Lawrence ideal 
Int) = (xot ye — x y*t [ce L) Cc k[xi,..-,2n,Y1,--+5 Yn]. 


Prove that J,(Z) has a unique set of minimal generators x°+ y°- —x°- y°+. Give 
a combinatorial characterization of the vectors c occurring in these generators. 


7.13 Let C be the cone in R* generated by (1,0,0,0), (0,1, 0,0), (0,0,1,0), and 
(1, 2,3,5). Show that the Hilbert basis Ho contains the vector (1,1, 1,1). 


7.14 Prove that the semigroup CNA in Theorem 7.16 is saturated. Use the result 
to verify that if Q and Q’ are saturated semigroups in Z%, then so is QN Q’. 


7.15 Let Q be an affine semigroup. The normalization k[Qsat] is a finitely gen- 
erated module over k[Q] by [Eis95, Corollary 13.13]. Use this fact to prove that 
Q contains a translate of its saturation: a+ Qsat C Q for some a € Q. 
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7.16 Given any positive weight vector w and any fixed ideal I of S, prove that 
there is a term order < on S such that in<(in,(Z)) = ine(Z). In other words, 
some Grébner basis for J with respect to w is also a Grébner basis for J with 
respect to <. We say that < refines w. Conclude using Exercise 2.5 that if w is 
generic for J, then J has a unique reduced Grobner basis with respect to w. 


7.17 Let L be the rank 2 sublattice of Z° spanned by (1,1,0,—1,—1,0) and 
(0,1,1,0,—1,—1). Compute the ideal I; and compute the polyhedron P,, for a 
generic choice of w € R°. Show that A,, (I) is a triangulation of an octahedron. 


7.18 Fixadxn matrix A and a weight vector w. Form a (d+ 1) x(n + 1) matrix 
Ay by appending to A a top row w and then a left column ao = (1,0,...,0). For 
the semigroup Os in Z¢*! generated by the columns of A,, and the keniel Lof A, 
show that k[Q.]/(t®°) & S/iny (Iz). What is the relation with Theorem 7.33? 


Notes 


Lattice ideals are generalizations of the toric ideals discussed in [Stu96], which 
constitute the special class characterized in Theorem 7.4. The study of algebras 
presented by toric ideals has a long tradition in commutative algebra. We refer 
to Villarreal’s book [Vil01] for additional information and references. The study 
of toric ideals is related to the theory of integer programming, as explained in 
[Stu96, Chapter 4]. The book by Schrijver [Sch86] is an excellent reference on 
integer programming and related topics relevant to this chapter, such as Smith 
normal form, linear programming duality, and the history of Gordan’s Lemma. 

Readers interested in software for computing with the objects we have dis- 
cussed (Hilbert bases, lattice ideals, their Grébner bases, and so on) are encour- 
aged to try Hemmecke’s program 4ti2, available at http://www.4ti2.de/. Various 
Grébner basis packages also offer special features for working with lattice ideals. 

The phenomena explored in Example 7.14, Exercise 7.6, and Exercise 7.7 con- 
cerning low-dimensional associated primes of principal ideals relate to the Cohen— 
Macaulay condition (and Serre’s condition S2). See Exercises 12.12 and 13.5 for 
further details from this point of view. Corollary 7.23 has been substantially 
refined by Thompson [Tho02, Theorem 1.2.7]. He shows that if Q is a pointed 
affine semigroup (“sharp finitely generated torsion-free commutative monoid” ), 
then for any complete flag of faces in Q, there is an inclusion Q ~ N¢@ taking the 
given complete flag to the standard complete flag in N?. 

Theorem 7.27 first appeared in [BG99]. It is related to our discussion of 
Ehrhart polynomials in Chapter 12. For further reading on structural properties 
of semigroups and lattice polytopes, their triangulations, and connections to K- 
theory, we recommend the forthcoming book by Bruns and Gubeladze [BGO5]. 

The material in Section 7.4 is taken from a paper by Sturmfels, Weismantel, 
and Ziegler [SWZ95, Section 7]. Theorem 7.33 generalizes the correspondence 
between regular triangulations and initial ideals of toric ideals [Stu96, Chapter 8]. 

Exercise 7.4 is based on [Ish87, Lemma 1.2]. Lawrence ideals (Exercise 7.12) 
are studied in [Stu96, Chapter 7]. Exercise 7.15 says that the region far interior 
to an unsaturated affine semigroup is devoid of “holes”. This observation can 
be the starting point for induction arguments based on filtrations of Z¢-graded 
modules in which successive quotients are Cohen—Macaulay. 


Chapter 8 


Multigraded polynomial 
rings 


Having treated semigroup rings in the previous chapter, we now return to 
the polynomial ring S = k[x1,...,2,], but this time with a grading by 
an arbitrary abelian group A. The notion of K-polynomial still works, 
although the notion of Hilbert series has to be revised for nonpositive grad- 
ings, where the graded pieces of S do not have finite dimension as vector 
spaces over k. Multigradings give rise to a rich theory of multidegrees, 
directly generalizing the usual degree of a projective variety. 


8.1 Multigradings 


Definition 8.1 The polynomial ring S is called multigraded by A when 
it has been endowed with a degree map deg: Z” — A. 

As in earlier chapters, monomials x¥ = x}1a%5?--- a" in S are identified 
with vectors u = (w1,...,Un) in N”. Multigrading S by A is equivalent to 
fixing a semigroup homomorphism deg : N” — A taking each monomial x" 
to its degree deg(u), which we also write as deg(x"). The distinguished sys- 
tem of n elements deg(21),...,deg(a,) in A will be denoted by aj,...,an 
throughout the chapter. In slightly different language, the grading on S is 
determined by an exact sequence 


A — Z” — L+—0 (8.1) 


of abelian groups. The degree map Z” — A need not be surjective onto A, 
although often it will be. One such surjective case is when the grading of S 
is presented in the form of a basis for the sublattice L of Z”; the map deg 
is then taken to be projection onto A = Z"/L. 
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Example 8.2 Let n = 3 and let L be the rank 2 sublattice spanned by 
(1,1,1) and (1,3,5). Then A = Z?/L is isomorphic to Z 6 Z/22Z, and the 
grading of S = k[a, y, z] defined by (8.1) can be expressed by regarding 


deg(x) = (1,1), deg(y) =(-2,1), and  deg(z) = (1,0) 
as the three generators of A = Z @ Z/2Z. © 


Throughout this chapter we use the symbol A to denote the group A 
together with the distinguished elements aj,...,a,, and let Q = deg(N”) 
denote the subsemigroup of the group A generated by aj,...,an. 

For a € A let S, denote the vector space (over the field k) of homo- 
geneous polynomials having degree a in the A-grading. A k-linear basis 
of S, is given by the (possibly infinite but also perhaps empty) set of all 
monomials x" satisfying deg(u) = a, so S has the direct sum decomposition 


S= PB S, satisfying Sa-Sp C Satp- 
acA 


Note that So = k[ZNN”] is a normal semigroup ring over k, because LON” 
is a saturated semigroup (by Exercise 7.14 with Q = L and Q’ = N”). 


Example 8.3 The Hilbert basis for LM N® in Example 8.2 consists of the 
vectors (4,2,0), (1,1,1), and (0, 2,4). Hence the degree 0 component is 


Soo) = klxty’, ayz, y*z’]. 
This normal affine semigroup ring is isomorphic to k[u, v, w]/(uw —v*). © 


Proposition 8.4 Each graded component S, of a multigraded polynomial 
ring is a finitely generated module over the normal semigroup ring So. 


Our proof will be algorithmic; see Exercise 8.1 for nonalgorithmic proof. 


Proof. We may assume that a € Q and that we are given one monomial 
x" lying in S,. Here is an algorithm that computes a finite generating set 
for S, as a module over Sg. Form the sublattice La of Z’*! = Z’? OZ 
generated by (u,1) and all vectors (b,0) for b running over a basis of L. 
Equivalently, Da is the kernel of the abelian group homomorphism 


Z"*1 _, A sending (v,r) ++ deg(v) — ra. 


This shows that La is independent of the choice of u. 

Next compute the Hilbert basis H of the semigroup La MN"+!. Let H, 
denote the set of all vectors v € N” that satisfy (v,r) € H. Then Ho 
is the Hilbert basis (considered above) of LMN”, and H, is the desired 
finite generating set. Indeed, we can check directly that {x | (v,1) © H} 
minimally generates Sq as a module over So = k[x” | (v,0) € H]. 
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Example 8.5 Let us illustrate for Example 8.2 the procedure in the proof 
of Proposition 8.4 in degree a = (4,1). A typical monomial of that degree 
is x" with u = (5,2,3), so Lg is the rank 3 sublattice of Z*+ spanned by 
(1,1,1,0), (1,3,5,0), and (5,2,3,1). The Hilbert basis of LazNN?*+ consists 
of the nine vectors 


(0,2, 4,0), (4, 2,0, 0), (1,1,1,0), (0, 1,6, 1), (1,0, 3, iby 
(3,0, 1,1), (6, 1,0, 1), (0, 0,8, 2), (8, 0,0, 2). 


The first three of these vectors correspond to the monomial generators 
of S(o,9) a8 in Example 8.3. The next four vectors furnish the generators 
{yz®, x23, a3z, x°y} of S(41) as a module over the algebra S(o,0). © 

In nice cases, the semigroup ring So is just k itself. There are many 
ways to characterize such good fortune. 


Theorem 8.6 The following conditions are equivalent for a polynomial 
ring S multigraded by A, with image semigroup Q = deg(N”). 


1. There exists a € Q such that the vector space Sa is finite-dimensional. 

2. The only polynomials of degree O are the constants; t.e., So =k. 

8. For all a € A, the k-vector space Sg is finite-dimensional. 

4. For all finitely generated graded modules M (see Definition 8.12) and 
degrees a € A, the k-vector space Ma is finite-dimensional. 

5. The only nonnegative vector in the lattice L is 0; i.e., LAN” = {0}. 

6. The semigroup Q has no units, and no variable x; has degree zero. 


Proof. (1) = (2): For any a € Q there exists some nonconstant monomial 
x" of degree a. Multiplication by x" defines a monomorphism of vector 
spaces over k from Sp into Sg, so Sp is a vector space of finite dimension. 
Hence So is the semigroup ring for an affine semigroup ring with finitely 
many elements. The only such affine semigroup is the zero semigroup. 

(2) = (8): Proposition 8.4. 

(3) = (4): The finiteness condition is clearly stable under taking finite 
direct sums of graded modules and quotients by graded submodules. Now 
take a graded free presentation of /—that is, a surjection from a finitely 
generated graded free module onto IM—by choosing a graded generating set. 

(4) = (1): Obvious. 

(2) = (5): The degree zero component So is spanned as a k-vector space 
by all monomials x", where u ranges over LM N”. 

(2) = (6): deg(x") = 0 if and only if one of the following occurs: 
(i) u = O; (ii) x" = 2; is one of the variables, in which case deg(x;) = 0; or 
(iii) x" = 2;x¥ factors nontrivially to give an equation deg(#;) = — deg(x’) 
in Q, in which case deg(a;) is a unit. 


Definition 8.7 If the equivalent conditions of Theorem 8.6 hold for a 
torsion-free abelian group A, then we call the grading by A positive, and 
we say that S is a positively (multi)graded polynomial ring. 
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Corollary 8.8 If S is positively graded by A, then the semigroup Q = 
deg(N") is pointed, and hence can be embedded in N¢ for d = rank(A). 


Proof. This statement follows from Corollary 7.23 and Theorem 8.6.6. 


It would have been nice to conclude immediately from the equivalent 
conditions of Theorem 8.6 that Q can be embedded in N?@ for some d—in 
other words, that @ is affine. Unfortunately, this is false. 


Example 8.9 Consider the subsemigroup Q generated by the two elements 
a = (1,1) and b = (1,0) in the group A = Z © Z/2Z, so that a — b has 
order 2 in A. The degree map N? — Q induces a surjection Z? — A sending 
the basis vectors to a and b. The kernel L of this surjection Z? — A is 
generated by (2, —2) and hence does not intersect the positive quadrant N?. 
Thus the conditions of Theorem 8.6 are satisfied. But there can be no 
embedding of Q into N¢ for any d, because although no element of Q itself 
has finite order, the group A contains the torsion element a — b. © 


There is a fundamental difference between cases where the image of Z” 
inside the grading group A has torsion and when it is torsion-free: when the 
image has torsion, there are graded ideals whose associated primes are not 
graded (as we will see in Example 8.10), whereas such bad behavior does 
not occur in the torsion-free case (as we will see in Proposition 8.11). 


Example 8.10 In the situation of Example 8.2, the polynomial y?z4 — 1 
is homogeneous for the given grading by Z @ Z/2Z. However, the ideal it 
generates equals the intersection 


(y?z*—1) = (yz? -1) NM (yz? +1) 


of two principal prime ideals neither of whose generators are homogeneous. 
Indeed, deg(yz?) = (0,1), whereas deg(1) = (0,0). © 


Proposition 8.11 Let S be multigraded by a torsion-free abelian group A. 
All associated primes of multigraded S-modules are multigraded. 


Proof. This is [Eis95, Exercise 3.5]. The proof, based on that of the corre- 
sponding Z-graded statement in [Eis95, Section 3.5], is essentially presented 
in the aforementioned exercise from [Eis95]. It works because torsion-free 
grading groups A & Z# can be totally ordered, for instance lexicographically 
(so a < b when the earliest nonzero coordinate of a — b is negative). 


The proof fails for torsion groups because they admit no total orderings 
compatible with the group operation. However, Proposition 8.11 continues 
to hold for infinitely generated modules, because every associated prime is 
associated to a finitely generated submodule by definition. 

The rest of this chapter concerns modules over multigraded polynomial 
rings. For the record, let us make a precise definition. 
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Definition 8.12 Let S be a polynomial ring multigraded by A. An S-mod- 
ule M is multigraded by A (sometimes we just say graded) if it has been 
endowed with a decomposition M = @,.,4 Ma as a direct sum of graded 
components such that SaMp C Ma+p for all a,b € A. Write M(a) for the 
A-graded translate of M that satisfies M(a)p = Ma+» for all a,b € A. 


The convention for A-graded translates makes the rank 1 free module 
S(—a) into acopy of S generated in degree a. The tensor product M@gN of 
two multigraded modules is still multigraded, its degree a component being 
spanned by all elements mp ® na—p such that mp € Mp and na_p € Na-_p.- 
Consequently, M(a) = M ®g S(a) is another way to express an A-graded 
translate of M. The notion of graded homomorphism makes sense as well: 
amap ¢: M — N is graded (of degree 0) if ¢(Ma) C Na for alla € A. 
Graded maps of graded modules have graded kernels, images, and cokernels. 

Definition 8.12 does not assume that M is finitely generated, and indeed, 
we will see a variety of infinitely generated examples in Chapter 11. In 
addition, a graded module M might be nonzero in degrees from A that lie 
outside of the subgroup generated by Q = deg(N”). 


Example 8.13 Let S = k{a,b,c,d] be multigraded by Z?, with deg(a) = 
(4,0), deg(b) = (3,1), deg(c) = (1,3), and deg(d) = (0,4). These vec- 
tors generate the semigroup Q’ Cc Z? in Fig. 7.2. Express the semi- 
group ring k[Q’] as a quotient of S, as in Example 7.14. Although the 
semigroup Q’ does not generate Z? as a group, the Z?-graded translate 
M = k[Q’|(—(1,1)) of the semigroup ring k[Q’] is still a valid Z?-graded 
S-module, and its graded components M, for a € Q’ are all zero. © 


8.2 Hilbert series and K-polynomials 


Given a finitely generated graded module M over a positively multigraded 
polynomial ring, the dimensions dim,(M,) are all finite, by Theorem 8.6. 
In the case where M = S is the polynomial ring itself, the dimension of Sa 
is the cardinality of the fiber (u+ ZL) N” for any vector u € Z” mapping 
to a under the degree map Z” — A, where again, L is the kernel of the de- 
gree map as in (8.1). Geometrically, this cardinality is the number of lattice 
points in the polytope (u+RL)OR&_. Just as in the “coarsely graded” case 
(where A = Z; see Chapter 2 and Section 12.1, for example) and the “finely 
graded” case (where A = Z”; see Part I), the generating functions for the di- 
mensions of the multigraded pieces of graded modules play a central role. 


Definition 8.14 The Hilbert function of a finitely generated module M 
over a positively graded polynomial ring is the set map A — N whose value 
at each group element a € A is the vector space dimension dim,(M,). The 
multigraded Hilbert series of M is the Laurent series 


H(M;t) = 5> dimy(Ma)t® in the additive group Z[[A]] = |] Z-t®. 
acA acA 
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Elements in the abelian group Z/|[A]] are not really Laurent series, but 
just formal elements in the product, and the letter t here is a dummy 
variable. However, when we have an explicitly given inclusion A C Z7, so 
that a,,...,a, are vectors of length d, the symbol t can also stand for the 
list t1,...,tq of variables, so that t® = ¢{*---t9? as usual. This common 
special case lends the suggestive name to the elements of Z[[A]]. 

We would like to write Hilbert series as rational functions, just as we did 
in Corollary 4.20 for monomial ideals in the finely graded polynomial ring, 
where the degree map has image Q = N”. In order to accomplish this task 
in the current more general setting, we need an ambient algebraic structure 
in which to equate Laurent series with rational functions. To start, consider 
the semigroup ring Z[Q] = Macq Z: t* over the integers Z. When Q is 
pointed (Definition 7.8), the ideal of Z[Q] generated by all monomials t? 4 1 
is a proper ideal. The completion of Z[Q] at this ideal [Eis95, Chapter 7] 
is the ring Z[[Q]] of power series supported on Q. Let us justify the name. 


Lemma 8.15 Elements in the completion Z|[Q]] for a pointed semigroup Q 
can be expressed uniquely as formal series woaco Cat® with ca € Z. 


Proof. The lemma is standard when Q = N”, as Z[[N"]] = Z[[a1,...,@n]] is 
an honest power series ring. For a general pointed semigroup Q, write Z[Q] 
as a module over Z[N”] = Z[a1,...,2%,]. Then Z[[Q]] is the completion 
of Z[Q] at the ideal m = (x1,...,%n) C Z[N”]. It follows from condition 3 
in Theorem 8.6 that every element in Z|[Q]] has some expression as a power 
series p(t) = aco Cat®. To see that this expression is unique, we need 
only show that p(t) is nonzero in Z[[Q]] whenever ca 4 0 for some a € Q. 
We will use that the natural map Z[Q]/m”Z[Q] > Z|[Q]]/m"Z[[Q]] is an 
isomorphism for all r € N, which follows by definition of completion. 
Choose a vector u € N” mapping to a. There is a positive integer r 
such that cax" lies outside of m”, and for this choice of r, the image of the 
series p(t) in Z[[Q]]/m"Z|[Q]] = Z[Q]/m"Z[Q] is a nonzero polynomial. 


Any element p(t) € Z[[Q]] with constant term +1 is a unit in Z[[Q]]. 
Indeed, if p(t) = 1 — q(t) and q has constant term 0, then the inverse 
p '=1+q+q?+--- is well-defined because Z[[Q]] is complete with respect 
to an ideal containing gq. In particular, 1 — t® is invertible for all a € Q. 


Lemma 8.16 The Hilbert series for the multigraded polynomial ring S is 
1 


H(S;t) (—t®)---(1— ta) 


as an element in Z[[Q]], if the multigrading on S' is positive. 


Proof. Let H(S;x) be the Hilbert series of S in the fine multigrading 
by N”. Viewed as a power series, the image of H(S;x) under the surjec- 
tion Z|[N”]] > Z[[Q]] equals H(S;t) by definition. On the other hand, 
H(S;x) = 1/(1 — 2)---(1 — 2) by the first equation in Example 1.11. 
Now take the image of this equation in Z[[Q]]. 
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As we saw in Example 8.13, the Hilbert series of a finitely generated 
module need not be supported on Q, so the completion Z|[Q]] is not big 
enough to hold all of the Hilbert series of finitely generated modules. Let 
us say that a Laurent series p(t) = >) ,¢4 Cat® is supported on finitely many 
translates of Q if there exist b1,...,bx € A (depending on p) such that 


Ca#0 => a€(bi)+Q)U---U(by 4+ Q). 
The set Z|[Q]][A] of such series is a ring; in fact, it equals the Z[[Q]]-algebra 


ZQMIA] = ZllQ]] Szqy ZAI, 


as outlined in Exercise 8.2. That exercise explains the role of the seemingly 
cumbersome tensor product, given that it amounts to a notation for invert- 
ing the monomials t#",...,t®" € Z[[Q]] in the case that Q generates A. 


Example 8.17 Let A= Z?, and consider the subsemigroup Q C A gener- 
ated by the four vectors (4,0), (3,1), (1,3), and (0,4). [This is the semi- 
group from Examples 7.14 and 8.13, where it was called Q’.] In this case, 


Z[Q]] = Zlla,b,c,d]]/(be — ad, c? — bd?, ac? — bd, b® — ac) 


is the ring of power series supported on Q. The subgroup A’ C A generated 
by Q is a sublattice of index 4. The quotient group Z?/A’ is cyclic of order 4 
and generated by the image of (1,0). Letting s be an independent variable, 
we therefore find that Z[A] & Z[A’][s]/(s* — a), so 


ZI[Q[A] = Z[[Ql][a7*,b-*,c~*, d~*][s]/(s* — a). 


This ring is free as a module over Z[[Q]][A’], one reason being that the equa- 
tion s* — a is monic in s [Eis95, Proposition 4.1]. We can recover the “s, t” 
notation for Z[Q] as in Example 7.14 by setting t = sa~1'b, so that Z[Q] is 
the subring of Z[[Q]][A] generated by the monomials s*, s*t, st?, and t*. © 


The main result of this section, Theorem 8.20, implies that the Hilbert 
series of any finitely generated module is supported on finitely many trans- 
lates of Q and hence lies in Z[[Q]][A]. Noting that (1—t®) is still invertible 
in this ring for a € Q, we find (for example) that the Hilbert series of the 
graded translate S(—a) is t?/ jG — t?/). This tiny observation is the 
crux of Theorem 8.20, but we need free resolutions to see why. 

Given our positive multigrading by A, we can choose a coarsening to 
a positive Z-grading, under which S is N-graded and the degrees of the 
variables are all strictly positive. Indeed, by Corollary 7.23 there is a linear 
map A — Z that induces a morphism @ — N of semigroups taking every 
nonzero element of Q to a strictly positive number. Using the fact that 
Nakayama’s Lemma [Eis95, Corollary 4.8] holds in the positively Z-graded 
case [Eis95, Exercise 4.6], we conclude that Nakayama’s Lemma holds for 
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any positively multigraded ring S. This observation has a number of conse- 
quences, the first being that every finitely generated multigraded module M@ 
has a well-defined number of minimal generators in each degree b € A. 

Just as in [Fis95, Exercise 4.1la] for positive Z-gradings, every posi- 
tively multigraded free (or projective) S-module F of rank r has the form 
Fe Bi=1 S(—b,) for some list bi,...,b, of degrees in A. Moreover, given 
a fixed degree b € A, the number of indices j satisfying b; = b is indepen- 
dent of the direct sum decomposition. As M is graded, there is a graded 
surjection M « Fp) onto M from a multigraded free module Fo, and the 
kernel is a graded submodule of Fp. Hence we can iterate this procedure 
to construct a free resolution F. of M. Let us record a more precise result, 
which we derive also for the useful case of nonpositive multigradings. 

In the proof of the next proposition, we assume the Hilbert syzygy 
theorem for free resolutions of ungraded modules, which has an elementary 
proof using Grébner bases (Schreyer’s algorithm [Eis95, Corollary 15.11)). 


Proposition 8.18 Every finitely generated multigraded module M over S 
has a finite multigraded resolution by multigraded free modules of the form 
S(—bi) @---® S(—b,), even if the grading is not positive. 


Proof. Calculate a finite free resolution of M using Grébner bases. The 
reduced Grobner basis for a graded submodule of a multigraded free module 
is homogeneous for the given multigrading. Therefore each free module in 
the resolution has the desired form automatically. 


Questions about nonpositive multigradings will occupy our attention in 
Section 8.4. For now, let us focus again on the positively graded case. 


Lemma 8.19 /f 0<— M No <— Ny --» — N, — 0 is an exact se- 
quence of finitely generated positively multigraded modules, then the Hilbert 
series of M equals the alternating sum of those for No,...,Nr: 


F 


H(M;t) = 5 (-1)H(N;;t). 
j=0 


Proof. For each a € A, the degree a piece of the given exact sequence 
of modules is an exact sequence of finite-dimensional vector spaces over k. 
The rank-nullity theorem from linear algebra says that the alternating sum 
of the dimensions of these vector spaces equals zero. 


Theorem 8.20 The Hilbert series of a finitely generated graded module M 
over a polynomial ring positively multigraded by A is a Laurent series sup- 
ported on finitely many translates of Q = deg(N”). More precisely, there 
is a unique Laurent polynomial K(M;t) € Z[A] such that in Z[[Q]][A], 


K(M;t) 


MO! = T= 8 
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Proof. By the obvious equality H(M(—a);t) = t®?H(M;t) for graded 
translates of arbitrary finitely generated modules M and the fact that 
Hilbert series are additive on direct sums, we deduce from Lemma 8.16 that 
thi 4...4 4h 
H(S(—b) @---@ S(—b,);t) = =_——_. (8.2) 
Hii TOUS) 
The existence of a Laurent polynomial K(M;t) satisfying the required con- 
ditions now follows by applying Lemma 8.19 to a free resolution, as in 
Proposition 8.18. The uniqueness of K(M;t) results from the fact that 
K(M;t) = H(M;t) [Tj_,(1— t™) in Z[[Q]][A]. 


Definition 8.21 The Laurent polynomial K(M;t) that is the numerator 
in Theorem 8.20 is called the K-polynomial of M. 


The “K” here stands for “K-theory”, but it also seems to fit in nicely 
with the terms “f-vector” and “h-polynomial”, which are related notions. 


8.3. Multigraded Betti numbers 


As we have seen in the previous section, Nakayama’s Lemma applies when 
the multigrading is positive. Consequently, as in Chapter 1, the notion of 
minimal generator extends to a notion of minimal graded free resolution, 
which is defined by the property that all of the differentials become zero 
when tensored with k = $/m, where m = (21,...,%m). Equivalently, min- 
imality means that the differentials can be represented by matrices whose 
nonzero entries are homogeneous of nonzero degree. Using the symmetry 
of Tor as in Section 1.5, we can count the number §;,4(/) of summands 
S(—a) in homological degree i of any minimal free resolution of M. 


Definition 8.22 Let M be a graded module over a positively multigraded 
polynomial ring. The i‘* multigraded Betti number of M in degree a is 
the vector space dimension (,a(M) = dim, Tor? (k, M)a. 


Betti numbers fail to be well-defined when the grading is not positive, 
because the notion of minimality for free resolutions breaks. Viewed an- 
other way, although Definition 8.22 makes sense for any graded module M@ 
because Tor’ (k, M) is graded, we can only expect (;,a(M) to be finite when 
M is finitely generated and the multigrading is positive, via Theorem 8.6. 

Analyzing the proof of Theorem 8.20 a little more closely, we can see 
how K-polynomials are built out of Betti numbers. 


Proposition 8.23 If M is a finitely generated positively multigraded mod- 
ule, then the K-polynomial records the alternating sum of its Betti numbers: 


K(M;t) = 5° (-1)'6ia(M)t°. 
acA 
i>0 
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Proof. Use the proof of Theorem 8.20 on a minimal free resolution of M: 
if the it” homological degree of this resolution is $(—b1) ® --- © S(—b,), 
then (8.2) contributes (—1)’ 044 Gi,a(M) t?/T]/_, (1 — t?*) to the Hilbert 
series of VM. 


Example 8.24 For any multigrading of S by A, the Hilbert series of the 
residue field k = S/(x1,...,%p) is just 1 € Z[[Q]][A]. This agrees with the 
calculation of its K-polynomial from the Koszul complex, which yields 


n 


K(S/(a1,...,;@n);t) = S- (a) Ales = [[a-+™), 


AC{1,...,n} i=l 
where we write t4 = [],-, t® for any subset A C {1,...,n}. © 


Some of the terms (or parts of terms) in the sum from Proposition 8.23 
may cancel, even though the Betti numbers come from a minimal resolution. 
This phenomenon did not occur in Example 8.24, but we have already seen 
it in Examples 1.14 and 1.25. 

Proposition 8.23 is often more useful as a means to bound Betti numbers 
than to compute K-polynomials, as the latter task is usually easier. Indeed, 
the calculation of K-polynomials can be reduced using Grébner bases to 
the N”-graded case from Part I, where we have more combinatorial tech- 
niques at our disposal, because Hilbert series (and hence K-polynomials) 
are unchanged by taking initial submodules of graded free modules. [Proof: 
The standard monomials (those outside the initial submodule) are a vector 
space basis modulo both the original module and its initial submodule.] 

Our purpose in the rest of this section is to show that Betti numbers can 
only increase under taking initial ideals. To prove this important statement 
in Theorem 8.29, we use a “lifting” construction, which turns the passage 
to an initial ideal or submodule into a continuous operation. Briefly, some 
power of a homogenizing parameter y is attached to each trailing term, and 
letting y approach zero yields the initial submodule, while setting y = 1 
recovers the original module. Geometrically, this procedure yields a family 
of modules over the affine line, called a Grobner degeneration, whose special 
fiber is the initial submodule. 

To give the details, suppose that F is a free module with basis e,,...,e,. 
A weight order on F is determined by a positive weight vector w € R&, and 
integer weights €1,...,€, on the basis vectors of F. Thus a weight order 
on F is a weight order on S together with basis weights c. The terminology 
in Section 7.4 extends easily. For example, the weight of a term cy,;x"e; 
is w-u-+e,, and if K is a submodule of F, then in,-(/) is its initial 
submodule with respect to w,€. 


Definition 8.25 (Homogenization) Fix a free module F = Bi=1 S-e; 
over a polynomial ring S multigraded by A, with each basis vector e; 
in degree b; € A, and fix a weight order (w,e) on F. Introduce a new 
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variable y, and let S[y] be multigraded by A x Z, with deg(x;) = (a;, wi) 
fori =1,...,n, and deg(y) = (0,1). The homogenization of F is 


Fly) = @D Sly] -é; with deg(@;) = (by, €,), 


so Fly] is a graded free S[y|-module. Given f = )> cy ;x"e,; € F, let &(f) = 
max{w-u+te; | Cu; # 0} be the weight of in,,-(f). The homogenization 


f 2 POY eu 2G He) 


is then a homogeneous element of Fly]. Finally, if K is a submodule of F, 
then its homogenization K C F[y] is generated by {f | f ¢ K}. 


The multigrading in Definition 8.25 need not be positive, but if it is, 
then so is the multigrading on S[y], by Theorem 8.6.6. For a concrete 
example of homogenization, including what is to come, see Exercise 8.3. 

Suppose now that we are given a term order on F (Section 2.2; or see 
[Eis95, Section 15.2], where this is called a “monomial order”) and a sub- 
module kK C F. In what follows, we shall use without further comment that 
there is a weight order on F under which the initial submodule in,,,-(K) 
equals the initial submodule in(K) for the given term order (see [Eis95, Ex- 
ercises 15.11—15.13] for methods and references). In particular, using weight 
orders as in the forthcoming statement suffices to treat all term orders. 


Proposition 8.26 If K is the homogenization of a submodule IX of a free 
module F with respect to a weight order (w,¢), then K/(y—1)K = K and 
K/yK & iny,-(K). Moreover, Fly|/K is free as a module over k{y]. 


Proof. The isomorphisms are immediate from Definition 8.25. For freeness, 
the proof of [Eis95, Theorem 15.17] works here mutatis mutandis. 


Proposition 8.26 says how to interpolate between a module and its initial 
module. The next two results develop a method to interpolate between free 
resolutions of these modules. 


Lemma 8.27 Let R be a ring and F. a free resolution of an Riy]-module M 
over Rly]. If y is a nonzerodivisor on M, then F./yF. is a free resolution 
of M/yM over R. The previous sentence also holds with y—1 in place of y. 


Proof. The homology of F./yF. is Tor?!!(R, M), which can also be calcu- 
lated by tensoring the R[y]-free resolution 


0+ Ry] @ Ry] — 0 


of R with M and taking the homology. The complex resulting after tensor- 
ing over R[y] with M is 0 — M — M <0, which has only the homology 
M/yM in homological degree zero, because y is a nonzerodivisor on M. 
The proof remains unchanged when y is replaced by y — 1 throughout. 
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Proposition 8.28 Adopt all of the notation from Definition 8.25, and fix 
an S[y|-free resolution F. of Fly|/K that is multigraded by A x Z. Then 


hk F./(y- 1)F. is an S-free resolution of F/K that is multigraded by A; 
2. F./yF. is an S-free resolution of F/inw,-(K) multigraded by A; and 
3. the numbers of degree a generators in each homological degree coincide. 


Proof. Both y and y — 1 are nonzerodivisors on F[y|/K by the free- 
ness in Proposition 8.26. Therefore, ignoring the grading for the moment, 
F./yF. and F./(y —1)F. are S-free resolutions of the desired modules by 
Lemma 8.27 with R = S. For statements 1 and 2, it remains only to check 
that the differentials of F./yF. and F./(y—1)F. are multigraded by A. 

The polynomial ring S[y] carries another multigrading, namely a multi- 
grading by A, by forgetting the Z-coordinate of A x Z. This multigrading 
of S[y| by A is never positive, but every S[y]-module graded by A x Z is 
nevertheless naturally graded by A as well. Now simply note that y and 
y — 1 are homogeneous for this multigrading by A on S/y]. 

For statement 3, consider for each homological degree i and degree a € A 
the direct sum F;. a of all summands of F; that are generated in degrees 
of the form (a,k) € A x Z. For both \ = 0 and » = 1, the specialization 
Fial(y —d)Fi,a at y = dis a graded free S-module generated in degree 
a € A, and in both cases its rank equals that of Fia: 


Theorem 8.29 (Upper-semicontinuity) Fiz a graded submodule K of a 
graded free module F over a positively multigraded polynomial ring. If in( I) 
is the initial submodule of K for some term order or weight order, then 


BialF/K) < Bia(F/in(K)) for allic Nandae A. 


Proof. Assume that the free resolution ¥, in Proposition 8.28 is minimal, 
which we can do because the multigrading on S[y] is positive. Since y lies 
in the graded maximal ideal of S[y], the free resolution F./yF. of F/in(K) 
in Proposition 8.28 is minimal. Hence the (equal) numbers in Proposi- 
tion 8.28.3, which can only exceed (;,a(F/K), are equal to B;,a(F/in(K)). 


Remark 8.30 Since the Betti numbers of F/in(/) can only jump up from 
those of F/K, the excess must cancel (one by one, say) in pairs from 
different homological degrees. However, a stronger statement is true as 
a consequence of the proof and the Z-graded analogue of Exercise 1.11: 
the jumping Betti numbers must cancel in consecutive pairs because they 
correspond to nonminimal summands in an honest free resolution of F/K. 


The projective dimension of a module M in Definition 5.52 is charac- 
terized by the vanishing of its Betti numbers past that homological degree, 
and M is Cohen—Macaulay if that homological degree is the codimension 
of M. Note that the (co)dimension of a positively multigraded module can 
be recovered from its Hilbert series, which is unchanged under taking initial 
submodules. Therefore Theorem 8.29 has the following consequence. 
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Corollary 8.31 If F/K is a quotient of a positively multigraded free mod- 
ule and in(I<) is the initial submodule of K for some term order on F, then 
the projective dimension of F/K satisfies pd(F/K) < pd(F/in(K)). In 
particular, F/K is Cohen—Macaulay if F/in(K) is Cohen—Macaulay. 


8.4 K-polynomials in nonpositive gradings 


Theorem 8.20 immediately fails for nonpositive multigradings: the dimen- 
sions dim,(M,) can be infinite by Theorem 8.6—even for finitely generated 
modules M. Nonetheless, there is a notion of K-polynomial that extends 
the positively multigraded concept of “Hilbert series numerator” to the non- 
positive case. The idea is to take our cue from the proof of Theorem 8.20 
and convert Proposition 8.23 into a definition. 


Definition 8.32 If F is a multigraded free module that is isomorphic to 
S(—b1)®---@S(—b,), define the Laurent polynomial [F], = tP1 +---+tP> 
in the group algebra Z/A]. If M is a finitely generated multigraded module 
with a finite resolution 7, — M by free modules of that form, then define 


to be the K-polynomial of M (relative to F.). 


If F is a free module, then the K-polynomial of F relative to its tau- 
tological (that is, length zero) free resolution is just K(F;t) = [F]_. For 
a less trivial example, the displayed equation in Example 8.24 calculates 
the K-polynomial of the residue field k relative to the Koszul complex, 
independently of whether or not the multigrading is positive. 


Example 8.33 Everything still works when A has (or is) torsion, say when 
A = Z/3Z and S = kia], with deg(a#) = 1 (mod 3). A quotient such as 
k[a]/(a* + 17x) has K-polynomial 1 —¢ € Z[t]/(t? — 1) = Z[Z/3Z], relative 
to the free resolution 0 — § <2 § (—1) —0, or your favorite other choice 
of free resolution. © 


Proposition 8.18 guarantees that any given module possesses a multi- 
graded free resolution F, from which to calculate a K-polynomial. When 
the multigrading is positive, we are justified in leaving F. out of the no- 
tation K(M;t) by Theorem 8.20 and Lemma 8.19. Although we are still 
justified in leaving out F. when the multigrading is nonpositive, meaning 
that K-polynomials do not depend on the resolutions used to calculate 
them, it is more difficult to prove without relying on Hilbert series. 


Theorem 8.34 If S is an arbitrary (perhaps not positively) multigraded 
polynomial ring and M is a finitely generated multigraded module, then the 
K-polynomials of M relative to any two finite free resolutions are equal. 
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Although we will use this theorem implicitly in what follows, we only 
sketch its proof, which consists more or less of routine homological algebra. 


Sketch of proof. Define a multigraded free resolution F. to dominate an- 
other such resolution F! if there is a surjection F, — F! of resolutions, 
in the sense that F; maps surjectively to F/ for all i, inducing an isomor- 
phism on M. The kernel of such a morphism must necessarily be a free 
resolution of the zero-module. Since a resolution of zero is split exact, its 
k-polynomial relative to any finite free resolution equals 0. Therefore the 
K-polynomials of F, and F! are equal if F, dominates F’. 

For the remainder of the proof, one shows that given two finite free 
multigraded resolutions F! and F”’ of M, there is a third resolution F, domi- 
nating both. One way to construct an F, is to pick a chain map a: F! — F”’ 
lifting the isomorphism M ™ M on cohomology, and then let F. be the 
mapping cocylinder of a. [Mapping cocylinder is the dual notion to mapping 
cylinder; in our case, F, can be alternately described as Hom(F*, S), where 
F’ is the usual mapping cylinder of a* : Hom(F”’, S) — Hom(F%, S).] 


The nontrivial issue in Theorem 8.34 is related to the fact that the 
failure of Nakayama’s Lemma for general multigradings causes the notion 
of minimal free resolution to break. 


Example 8.35 Take S = k[z,y] and set A = Z, with deg(x) = 1 and 
deg(y) = —1. If I = (ay — 1), which is homogeneous for this multigrading, 
then I can also be represented as the ideal (x?y? — xy, x7y? — 1). Neither 
generator can be omitted, even though we know that J is a principal ideal. 
Therefore it just makes no sense to say that the first multigraded Betti 
number of $/I is 1 or 2. Nevertheless, the two free resolutions 


ea 
[2-1] [ 2?y?-cy oy?—1| “Ly 
0-—S<—— S+0 and 0+ S+s S? « S-—0 


yield the same K-polynomial K(S/I;t) = 0. Note that multiplication by 
the degree zero element xy—1 induces a degree 0 multigraded isomorphism 
S — (xy —1), so K((ay — 1); t) = K(S;t) = 1 should be expected. © 


One of our reasons for developing the homogenization techniques in Sec- 
tion 8.3 is that they work even for nonpositive multigradings. In particular, 
we get that K-polynomials are still invariant under Grébner degeneration. 


Theorem 8.36 Fix a term order on a multigraded free module F. If k is 
a graded submodule of F then K(F/K;t) = K(F/in(K);t). 


Proof. Immediate from Proposition 8.28 and Theorem 8.34. 
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k-polynomials in nonpositive gradings still retain some of the enumer- 
ative data that they express via Hilbert series in Theorem 8.20 for positive 
gradings. The way out of the obvious problem that arbitrary modules— 
even finitely generated ones—need not have Hilbert series is to define our- 
selves out, by restricting our attention to modules that do have Hilbert 
series. Such modules arise in a number of applications, notably to homo- 
geneous coordinate rings of toric varieties. 


Definition 8.37 Let S = k[x] be a polynomial ring multigraded by A. A 
multigraded module M is modest if dim,(Ma) is finite for all a € A. 


Although the grading group A can have torsion, the notation Z|[A]] still 
makes sense for the additive group of functions A — Z, which we still call 
Laurent series. Modest modules are precisely those graded modules M that 
have well-defined Hilbert series, which we again denote by H(M;t) € Z[[Al]]. 


Example 8.38 Let I = (ry,yz) = (y) 9 (a, z), and consider the module 
M =Kk[z, y, z|/I, with the multigrading as in Example 8.2. This module is 
modest, and the Hilbert function Z @ Z/2Z — N of M can be represented 
as a 2 x oo array of integers. In degrees ranging from (—4,0) in the lower 
left to (4,1) in the upper right, the Hilbert function is 


O;O;1;/0);0];1)1]2)2 
1)/O0;O;O0/;/1]1)2])27]3 


The Hilbert series of M lies in the group Z[[Z6Z/2Z]] = Z[[s, s~+, t]]/(t?-1) 
of Laurent series supported on A. The subgroups Z[[s~1]][t]/(t? — 1) and 
Z\[s]][t]/(t? —1) are rings in which all elements with constant coefficients +1 
are units. The Hilbert series of M can therefore be expressed as the sum 
st < 1 

1—s-*t (1—st)(1—s)’ 

where the two ratios—which are viewed as lying in the two subgroups 
above—sum the positive powers of y and the monomials in k[z, 2]. © 


H(M;s,t) = 


The Laurent series Z[[A]] naturally constitute a module over the group 
algebra Z[A], whose elements we still call Laurent polynomials. To see 
the module structure, observe that for a Laurent series p(t) € Z[[A]] and a 
Laurent polynomial f(t) € Z[A], the coefficient of t® in p(t) f(t) depends on 
only finitely many coefficients of p and f. The Laurent series module Z|[Al] 
contains the group algebra Z[A] as a submodule. This observation allows 
us to reexamine the concept of “rational function” . 


Definition 8.39 A Laurent series p(t) € Z|[A]] is summable if there is a 
Laurent polynomial f(t) € Z[A] whose product with p lies in Z[A]. In this 
case, f(t)p(t) = K(t) is called the sum of p with respect to f, and we write 
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The ratio K(t)/f(t) is formal and should not be viewed as lying in an 
ambient structure; indeed, no single ring could contain all such ratios, as 
f(t) might be a zerodivisor in Z[A]. The congruence symbol “=” rather 
than simple equality “=” is meant to indicate that distinct summable Lau- 
rent series can sum to the same Laurent polynomial. Thus p is congruent 
to its sum modulo the series that sum to zero with respect to f. Such zero- 
sums can even occur when A has no torsion; for example, the Laurent series 
eacze t® sums to zero with respect to (1—t,)---(1—tg). In what follows, 
we will be particularly interested in the case where f(t) = []j_,(1—t*). 


Lemma 8.40 Let S/I be a modest monomial quotient. Then 


KR(S/I;t 
Hie = 
Lea — +9) 
Proof. Let us use variables s = s1,..., 8, to write monomials in the additive 


group Z|[Z"]], to contrast with the formal variable t for Z[[A]]. Call a series 
p(s) in Z[[Z”"]] modest if for each a € A, only finitely many monomials s" 
satisfying deg(u) = a have nonzero coefficient in p. Denote the set of mod- 
est Laurent series in Z[[Z"]] by Z[[Z"]]4. Modest monomial quotients $/I 
are precisely those having modest Z"-graded Hilbert series H(S/I;s). 

The modest formal series Z[[Z”]] 4 C Z|[Z"]] clearly form a group under 
addition and are closed under multiplication by arbitrary Laurent monomi- 
als s" € Z[Z"], which act as shift operators. Therefore, the modest series 
Z|[Z"]|4 C Zl{[Z”"]] form a Z[Z”"]-submodule. On the other hand, the for- 
mal series Z|[A]] also constitute a module over Z[Z"], with the monomial 
s" € Z|[Z”] acting as multiplication by t*°?™). The specialization map 


ZZ"\]a > ZIAl] (8.3) 


sending s" to t*¢8™) defines a homomorphism of Z[Z"]-modules. 

Suppose that p(s) € Z|[Z"]|4 is summable with respect to f(s). Then 
its image p(t) in Z[[A]] is summable with respect to the image f(t) of f 
in Z[A], and its sum f(s)p(s) € Z[Z"] maps to the sum f(t)p(t) € Z[A 
of the series p(t), because (8.3) is a homomorphism of Z[Z”"]-modules. On 
the other hand, the Z"-graded K-polynomial of S/I maps by definition to 
the A-graded K-polynomial of S/I under the specialization Z[Z"] — Z[A 
induced by (8.3). Now apply Theorem 8.20 to the grading by Z”, which is 
positive, and use (8.3) to specialize the result to the A-grading. 


Theorem 8.41 If M is finitely generated and modest, then 
K(M;t) 
aa): 


Proof. Express M as a quotient F/N of a multigraded free module. The 
Hilbert series of the modest quotient F/N equals that of F/in(N) under 


H(M;t) = 
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any term order, because the standard monomials for the initial submodule 
in(N) form a vector space basis for both F/N and F/in(N). Since F/in(NV) 
is a direct sum of multigraded translates of monomial quotients of S, and K- 
polynomials as well as Hilbert series are additive on direct sums, it suffices 
by Lemma 8.40 to know that K-polynomials are preserved under passing 
to quotients by initial submodules. This last bit is Theorem 8.36. 


Example 8.42 Putting the Hilbert series in Example 8.38 over a com- 
mon denominator yields the Z 6 Z/2Z-graded K-polynomial of M, namely 
K(M;s,t) =s~7t(1—st)(l1—s)+1-—s7t=1-—stt-s'?+#. © 


Two open problems concerning Hilbert series and K-polynomials are 


(i) how to represent the kernel of the homomorphism of abelian groups 
{Hilbert series of modest modules} — {K-polynomials}; and 
(ii) how to write down Hilbert series for immodest modules. 


The map {Hilbert series} — {AK-polynomials} in (i) is never injective when 
the grading is nonpositive: there can be many modest modules, with very 
different-looking Hilbert series, that nonetheless have equal K-polynomials. 
Such ambiguity does not occur in the positively graded case by Theo- 
rem 8.20, because the rational functions that represent positively graded 
Hilbert series lie in an ambient power series ring that is an integral domain. 


8.5 Multidegrees 


We saw in Part I that free resolutions in the finest possible multigrading 
are essentially combinatorial in nature. For coarser gradings, in contrast, 
combinatorial data can usually be extracted only after a certain amount 
of condensation. Although K-polynomials can sometimes suffice for this 
purpose, even they might end up carrying an overload of information. In 
such cases we prefer a multigraded generalization of the degree of a Z- 
graded ideal. The characterizing properties of these multidegrees give them 
enormous potential to encapsulate finely textured combinatorics, as we will 
see in the cases of Schubert and quiver polynomials in Chapters 15-17. 

The ordinary Z-graded degree of a module is usually defined via the 
leading coefficient of its Hilbert polynomial (see Exercise 8.14). However, 
as Hilbert polynomials do not directly extend to multigraded situations, we 
must instead rely on a different characterization. In the next definition, the 
symbol mult,(1Z) denotes the multiplicity of a module M at the prime p, 
which by definition equals the length of the largest finite-length submodule 
in the localization of M at p [Eis95, Section 3.6]. 


Definition 8.43 Let S be a polynomial ring multigraded by a subgroup 
A C Z? (so in particular, A is torsion-free). Let C : M ++ C(M;t) be a 
function from finitely generated graded S-modules to Z[t,,..., tal. 
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1. The function C is additive if for all modules M, 
C(M;t) = 5 ~multy,(M) -C(S/pa;t), 
k=1 


where p1,...,), are the maximal dimensional associated primes of M. 
2. The function C is degenerative if whenever M = F/K is a graded 
free presentation and in(M) := F/in( 4) for some term or weight order, 


C(M;t) = C(in(M);t). 


The definition of additivity implicitly uses the fact (Proposition 8.11) 
that pi,...,p, are themselves multigraded, given that M is. This subtlety 
is why we restrict to torsion-free gradings when dealing with multidegrees. 

Readers who have previously seen the notion of Z-graded degree will 
recognize it as being both additive and degenerative. The main goal of this 
section is to produce a multigraded analogue of degree that also satisfies 
these properties. The very fact that Z-graded degrees already satisfy them 
means that we will need extra information to distinguish multidegrees from 
the usual Z-graded degree. To that end, we have the following uniqueness 
statement, our main result of the section. 


Theorem 8.44 Exactly one additive degenerative function C satisfies 
C(S/(i,,---5%i,);t) = (ai, t)--+ (ai,, t) 
for all prime monomial ideals (x;,,...,%i,.), where (a,t) = ayty+--+-+aata. 


Proof. If M is a finitely generated graded module, then let M = F/K be 
a graded presentation, and pick a term order on F. Set M’ = F/in(K), 
so C(M;t) =C(M’;t) because C is degenerative. Note that M’ is a direct 
sum of A-graded translates of monomial quotients of S. Since all of the 
associated primes of M’ are therefore monomial primes, the values of C 
on the prime monomial quotients of S determine C(M’;t) by additivity. 
This proves uniqueness. Existence will follow from Corollary 8.47, Propo- 
sition 8.49, and Theorem 8.53. 


From the perspective of uniqueness, we could as well have put any func- 
tion of t on the right-hand side of Theorem 8.44. However, it takes very 
special such right-hand sides to guarantee that a function C actually exists. 
Indeed, C is severely overdetermined, because most submodules K C F 
have many distinct initial submodules in(A’), as the term order varies. This 
brings us to our main definition: to prove the existence of a function C satis- 
fying Theorem 8.44, we shall explicitly construct one from K-polynomials. 

We work exclusively with torsion-free gradings, and therefore we as- 
sume A C Z?. The symbol t® thus stands for an honest Laurent monomial 
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ti! ---t%4, allowing us to substitute 1—¢, for every occurrence of t;. Doing 
so yields a rational function (1—t,)"! ---(1—ta)*¢, which can be expanded 
(even if some of the a; are less than zero) as a well-defined power series 


g a;(a; — 1) 
TJa-)" = [[@-ats+ Sap ye) 
j=l j=l 


in Z|[t,,...,ta]]. Doing the same for each monomial in an arbitrary Laurent 
polynomial /(t) results in a power series K[[1—t]]. If k(t) is a polynomial, 
so a € N¢ whenever t® appears in K(t), then K[[1 — t]] is a polynomial. 


Definition 8.45 The multidegree of a Z‘-graded S-module M is the 
sum C(M;t) € Z[ti,...,ta] of all terms in K[[M; 1 -t]] having total degree 
codim(M) = n— dim(M). When M = S/T is the coordinate ring of a 
subvariety X Ck”, we may also write [X]4 or C(X;t) to mean C(M;t). 
Example 8.46 Let S = ka, b,c,d| be multigraded by Z?, with 

deg(a) = (2,—1), deg(b) = (1,0), deg(c) = (0,1), and deg(d) = (—1,2). 


If M is the module $/(b?, be, c?), then 


K(M; t) = y= tdes(b”) = £cdes(be) = tdes(c?) Jy tdea(b?e) “Ae tdes(be?) 
= 1l- tf - tt, - 8% + tht. + 6 
because of the Scarf resolution. Gathering —t? + t?tz = —t?(1—t2), we get 
K[[M;1-—t]]) = 1-(1-%)?t-—t(1-—t)? -(1-—th)(1—t) 
= 3tite — tet, — tit, 
so 
C(M; t) = 3ty te 
is the sum of degree 2 = codim(M) terms in K[[M;1 — tl]. © 


Immediately from Definition 8.45 and the invariance of K-polynomials 
under Grobner degeneration in Theorem 8.36, we get the analogous invari- 
ance of multidegrees under Grobner degeneration. 


Corollary 8.47 The multidegree function M +> C(M;t) is degenerative. 


Next let us verify that the multidegrees of quotients by monomial primes 
satisfy the formula in Theorem 8.44. For this we need a lemma. 


Lemma 8.48 Let b € Z7. If K(t) =1-th =1-t7).--t5*, then substitut- 
ing 1—t,; for each occurrence of t; yields K |{1—t]] = bjt1+---+bata+O(t?), 
where O(t?) denotes a sum of terms each of which has total degree at least 2. 
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Proof. K([1-t]]) = 1-[T,Q-t)% = 1-14, (1 = bjty + o(t)), 
and this equals 1 — (1 - 5-1 (bjt) + o(t?)) = (a bjt) + O(t?). 


The linear form bt, +---+bgtq in Lemma 8.48 can also be expressed as 
the inner product (b,t) of the vector b with the vector t = (t1,...,ta). It 
can be useful to think of this as the logarithm of the Laurent monomial t?. 


Proposition 8.49 K-polynomials of prime monomial quotients satisfy 


Tr 


K[S[i,---52%,)1-t] = (T] (at) +00"), 


f=1 


where O(t"t') is a sum of forms each of which has total degree at least 
r+1. In particular, the multidegree of a prime monomial quotient of S' is 


C(S/(ai,,---,@i,.);t) = (a;,,t)--+ (aj,,t). 


Proof. Using the Koszul complex, the K-polynomial of the quotient module 
M =S/(ai,,---,%i,) is computed to be K(M;t) = (1 — t81)---(1— tr). 
Now apply Lemma 8.48 to each of the r factors in this product. 


Example 8.50 Consider the ring S = k[a, b,c, d] multigraded by Z? with 
deg(a) = (3,0), deg(b) = (2,1), deg(c) = (1,2), and deg(d) = (0,3). 


Then, using variables s = s1, 52, we have multidegrees 


C(S/(a,b),s) = (381)(281+ 82) = 6s? +35150, 
C(S/(a, d),s) => (381) (382) = 95182, 
C(S/(c,d),s) = (81 +2s2)(3s2) = 38182 + 683. 


Note that these multidegrees all lie inside the ring 
Z[381, $1 + 289,281 + 82,389] —_ Z|s1 + 282,281 + 89] 


and not just Z[s1, 82], since the group A is the proper subgroup of Zs1@Zs 
generated by s1+2s and 2s;+s 2. Nonetheless, the definition of multidegree 
via K[[M;1 — s]] still works verbatim. © 


Remark 8.51 Warning: Proposition 8.49 does not state that the product 
(a;,,t)--- (a;,,t) is nonzero. Indeed, it can very easily be zero, if a;, = 0 for 
some . However, this is the only way to get zero, as the product of linear 
forms takes place in a polynomial ring over Z, which has no zerodivisors. 


Proposition 8.49 implies that multidegrees of quotients of S by mono- 
mial prime ideals are insensitive to multigraded translation. 


8.5. MULTIDEGREES 169 


Corollary 8.52 If M = S/(a,,...,%:,) then C(M(—b);t) =C(M;t). 


Proof. Shifting by b multiplies the K-polynomial by t®, so K(M(—b);t) = 
t®K(M;t). The degree r form in K[[M(—b);1 — t]] is the product of the 
lowest degree forms in K[[M;1-—t]] and (1—t)?, the latter of which is 1. 


In view of Corollary 8.47 and Proposition 8.49, our final result of the 
chapter completes the characterization of multidegrees in Theorem 8.44. 


Theorem 8.53 The multidegree function C : M+> C(M;t) is additive. 


Proof. Let M = M; D My_1 D--- D My D Mo = 0 be a filtration of M 
in which M;/M;_-1 = (S/p;)(—b,;) for multigraded primes p,; and vectors 
b; € A. Such a filtration exists because we can choose a homogeneous 
associated prime py = ann(mj,) by Proposition 8.11, set My; = (mi) = 
(S/p1)(— deg(m1)), and then continue by Noetherian induction on M/Mj. 

The quotients S/p, all have dimension at most dim(/), and if S/p has 
dimension exactly dim(W), then p = p, for exactly mult,(/) values of j 
(localize the filtration at p to see this). Also, additivity of K-polynomials 
on short exact sequences implies that KC(M;t) = sa K(M;/M;-1;t). 

Assume for the moment that M is a direct sum of multigraded trans- 
lates of quotients of S by monomial ideals. Then all the primes p,; are 
monomial primes. Therefore the only power series KC[[M;/M,;-1;1 — t]] 
contributing terms of degree codim(M) to K[[M;1-—t]] are those for which 
M,/M;-1 = (S/p;)(—b;) has maximal dimension, by Proposition 8.49 and 
Corollary 8.52. Thus the theorem holds for such M. 

Before continuing with the case of general modules M, let us generalize 
Proposition 8.49, and hence Corollary 8.52, to arbitrary modules. 


Claim 8.54 If M has codimension r, then K[[M;1 — t]] = C(M;t) + 
O(t"*'). In particular, C(M(—b);t) = C(M;t) for arbitrary modules M. 


Proof. We have just finished showing that the first statement holds for 
direct sums of multigraded shifts of monomial quotients of S. By Corol- 
lary 8.47, every module M & F/K of codimension r has the same multide- 
gree as such a direct sum, namely F/in(i.), whose codimension is also r. 
The second statement follows as in the proof of Corollary 8.52. 


Now the argument before Claim 8.54 works for arbitrary modules M and 
primes p;, using the Claim in place of Proposition 8.49 and Corollary 8.52. 


Example 8.55 Let S = k[a,b,c,d] and let I = (b? — ac, be — ad, c? — bd) 
be the twisted cubic ideal. Then I has initial ideal in(I) = (b?, be, c?) under 
the reverse lexicographic term order with a > b > c > d. Since in(J) is 
supported on (b,c) with multiplicity 3, the multidegree of S/I under the 
Z?-grading from Example 8.46 is C(S/I;t,t2) = 3(deg(b), t) (deg(c),t) = 
3tyt2. This agrees with the multidegree in Example 8.46, as it should by 
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Theorem 8.53. It also equals the multidegree C(S/I; t) of the twisted cubic, 
by Corollary 8.47. 

On the other hand, the twisted cubic ideal J has initial ideal in(J) = 
(ac, ad, bd) = (a,b) N (a, d) MN (c,d) under the lexicographic term order with 
a>b>c>d. Using the multigrading and notation from Example 8.50, 
additivity in Theorem 8.53 implies that 


C(S/(ac, ad, bd);s) = C(S/(a,b);s) +C(S/(a,d);s) + C(S/(c, d);s) 


= 6s? + 158,89 + 6s3. 


We conclude by Corollary 8.47 that C($/I;s) = 6s? + 158182 + 683. This 
multidegree also equals 3(deg(b), s) (deg(c),s) = 3(s1 + 282)(281 + 2). © 


Exercises 


8.1 Prove that Sg is generated as a module over So by any set of monomials that 
generates the ideal (S,) inside of S. 


8.2 Let Q be a pointed affine semigroup in A ~ Z?, and let A’ C A be the 
subgroup generated by Q. Write Z[[Q]][A] = Z[[Q]] ®zjq] Z[A]. Note that when 
A’ = A, the ring Z[[Q]][A] equals the localization Z[[Q]][t~™,...,t~?”]. 


(a) Show that if A’ = A, every element in Z[[Q]][A] can be represented uniquely 
by a series }°,.- 4 Cat® supported on a union of finitely many translates of Q. 

(b) In the situation of part (a), prove that every series supported on a union of 
finitely many translates of Q lies in Z[|[Q]][A]. 

(c) Use Exercise 7.10 to verify parts (a) and (b) when A’ does not equal A. 


8.3 Consider the twisted cubic ideal J in Example 8.55, and let w = (0, 1,3, 2). 


(a) Prove that the homogenization of J with respect to the weight vector w is 
the ideal [ = (ac — b?y, be — ady”, c? — bdy?, b? — a?dy) in S{y]. 

(b) Compute a minimal free resolution of [ graded by Z? x Z, where the multi- 
grading of k[a, b,c, d] by Z” is as in either Example 8.46 or Example 8.50. 

(c) Verify Proposition 8.28, Theorem 8.29, and Corollary 8.31 in this case by 
plugging y = 0 and y = 1 into matrices for the maps in the resolution 
from (b) and exhibiting the consecutive pairs as described in Remark 8.30. 


8.4 Express Exercise 8.3(a) as an instance of Exercise 7.18. More generally, 
express Exercise 7.18 as an instance of Proposition 8.26. 


8.5 Let S =k[x] for x = {a,,; | i,j =1,...,4}. With |-| = det(-), set 


11 %13 %14| |L12 113 14 
11 12) |L11 Liz} |21 G22 

I= : : ,|€21 £23 Lal, |X22 L23 Loa 
21 %22) |%31 %32 X31 X32 

31 ©33 %34| |%32 133 V34 


Compute the K-polynomials and multidegrees of the quotient S/J in the multi- 
gradings by Z* in which (i) deg(xi;) = ti and (ii) deg(xi;) = s;. 


8.6 Make arbitrarily long lists of polynomials generating the ideal (xy —1) C 
k[a, y], none of which can be left off. (Example 8.35 has lists of length 1 and 2.) 
Confirm that the corresponding free resolutions all give the same K-polynomial. 
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8.7 Write down formulas for the K-polynomial and multidegree of the quotient 
of S by an irreducible monomial ideal (i.e. generated by powers of variables). 


8.8 Show that arbitrary multidegrees are nonnegative, in the following sense: 
the multidegree of any module of dimension n — r over S is a nonnegative sum of 


“squarefree” homogeneous forms (a;, ,t) --- (ai,.,t) of degree r with i) <--+ < ip. 
8.9 If the linear forms (ai,t),..., (an, t) are nonzero and generate a pointed affine 
semigroup in Z%, deduce that no product (a;,,t)---(a;,,t) for i: < ++: < 4, is 


zero and that all of these forms together generate a pointed semigroup in Z®, 
where R= (eee) is the number of monomials of degree r in n variables. 


8.10 Prove that the positivity in Exercise 8.8 holds for positive multigradings in 
the stronger sense that any nonempty nonnegative sum of forms (a;,, t) --- (ai,., t) 
is nonzero. Conclude that C(M;t) 4 0 if M £4 0 is positively graded. 


8.11 Let M and M’ be two Z”-graded S-modules. Give examples demonstrating 
that the product of the multidegrees of M and M’ need not be expressible as 
the multidegree of a Z"-graded module. Can you find sufficient conditions on M 
and M’ to guarantee that C(M;t)C(M’;t) =C(M @s M’;t)? 


8.12 Let M be a multigraded module and z € S a homogeneous nonzerodivisor 
on M of degree b. Prove that 


(a) K(M/zM;t) = (1—+t”)K(M;t), and 
(b) C(M/zM;t) = (b,t)C(M;t). 


8.13 Let I C S be multidgraded for a positive Z‘-grading. Suppose that J is 
a Z*-graded radical ideal contained inside I and that J is equidimensional (also 
known as pure: all of its associated primes have the same dimension). If S/I and 
S/J have equal multidegrees, deduce that I = J. Hint: Use Exercise 8.10. 


8.14 Let S be Z-graded in the standard way, with deg(x;) = 1 fori = 1,...,n. 
The usual Z-graded degree e(M) of a graded module M is usually defined as 
(r —1)! times the leading coefficient of the Hilbert polynomial of M, where 
r = dim(M). Prove that the multidegree of M is e(M)t"~". 


8.15 Suppose S$ is multigraded by A, with deg(x;) = a; € A, and suppose A — A’ 
is a homomorphism of abelian groups sending a; to a, € A’. Prove the following: 


(a) The homomorphism A — A’ induces a new multigrading deg’ on S, in which 
deg’ (x;) = al. 

(b) If a module M is multigraded by A, then M is also multigraded by A’. 

(c) IfK(M;t) and K(M;s) are the K-polynomials of M under the multigradings 
by A and A’, then K(M;t) maps to K(M;s) under the homomorphism 
Z[A] — Z[A’] of group algebras. In particular, this sends t™ to s™, 

(d) If C(M;t) and C(M;s) are the multidegrees of M under the multigrad- 
ings by A and A’, then C(M;t) maps to C(M;s) under the homomorphism 
Z|t] — Z[s] of polynomial rings, which sends (a;,t) to (aj,s). 


8.16 Verify functoriality of kK-polynomials and multidegrees for the twisted cubic 
k[a, b, c, d]/(b? — ac, ad—be, c? — bd) under the two multigradings in Examples 8.46, 
8.50, and 8.55. The morphism of gradings sends t; + 281 — s2 and t2 + 282-1. 
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8.17 Prove that an ideal J inside an a priori ungraded polynomial ring k[x] is 
homogeneous for a weight vector w € Z” if and only if some (and hence every) 
reduced Grdbner basis for J is homogeneous for w. Conclude that there is a 
unique finest J-universal grading on k[x] in which the ideal J is homogeneous. 


8.18 For any polynomial g € k[x], let log(g) be the set of exponent vectors on 
monomials having nonzero coefficient in g. Suppose that G is the reduced Grébner 
basis of I for some term order. If L is the sublattice of Z” generated by the sets 
log(g)—log(in(g)) for g € G, show that the Z"/L-grading on k[x] is universal for I. 


8.19 Prove that if ZL C Z” is a sublattice, then the universal grading for the 
lattice ideal Iz is the multigrading by Z”/L. 


8.20 Define the universal K-polynomial and universal multidegree of the 
quotient k[x]/I to be its K-polynomial and multidegree in the J-universal grading. 
Compute the universal K-polynomial and multidegree of S/J from Exercise 8.5. 


Notes 


Geometrically, a multigrading on a polynomial ring comes from the action of an 
algebraic torus times a finite abelian group. The importance of this point of 
view has surged in recent years due to its connections with toric varieties (see 
Chapter 10). Multigraded k[a1,...,2n]+modules correspond to torus-equivariant 
sheaves on the vector space k”. The K-polynomial of a module is precisely the 
class represented by the corresponding sheaf in the equivariant K-theory of k”; 
this is the content of Theorem 8.34. The degenerative property of K-polynomials 
in Theorem 8.36 is an instance of the constancy of K-theory classes in flat families. 
See [BG05] for more on K-theory in the toric context. 

The increase of Betti numbers in Theorem 8.29 can be interpreted in terms of 
associated graded modules for filtrations [Vas98, Section B.2], or as an instance of 
a more general upper-semicontinuity for flat families [Har77, Theorem III.12.8]. 

The notion of multidegree, essentially in the form of Definition 8.45, seems 
to be due to Borho and Brylinski [BB82, BB85] as well as to Joseph [Jos84]. 
The equivariant multiplicities used by Rossmann [Ros89] in complex-analytic 
contexts are equivalent. Multidegrees are called T-equivariant Hilbert polyno- 
mials in [CG97, Section 6.6], where they are proved to be additive as well as 
homogeneous of degree equal to the codimension (the name is confusing when 
compared with usual Hilbert polynomials). Elementary proofs of these facts ap- 
pear also in [BB82]. Multidegrees are algebraic reformulations of the geometric 
torus-equivariant Chow classes (or equivariant cohomology classes when k = C) 
of varieties in k” [Tot99, EG98]; this is proved in [KMS04, Proposition 1.19]. 
The transition from K-polynomials to multidegrees is a manifestation of the 
Grothendieck—Riemann—Roch Theorem. 

Exercises 8.8-8.10 come from [KnM04b, Section 1.7], where the positively mul- 
tigraded case of the characterization in Theorem 8.44 (that is, including the de- 
generative property) was noted. Exercise 8.13 appears in [Mar03, Section 12] and 
[KnM04b, Lemma 1.7.5]. The t-multidegree in Exercise 8.5 is a Schur function, 
since J is a Grassmannian Schubert determinantal ideal (Exercises 15.2 and 16.9). 


Chapter 9 


Syzygies of lattice ideals 


The Hilbert series of a pointed affine semigroup Q = N{aj,...,an} inside 
the group A = Z4 is defined as the formal sum of all monomials t? = 
ie tee ee where b runs over the vectors in Q. The Hilbert series of Q is a 
rational generating function of the form 


K (t1,..-,ta) 
2 = fa) (9.1) 


where Kg(ti,...,ta) is a polynomial with integer coefficients. In fact, writ- 
ing k[Q] as the quotient S/I; of a polynomial ring S = k[21,...,%,] multi- 
graded by A, the polynomial Kg is the K-polynomial of S/T. 

We have seen in Proposition 8.23 that Kg records the alternating sum 
of the multigraded Betti numbers of S/I;, occurring in a free resolution 
over S. In this chapter we study the minimal free resolution of the lattice 
ideal I; and resulting formulas for the polynomial Kg. Our main goal is 
to give a geometric construction for the generators and all higher syzygies 
of Iz. Generalizing our results for monomial ideals in Part I of this book, 
we introduce the Scarf complex and the hull complex of a lattice ideal, and 
we interpret Kg as the graded Euler characteristic of the hull complex. 


9.1 Betti numbers 


Throughout this chapter we fix a pointed affine semigroup Q generating 
the group A = Z7, and we assume that a,,...,a, are the unique minimal 
generators of Q. The polynomial ring S = k[a1,...,2,] is multigraded by A 
via deg(x;) = a;, and this grading of S is positive by Theorem 8.6.6. Hence 
every finitely generated graded S-module has a minimal generating set and 
a minimal free resolution. In addition, its Hilbert function is faithfully 
represented by either its Hilbert series or its K-polynomial (Theorem 8.20). 
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Recall that the A-graded translate S(—b) is the free S-module with 
one generator in degree b € Q. Equivalently, S(—b) is isomorphic to the 
principal ideal (x“), where x" is any monomial of degree b. With this 
notation, the minimal free resolution of Jz, as an S-module looks like 


OI, « PB S(—b) 9» « DB S(—b)8e Ho ab S(—b)o» — 0. 


bEQ beQ beQ 


Here, r < n—1 because $/I; has projective dimension at most n and all 
the Betti numbers (; , are simultaneously minimized. The latter condition 
is equivalent to requiring that no nonzero scalars appear in the matrices 
representing the differentials. (Monomial matrix notation does not lend 
enough advantage for gradings as coarse as the A-grading on S to warrant 
its use in this context.) The Betti number (;,b = (G;,p(Iz) is the number of 
minimal i‘ syzygies of the lattice ideal I, in degree b. In particular, the 
number of minimal generators of J;, in degree b equals {,p. 


Example 9.1 (Syzygies of the twisted cubic curve) If Q is the subsemi- 
group of Z? generated by {(1,0), (1,1), (1,2), (1,3)}, then 


k[Q] = kls,st,st?,st?] = kla,b,c,d|/Ir 


is the coordinate ring of the twisted cubic curve in projective 3-space. The 
ideal I; has three minimal generators and two minimal first syzygies, mak- 
ing five nonzero Betti numbers: Bo, (2,2) = Bo,(2,3) = Bo,(2,4) = B1,(3,4) = 
81,(3,5) = 1. In multigraded notation, the minimal free resolution is 


S(—(2, 2)) 
® S(—(3, 4) 
0 « Ip « S(—(2,3)) « < 0. 
® S(—(3, 5)) 
S(—(2, 4)) 
a b 
The differential S$? — S? is given by the matrix | b c |, whose 2 x 2 mi- 
cd 


nors minimally generate J,, as in Example 8.55. Students of commutative 
algebra will recognize this as an instance of the Hilbert-Burch Theorem for 
Cohen—Macaulay rings of codimension 2. From the resolution (and using 
different notation for monomials in Z[[Q]] than in Example 8.55), we get 


Kg = 1- Se SP HS Eee ter, 
so 
Ka(s,t) _ 1+ st+ st? 
(1 — s)(1 — st)(1 — st?)(1— st?) == = (1—)(1—st3) 


is the Hilbert series of the semigroup Q. © 
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We will express the Betti numbers (; in terms of a certain simplicial 
complex on the vertex set {1,...,n}. For any degree b € Q define 


Ke {1¢ {1,...,n}] b— >a; lies in Q}. 


ier 


A subset I of {1,...,n} lies in Ap if and only if J C supp(x") for some 
monomial x" of degree uja; + ugag +--+ + Una = b. In other words, Ap 
is the simplicial complex generated by the collection {supp(x") | x" € Sp} 
of subsets of {1,...,n}. Note that the vector space Sp, spanned by all 
monomials x" of degree b has finite dimension by Theorem 8.6. 


Theorem 9.2 The Betti number 3; of Ir, equals the dimension over k 
of the j*” reduced homology group H;(Ap;k). 


Proof. The proof has the same structure as many of the proofs in Part I: find 
a multigraded complex of free S-modules with the appropriate homology, 
and identify the graded pieces of this complex as the desired reduced chain 
complexes. As in Lemma 1.32, the desired Betti number can be expressed 
as Bj» = dim, Tor," (k, k[Q])p, where the field k is given the structure of 
an S-module via k = S/m for the maximal ideal m = (a1,...,%n). This 
allows us to compute 8; by tensoring the Koszul complex K. with k[Q] 
and then taking the j*® homology module of the resulting complex. Note 
that K. is graded by Q, with the summand $(—c) for the face o generated 
in degree ))5<, ai- 

The tensor product k[Q] @g K. is obtained from K. simply by replacing 
S(—o) with k[Q](— >0,<, ai). The summands of this complex contributing 
to its component in degree b are precisely those summands k[Q](— 7 ,<, ai) 
such that b—}7,., a; lies in Q. Moreover, each such summand contributes 
the 1-dimensional vector space k{tb~2 seo}. Hence, just as in the proof 
of Proposition 1.28, we conclude that (k[Q] ®s K.)p is the reduced chain 
complex of Aj, but with the empty face @ in homological degree 0 instead 
of —1. It follows that its (j + 1)** homology is H;(Ap;k), as desired. 


Corollary 9.3 The lattice ideal Ir has a minimal generator in degree b if 
and only if the simplicial complex Ay is disconnected. 


As an application of Theorem 9.2, we give a bound on the projective di- 
mension of J;—that is, on the length of its minimal resolution. Recall that 
this is the largest integer r satisfying 3,., 4 0 for some b € Q. When n > d, 
the following is better than the Hilbert Syzygy Theorem bound r < n— 1. 


Corollary 9.4 The projective dimension of Iy, is at most 2°~4¢ — 2. 


Proof. Let F,, F2,...,F, denote the distinct facets (maximal faces) of Ap. 
There exist monomials x"!,x'?,...,x"s of degree b such that supp(u;) = 


176 CHAPTER 9. SYZYGIES OF LATTICE IDEALS 


F, for i= 1,...,s. We claim that s < 2”~4. Otherwise, there exist two 
vectors u; and u,; such that modg(u;) = mode(u,;) in (Z/2Z)”, where 
modg(_) denotes the operation of taking all coordinates modulo 2. The 
midpoint $(u;+ uy) is a nonnegative vector in N” of degree b. Its support 
supp(3$(uj+u,;)) = F;UF; is a face of Ap, and it properly contains both F; 
and F;. This is a contradiction to our choice that F; and Fj are facets. It 
has been shown that Aj has at most 2”~¢ facets. Computing the homology 
of Ay by the nerve of the cover by its facets (as we did in Theorem 5.37), we 
see that the homology of Ay vanishes in dimension 2"~¢ — 1 and higher. 


It can be shown that the upper bound in Corollary 9.4 is tight: for every 
m > 1 there exists a lattice L of rank m in Z2” such that the projective 
dimension of Iz, equals 2”’—2. We demonstrate the construction for m = 3. 


Example 9.5 Choose the lattice L in Z® with basis given by the rows of 


This matrix has the properties that all eight sign patterns appear among its 
columns and its maximal minors are relatively prime. The latter condition 
ensures that Q = N8/Z is an affine semigroup. The ideal J; has 13 minimal 
generators, and its minimal free resolution looks like 


0+ I, ¢ Gi ag = 98% G08 a 928 gs 8 et eG, 


Hence I, has projective dimension 6, the maximal number allowed by 
Corollary 9.4. The unique minimal sixth syzygy occurs in the degree 
b = (3,3,2,2,2,1,2,0) (mod L). This vector is the column sum of all 
positive entries in the matrix L. There are precisely eight monomials in 
degree b: 


BS pW Dine 2e pM Bs i Die (B87 eed 8 oe 8 2 3 4 3 
UPUZUZUALELEL , LI LoUZU {LH UELEQ , L{LALZLALH5L7Lg , L{LOLZLALGEL7Lz , 


PIO ee OO Bale AOS toh Baaieidie sae 28 Din. AOU OLB, 
L{ULZUSLELALZ , LULZ LALELZL7 Lg , LULZ LALELG LLY , LoCLALHUGEL7LE . 
Each monomial misses a different variable. This means that Ay is the 
boundary of the 7-dimensional simplex, so Hg(Ap;k) = kt. © 


9.2 Laurent monomial modules 


The formula for Betti numbers in the previous section suggests that resolu- 
tions of lattice ideals are similar to resolutions of monomial ideals. In the 
remainder of this chapter we will make this similarity precise by showing 
that lattice ideals can be regarded as “infinite periodic monomial ideals” . 


Definition 9.6 Let T = S[a;',...,2;,'] be the Laurent polynomial ring. 
An S-submodule M of T generated by Laurent monomials x" with u € Z” 
is called a Laurent monomial module. 
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In general, a Laurent monomial module M need not be generated by its 
subset of minimal monomials (with respect to divisibility). For instance, 
let n = 2 and choose M to be the Laurent monomial module over k[z, y| 
spanned by x“y” for (u,v) satisfying 


u>2 or (u>landv>1). 


Then M has only one minimal monomial, namely xy, but this element does 
not generate M: the monomial x?y~!" lies in M but is not divisible by xy. 

In what follows we only consider Laurent monomial modules M that 
are generated by their minimal monomials. If the set of minimal monomial 
generators of M is finite, then M is a Z”-graded translate of a monomial 
ideal of S. Hence we will be mainly interested in Laurent monomial modules 
whose generating sets are infinite. We can still draw pictures, but the 
usual staircase diagrams for monomial ideals become infinite staircases for 
Laurent monomial modules. 


Example 9.7 Consider the Laurent monomial module in k{z, y][z~1, y~"] 


generated by the Laurent monomials (2) for i € Z. The staircase diagram 
really is a staircase, but an infinite one: 


This Laurent monomial module is a model for all powers of the maximal 
ideal in k[x,y]: intersecting it with any shift of S = k[x,y] produces the 
ideal (x,y)” for some r. In fact, any Laurent monomial module can be 
thought of as the limit of the monomial ideals obtained by intersecting it 
with shifted positive orthants. © 


The construction of the hull complex in Chapter 4.4 works mutatis 
mutandis for Laurent monomial modules, using infinitely generated free 
modules. Given a Laurent monomial module M, we fix a real number 
A > 0 and form the unbounded n-dimensional convex polyhedron 


Px = conv{A" |x 6 M} 
= conv{(A%,\™,...,A%") | aftas? +a © M}. 
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The face poset of P, is independent of the large real number A, and its 
vertices are precisely the minimal generators of M (this is why we are 
assuming M has minimal generators). The hull complex hull(M) is the 
polyhedral cell complex consisting of the bounded faces of P,. The vertices 
of hull(/) are labeled by monomials. As in Chapter 4, a complex of free 
modules Fuca) is defined, and the result of Theorem 4.17 still holds. 


Theorem 9.8 The complet Fru) 1s a Z"-graded free resolution of the 
Laurent monomial module M. This hull resolution has length at most n. 


The length bound says that hull resolutions respect the syzygy theorem. 


Example 9.9 The hull complex hull(M) for the Laurent monomial module 
in Example 9.7 is the real line with a vertex at each integer point. © 


The results on Betti numbers of monomial ideals proved in the first 
part of this book also remain valid for Laurent monomial modules, except 
that now we may have minimal syzygies in infinitely many degrees. Here 
is another kind of infinite behavior we have to watch out for. 


Example 9.10 A polyhedral cell complex is locally finite if every face 
meets finitely many others. In general, hull complexes of Laurent monomial 
modules need not be locally finite. For example, consider the Laurent mono- 
mial module M over k[z, y, z] generated by y/ax and (z/y)’ for all i € Z: 


w= (2)+((2)|re2) 


The vertex y/z lies on infinitely many edges of hull(/). Only one of these 
edges is needed in the minimal free resolution of M over k[z, y, z], though. © 


The connection with lattice ideals and semigroup rings arises from Lau- 
rent monomial modules whose generating Laurent monomials form a group 
under multiplication. Let DL Cc Z” be a sublattice whose intersection with 
N” is {0}. This condition ensures the existence of a linear functional with 
strictly positive coordinates that vanishes on L, a hypothesis satisfied when 
L is the lattice associated with a pointed affine semigroup Q. 


9.2. LAURENT MONOMIAL MODULES 179 


Definition 9.11 Given a lattice L whose intersection with N” is {0}, the 
lattice module My, is the S-submodule of the Laurent polynomial ring 
T = S|x{',.--, x71] generated by {x" | u € L}. 


The hypothesis on L guarantees that the elements of L form a minimal 
generating set for Mz. 


Example 9.12 The Laurent monomial module in Example 9.7 is the lat- 
tice module My;, for the lattice L = ker(1,1) = {(u,—u) € Z? | u € Z}. 
More generally, consider the lattice L = ker(1,1,...,1), which consists of 
all vectors in Z” with zero coordinate sum. The corresponding lattice mod- 
ule Mz is generated by all Laurent monomials of total degree 0, and it is 


the limit of powers of the maximal ideal (x1,...,2,). Indeed, any inter- 
section of My, with a Z"-translate of S = k[x1,...,x2,] produces the ideal 
(21,..-,Xn)" for some r. A picture of a finite part of this staircase for n = 3 


looks as follows: 


The white dots in this picture are the integer vectors in the lattice L. © 


Let us write a lattice module Mz in terms of generators and relations. 
There is one generator e, for each element u in the lattice L, and Mz is 
the free S-module on the generators {ey | u € L} modulo the relations 


for all u,v € LZ and w,w’ € N” satisfying w + u = w’+v. This set of 
relations is far from minimal; an improvement is to consider only those 
relations where x¥ and x’ are relatively prime. Write u = v + w and 
decompose w into positive and negative parts, sow = w, —w_. Then we 
can express My as the free S-module on {ey | u € L} modulo the relations 


x -ey4w—-x”t-e,=0 forall v,weL. (9.2) 


The abelian group L acts freely on the generators of the lattice module M_. 
The presentation of My; by the syzygies (9.2) is nonminimal but invariant 
under the action of L. It would be nice to identify a finite set of first syzygies 


x’--ey—x”+-eg =0 with wel (9.3) 


such that Mz is presented by their translates (9.2) as v ranges over L. 
For instance, the lattice module for L = ker(1,...,1) in Example 9.12 is 
minimally presented by the lattice translates of the relations (9.3) for w in 
the set {e; — e2,e2 —€3,...,€n_1 —€n} of n—1 differences of unit vectors. 
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It would be really nice to find a whole free resolution of My that is 
acted on by L. Such an equivariant free resolution is provided by the hull 
resolution. The point is that the lattice L permutes the faces of hull(Mz). 


Example 9.13 The hull complex of the lattice L = ker(1,...,1) is an 
infinite periodic subdivision of an (n — 1)-dimensional Euclidean space. 
It is isomorphic to the face poset of the infinite hyperplane arrangement 
consisting of all points in L®R possessing two coordinates whose difference 
is an integer. The complex hull(Mz) has n — 1 maximal faces modulo the 
lattice action; they are called hypersimplices. In three variables, the hull 
complex is the tessellation of the plane R @ L by two classes of triangles: 
“up” triangles and “down” triangles. Part of this tessellation is depicted 
in Example 4.22. This hull complex has three edges modulo the action 
of LZ = ker(1,1,1). They correspond to c being one of the three vectors 
e; — eg, e; — e3, and eg — es. Of the resulting three first syzygies (9.3) it 
suffices to take only two for a minimal presentation of Mz. © 


Calculating the hull complex hull(M_z) is a finite algorithmic problem, 
even though it has infinitely many cells. This is because of a minor miracle, 
to the effect that the phenomenon of Example 9.10 will not happen for a 
Laurent monomial module My, arising from a lattice LD. 


Theorem 9.14 The hull complex of a lattice module is locally finite. 


Proof. We claim that the vertex 0 © LF is incident to only finitely many 
edges of hull(Mz). This claim implies the theorem because (i) the lattice L 
acts transitively on the vertices of hull(Mz), so it suffices to consider the 
vertex O, and (ii) every face of hull(Mz) containing 0 is uniquely determined 
by the edges containing 0, so 0 € L lies in only finitely many faces. 

To prove the claim we introduce the following definition. A nonzero 
vector u = uy — u_ in our lattice LD is called primitive if there is no 
other vector v € L\ {u,0} such that v; < uy and v_ < u_. The 
primitive vectors in LZ can be computed as follows. Fix any sign pattern 
in {—1,+1}" and consider the pointed affine semigroup consisting of all 
vectors in L whose nonzero entries are consistent with the chosen sign 
pattern. A vector in L is primitive if and only if it lies in the Hilbert basis 
of the semigroup associated to its sign pattern. Each of these Hilbert bases 
is finite by Theorem 7.16, and by taking the union over all sign patterns, 
we conclude that the set of primitive vectors in L is finite. 

We will now prove that for any edge {0, u} of the hull complex hull(M;), 
the vector u is primitive. As the set of primitive vectors is finite, this 
proves the claim and hence the theorem. Suppose that u € L  \ {0} is not 
primitive, and choose v € LE \ {u,0} such that v; < u, and v_ < uw. 
This implies X”*+ A“*—”* << 1+A" for alla € {1,...,n} and A > 0. In other 
words, for \ >> 0, the vector AY + AY¥~Y is componentwise smaller than or 
equal to the vector \° + \¥. We conclude that the midpoint of the segment 
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conv{X°, \“} lies in conv{A\¥, AU-Y} + RZ,, and hence conv{A°, \"%} is not 
an edge of the polyhedron Py, = conv{A | w € L} + R&p. 


The lattice L acts on the set of faces of the hull complex. Two faces are 
considered equivalent modulo L if they lie in the same orbit. By definition, 
any two vertices of hull(Mz) are equivalent modulo L. 


Corollary 9.15 There are only finitely many equivalence classes modulo L 
of faces in the hull complex hull(Mz). 


From the proof of Theorem 9.14 we derive the following general algo- 
rithm for computing the hull complex. The first step is to find all primitive 
vectors in L. A convenient way to do this is described in Exercise 7.12. 
Next, compute the link of 0 in hull(Mz,) by computing the faces of the 
polyhedral cone spanned by the vectors 


ANP oS OS Tyee SD), 


where u runs over all primitive vectors. Typically, many of the vectors 
A" — \° here are not extreme rays of the cone. Those primitive vectors u 
are discarded, as they do not correspond to edges of hull(Mz). Finally, 
identify faces of the link of 0 that correspond to the same face of hull(Mz). 
This is done by translating the link of 0 to the various neighbors u. 


Example 9.16 An interesting lattice module, to be discussed in greater 
detail in Example 9.26, is the one given by the rank 3 sublattice L = 
ker({20 24 25 31}) in Z*. This lattice has 75 primitive vectors, but only 7 of 
them are edges of hull(M/;,). Thus the module Mr is minimally presented 
by 7 classes of first syzygies as in (9.3). It has 12 second syzygies and 6 
third syzygies, modulo the action of L. © 


9.3. Free resolutions of lattice ideals 


Fix a lattice L C Z” satisfying LM N” = {0}. We wish to determine 
the following fundamental objects concerning the lattice ideal I, and the 
semigroup ring S/T: 

1. generators for Iz; 

2. the Z” /L-graded Hilbert series of S/I;,, as a rational function; and 

3. a (minimal) free resolution of S/Iz; over S. 


Of course, 3 > 2 > 1, so we will aim for free resolutions. 

The essential idea is to express the semigroup ring S/I; as a quotient 
of the lattice module Mz by the action of ZL. In order to do that, let us 
formalize the action by introducing the group algebra S{L] of the abelian 
group L over the polynomial ring S. Explicitly, this is the subalgebra 


S[L] = k[x"z’ |ueN” andve L] 
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of the Laurent polynomial algebra S[zf',...,2*!]. The group ring S{Z] 


carries a Z”-grading via deg(x"zY) = u+v. In the previous section we 
considered the following transitive action of L on the monomials in Mz: 


v-xt=x"Y for ve Land x" € Mz. 


This action is reformulated using S[L] by stipulating that x¥zY = x¥tY. 
Thus the lattice module Mz, becomes a Z”-graded cyclic S[L]-module: 


Mr, = S|L]/(x*-—x%’z"Y|uyveEN" andu-—velL). (9.4) 


In fact, any Z"-graded S-module with an equivariant action of LD such that 
v € L acts as a homomorphism of degree v is naturally an $[L|-module. 
Here, “equivariant” means that the homomorphisms v commute with the 
action of S. Another way of making the same statement is this: The cate- 
gory of L-equivariant Z”-graded S-modules is isomorphic to the category 


A = {Z”-graded S|L]|-modules}. 


Consider any object M in A. How do we define the quotient of the 
L-equivariant module M by the action of L? We wish to identify m © M 
with zY -m whenever v € L, so that the quotient is an S-module whose 
elements are orbits of the action of L on Mrz. When M = S{L] itself, this 
quotient is 


S[L]|/L = S[L]/(x"z’ — x" | ue N” and ve L) 
= S|L]/(z’-1|veL) 
= 8. 


However, this copy of S is no longer Z”-graded, because x" and x"zY, which 
have different Z”-graded degrees u and u+v, map to the same element x". 
On the other hand, all of the preimages in S[L] of x" € S have Z"-graded 
degrees that are congruent modulo L. We conclude that the above copy of 
the polynomial ring S is Z” /L-graded, with x" having degree u (mod L). 

For an arbitrary Z”-graded S|L|-module M, our quotient M/L will 
similarly be obtained by “setting zY = 1 for all v € L”. Algebraically, this 
is just tensoring M over S[L] with S = S[L]/(zY —1|v © L), yielding 


M/L = M®g 1) S[L]/L = M gz) 8. 


As with S[L]/L, the quotient M/Z is no longer Z”-graded, but only Z”/L- 
graded. This tensor product therefore defines a functor of categories 


mt: A > B = {Z"/L-graded S-modules}. 


The great thing about the functor a is that it forgets nothing significant. 
In particular, it is exact: it maps exact sequences to exact sequences. 
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Theorem 9.17 The functor 7: A — B sending M to M/L is an equiva- 
lence of categories. 


Proof. By condition (iii) of [MacL98, Theorem IV.4.1], we must show that 


e 7 is fully faithful, meaning that a induces a natural identification 
Hom,(M, M’) = Homp(m(M),7(M’)); and 
e every object N € B is isomorphic to 7(M) for some object M € A. 


Each module M € A is Z"-graded, so the lattice L C S{L] acts on 
M as a group of S-equivariant automorphisms. For each a € Z"/L, the 
functor 7 identifies the spaces MM, for u mapping to a (mod L) as the single 
space 7(M),. A morphism f : M — M’ in Aisa collection of k-linear maps 
fu : My — Mj, compatible with the action by LZ and with multiplication 
by each variable 7;. A morphism g : 7(M) > 7(M’) in B is a collection 
of k-linear maps ga : ™(M), — 7(M’), compatible with multiplication by 
each variable x;. Given a € Z"/L, the functor 7 identifies the maps fy for 
u mapping to a (mod L) as the single map 7(f)a. 

The above discussion implies that 7 takes distinct morphisms to distinct 
morphisms (so 7 is faithful); now we must show that there are no remaining 
morphisms between 7(J/) and 7(M’) in B (so z is full). Given a morphism 
g € Homg(a(M),7(M')), define a morphism f € Hom y(M,M’) by the 
rule fu = ga whenever u maps to a (mod L). Then z(f) = g, establishing 
the desired identification of Hom groups. 

Finally, we define an inverse to 7 by constructing the “universal cover” 
of any given object N = Baez /i Na in B. Define the k-vector space 
M = ®uegn Mu by setting My = Na whenever u maps to a (mod L). For 
every vector u € Z” mapping to a (mod L), lift each multiplication map 
Nes Na+a, toa map My ae Mu+e;, and let zY for v € L act on M as 
the identity map from My, to My,,y. These multiplication maps make the 
vector space M into a module over S[L] satisfying 7(M) = N. 


We now apply this functor 7 to the lattice module M;. By definition, 
(Mrz) = Mr, Ss] S. 


The tensor product means that in the presentation (9.4) of Mz, we re- 
place S[L£] by S' and set all occurrences of any z-monomial zY to 1. Thus 


m(Mr) = S/(x*—x’|u,v €N” andu-veL) 
S/Ir. 
We now have achieved our goal of writing S/I;, as the quotient of My by 


the action of L. Next, we can use the functoriality of 7 and Theorem 9.17 
to translate free resolutions of M; in A to free resolutions of S/I;z, in B. 


Corollary 9.18 If F. is any Z"-graded free resolution of My over S{L], 
then m(F.) is a Z"/L-graded free resolution of S/I; over S. Moreover, F. 
is a minimal resolution if and only if 7(F.) is a minimal resolution. 
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What is a resolution of Mz over S[L]? It is just a resolution of Mz, as an 
S-module along with an action of L that is free, meaning that no element 
of L has a fixed point. These exist because 7 is an equivalence. We have 
constructed an explicit such resolution of Mz; with a free L-action in the 
previous section. This was the hull resolution F. = Frunci,)- The point is 
that we can now write hull(M/,) as an exact sequence 


hull(Mrz): 0 — S[L] — S[L} — S[L]& — S[L}% —--- (9.5) 


in which (@; is the number of L-equivalence classes of i-dimensional faces 
of hull(Mz), and the differentials involve monomials in both x and z. The 
z-monomials take care of any ambiguity in choosing representatives for the 
faces of the hull complex. We shall see an explicit example shortly. 


Definition 9.19 The hull resolution of the semigroup ring $/I;, equals 
T(Fpuncm,))- It is gotten from (9.5) by replacing S[L] with S and z with 1. 


Theorem 9.20 The hull resolution of the semigroup ring S/Iz is a finite 
Z" /L-graded free resolution of length < n. 


Proof. The lattice L acts freely on hull(Mz), which implies that Fyancv,) 
is a free S[L]-module. Since 7(free S[L]-module) is a free S-module, the hull 
resolution of S/Iz is a resolution by free S-modules. The finiteness holds 
because of Corollary 9.15. The length of Fnunc,) is at most n because 
hull(M_) is the set of bounded faces of a polyhedron inside R”. 


Example 9.21 Consider the monomial curve t + (¢*,¢°,t°) in affine 3- 
space. Its defining prime ideal in S = k[x1, x2, x3] is the lattice ideal 


I, = (a 1x3 — 23,2123 — 23,2923 — x7), 
for the kernel L of the matrix [4 3 5]. The corresponding lattice module 
Mr, = (a«}{a5x3 | du+3u+5w =0) 


in k[af',2F}',2F"] is pictured at the top of Fig. 9.1. The hull complex 
below it triangulates R © L using L for vertices. The labeling on every pair 
of up and down triangles is obtained from the representative labeling 


(—2,1,1) 
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by adding some vector in LE to all of the labels. As in (9.5) we write the 
hull resolution Fania.) a8 an exact sequence over the group algebra S[L]: 


L12223 
LQ 


0 S[L]« Cr, a 


We now apply the functor z by replacing S[Z] with S and 21, 22, z3 with 1. 
The resulting hull resolution (Fyuncw,)) of S/Ip = k{t*, t?, t?] equals 


v2 Xt 
E x3 
[2123-22 23-23 w2e3—27 | a3 «2 

0 « S « S3 « S? « 0. 


When regarded as a cell complex, the hull resolution of S/I; is a torus 


whose fundamental domain is labeled with vectors in L. 
The K-polynomial of the semigroup Q = N {4, 3,5} equals 


Kot) = 1-8 =P -—29 478 4%. 


This is the alternating sum of the degrees of the faces of hull(Mz)/L in 
Z3/L = Z. Each Z-degree is the dot product of the face label with (4,3, 5): 


0 
The Hilbert series of S/I; is obtained from the K-polynomial by dividing 
by the appropriate denominator: 
1—¢8 — 29 — 404 48 44 1 


G-Aa-Ha-8  ~T-1° ® = S~{t*|aeN{4,3, 5}}. 


The denominator comes from the Hilbert series 


d-t ree \=#) of S. © 
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Example 9.22 Suppose that L is a unimodular lattice. This means that 
for all subsets o C {1,...,n}, the group Z”/(L+)),-, Ze;) is torsion-free. 
This property holds for an affine semigroup Q = N{aj,...,an}in Z7 if every 
linearly independent d-element subset of {a;,..., an} is a basis of Z7. 
Consider the Lawrence lifting A(L) = {(u,—u) € Z?" | u € L}, which is 
also a unimodular lattice, but now in Z?”. Its corresponding lattice ideal is 


Iacz) = (xtyY —x"y” |u—ve L) Cc kts tay tiga GU: 


These unimodular Lawrence ideals have the characteristic property that all 
of their initial monomial ideals are squarefree [Stu96, Remark 8.10]. 

The hull resolution of I,(z) is not necessarily minimal, even if L is 
unimodular. However, the minimal resolution does come from a cellular 
resolution of Ma z) and is described by a combinatorial construction: 


Step 1. Take the infinite hyperplane arrangement 
{a =j|i=1,...,n andj € Z}. 


Step 2. Let Hz be its intersection with [®R. 
Step 3. Form the quotient H,/L. 


The lattice LZ acts on the cells of the arrangement 7(; with finitely many 
orbits. The vertices of Hz are labeled by the elements of A(L). The cor- 
responding algebraic complex Fy, is an L-equivariant minimal free reso- 
lution of the lattice module Maz). The quotient complex H,/L is a finite 
cell complex. By Corollary 9.18, the minimal i*® syzygies of I A(L) are in 
bijection with the ¢-dimensional faces of H,/L. 

A particular example of the minimal resolution described here is the 
Eagon—Northcott complex for the 2 x 2 minors of a generic 2 x n matrix. 
Another example is featured in Exercise 9.9. © 


9.4 Genericity and the Scarf complex 


Definition 9.23 A Laurent monomial module M in T = k[xf',...,c*"] is 
called generic if all its minimal first syzygies x"e;— xe, have full support. 


This condition means that every variable xe appears either in x" or 
in x”. This definition is the essence behind genericity for monomial ide- 
als, although for ideals there are “boundary effects” coming from the fact 
that N” is a special subset of Z”. To be precise, the genericity condition 
on the minimal first syzygies x"e; — xYe; of an ideal requires only that 
supp(x"*Y) = supp(Iem(m;,m,;)), as opposed to supp(x"tY) = {1,...,n} 
for Laurent monomial modules. This definition allows us to treat the 
boundary exponent 0 differently than the strictly positive exponents com- 
ing from the interior of N”. Just like the hull complex, the Scarf complex 
defined earlier for monomial ideals makes sense for Laurent monomial mod- 
ules, too, as does the theorem on free resolutions of generic objects. 
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Theorem 9.24 For generic Laurent monomial modules M, the following 
coincide: 

1. The Scarf complex of M 

2. The hull resolution of M 

3. The minimal free resolution of M 


Proof. The proof of Theorem 6.13 carries over from monomial ideals to 
Laurent monomial modules. 


A lattice L in Z” is called generic if its associated lattice module M;, 
is generic. Equivalently, the lattice D is generic if the lattice ideal I; is 
generated by binomials x" — xY with full support, so every variable x, 
appears in every minimal generator of Iz. Applying Corollary 9.18 to the 
minimal free resolution in Theorem 9.24, we get the following result. 


Corollary 9.25 The minimal free resolution of a generic lattice ideal Iz, is 
its Scarf complez, which is the image under x of the Scarf complex of Mz. 


The lattice L in Example 9.21 is generic because all three generators of 
I, = (a x3 — 23,2123 — 23,2223 — 2?) 


have full support. The Scarf complex of Mz coincides with the hull complex 
depicted in Fig. 9.1. The Scarf complex of I; is a minimal free resolution. 
Geometrically, it is a subdivision of the torus with two triangles. 


Example 9.26 Things become much more complicated in four dimensions. 
The smallest codimension 1 generic lattice module in four variables is de- 
termined by the lattice L = ker((20 24 25 31]) c Z*. The lattice ideal I, 
is the ideal of the monomial curve t +> (t?°, t?4, ¢?°, 3+) in affine 4-space. 
The group algebra is S[L] = k[a, b,c, d][zY | v € L], and 


M, = S|E]/(a* — bed2*, aec? — b*d? z*, a2b? — cd? z*, ab?c — d° 2", 
b* — a?cdz*, bc? — ad? z*,c? — abdz*), 

where, for instance, the * in a4 — bedz* is the vector in L that is 4 times 

the first generator minus 1 times each of the second, third, and fourth 

generators. The hull = Scarf = minimal resolution of $/I;, has the form 


0 < S< ae Si . SS — 0. 


Up to the action of L, there are 6 tetrahedra corresponding to the second 
syzygies and 12 triangles corresponding to the first syzygies. © 


In Theorem 6.26 we described what it means for a monomial ideal to be 
generic. Similar equivalences hold for monomial modules M. In particular, 
M is generic if and only if its Scarf complex is unchanged by arbitrary de- 
formations. It would nice to make a similar statement also for deformations 
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in the subclass of lattice modules. Here, the situation is more complicated, 
but it is the case that generic lattices deserve to called “generic” among all 
lattices: they are “abundant” in a sense that we are about to make precise. 

Consider the set Sqg,p, of all rational d x n matrices L such that the row 
span of L meets N” only in the origin. Each such matrix L defines a rank d 
sublattice L = rowspang(L) NZ”. Let Tan be the subset of all matrices L 
in Sa such that the corresponding lattice L is not generic. 


Theorem 9.27 (Barany and Scarf) The closure of Tan has measure 
zero in the closure of San in R?¢x”, 


Proof. Condition (A3) in the article [BaS96] by Barany and Scarf describes 
an open set of matrices L that represent generic lattices. Theorem 1 in 
[BaS96] shows that the set of all generic lattices with a fixed Scarf complex 
is an open polyhedral cone. The union of these cones is a dense subset in 
the closure of Sqn. 


Theorem 9.27 means in practice that if the rational matrix L is chosen 
at random, with respect to any reasonable distribution on rational matrices, 
then the corresponding lattice ideal will be generic. What is puzzling is that 
virtually all lattice ideals one encounters in commutative algebra seem to be 
nongeneric; i.e., they lie in the measure zero subset Ty. The deterministic 
construction of generic lattice ideals with prescribed properties (such as 
Betti numbers) is an open problem that appears to be difficult. It is also not 
known how to “deform” a lattice ideal to a “nearby” generic lattice ideal. 


Exercises 


9.1 Let Q be the affine semigroup in Z¢ spanned by the vectors e; + e;, where 
1<i<j<d. In other words, Q is spanned by all zero-one vectors with precisely 
two ones. Determine the K-polynomial Ka(ti,...,ta) of the semigroup Q. 


9.2 Let M be the Laurent monomial module generated by {x“y’z” | ututw =0 
and not all three coordinates of (u,v, w) are even}. Draw a picture of M. Find 
a cellular minimal free resolution of M over k[z, y, z]. 


3.210 
0123 
of the Laurent monomial module Mz is minimal. What happens modulo the 
action by the lattice L? Answer: Depicted after the last exercise in this chapter. 


9.3 Let L be the kernel of the matrix | . Show that the hull resolution 


9.4 What projective dimensions are possible for ideals I; of pointed affine semi- 
groups spanned by six vectors in Z?? Give an explicit example for each value. 


9.5 Compute the hull resolution for the ideal of 2 x 2 minors in a 2 x 4 matrix. 


9.6 Consider the lattice ideal generated by all the 2 x 2 minors of a generic 
4x 4 matrix, and compute its minimal free resolution. Classify all syzygies up to 
symmetry, and determine the corresponding simplicial complexes Ap. 


9.7 Compute the hull resolution of the ideal of 2 x 2 minors of a generic 3 x 3 
matrix, and compare it with the minimal free resolution of that same ideal. 
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9.8 Compute the hull complex hull(M/z) of the sublattice of Z° spanned by three 
vectors (1, —2,1,0,0), (0,1,—2,1,0), and (0,0,1,—2,1). 


9.9 Let Q be the subsemigroup of Z? generated by the six vectors (1,0, 0), (0, 1,0), 
(0,0, 1), (—1,1,0), (—1,0,1), and (0, —1,1). Determine the corresponding lattice 
L and show that it is unimodular. Then compute (a) generators for the Lawrence 
ideal I, (1), (b) the three-dimensional cell complex Hz /L as in Example 9.22, and 
(c) the minimal free resolution of I,(z). 


9.10 Determine the K-polynomial Kg(t) of the semigroup Q = N{20, 24, 25, 31} 
in Example 9.16. 


9.11 Find an explicit generic lattice L of codimension 1 in Z°. List the faces of 
the Scarf complex of your lattice and describe the minimal free resolution of I,. 


Answer to Exercise 9.3 Translates of the left picture by L constitute hull(Mz): 


0,-1,2,-1 0,0 


0,0,2,0 


0,1,2,0 0,1,2,-1 
0,0,0,0 © 
0,1,1,0 


0,2,1,0 
0,2,0,0 


—1,2,1,0 


—1,2,-1,0 0,0 


Opposite edge labels become equal if the matrix defining L is applied, as at right. 


Notes 


The bulk of the presentation in this chapter is based on [BS98]. In particular, the 
Laurent monomial module point of view originated there, as did Theorems 9.8, 
9.14, 9.17, 9.20, and 9.24, as well as Corollaries 9.15 and 9.18. Corollary 9.25 had 
previously appeared in [PS98a, Theorem 4.2]. 

A more general version of Theorem 9.2 appeared in [Sta96, Theorem I.7.9], 
attributed to Stanley, Hochster, “and perhaps others”. The consequence in Corol- 
lary 9.4 was derived in [PS98b, Theorem 2.3]. The unimodular Lawrence ideals 
in Example 9.22 were expounded upon greatly throughout [BPSO1]. 

The Scarf complex of a lattice was introduced by the mathematical economist 
Herbert Scarf [Sca86]. This article, which also explains the connection to inte- 
ger programming, was the original inspiration for the work of Bayer, Peeva, and 
Sturmfels [BPS98]. Theorem 9.27 is due to Barany and Scarf [BaS96]. A trans- 
lation into the language of commutative algebra was given in [PS98a, Section 4]. 
The generic lattice ker((20 24 25 31]) in Example 9.26 is the “smallest” generic 
lattice, and it was found by exhaustive search in Maple for [PS98a, Example 4.5]. 

It is an open problem to characterize the Betti numbers of generic lattice 
ideals. Partial progress in this direction has been made by Bjorner [Bj00], but we 
expect further restrictions along the lines of Section 6.4. 


Chapter 10 


Toric varieties 


Just as standard N-graded polynomial rings give rise to projective geome- 
try, multigraded polynomial rings give rise to toric geometry. The purpose 
of this chapter is to make sense of this statement. We begin by explain- 
ing how the geometry and representation theory of abelian group actions 
on vector spaces gives rise to multigradings on polynomial rings and how 
the affine quotients by such actions are reflected algebraically. Then we 
treat the projective case, which considers an additional grading by Z. The 
main point comes next: a toric variety is characterized by the data of a 
multigraded polynomial ring and a squarefree monomial ideal that is in a 
precise sense compatible with the multigrading. Through the geometry of 
invariant theory, we relate this homogeneous coordinate ring perspective to 
the more classical constructions of toric varieties from fans and polytopes. 
For simplicity, we work here over the field k = C of complex numbers. 


10.1 Abelian group actions 


Toric varieties are quotients X of certain open subsets of the n-dimensional 
vector space C” by actions of subgroups G of the standard n-torus (C*)”. 
By virtue of the inclusion (C*)” C C”, the quotient group T = (C*)"/G is 
always a subvariety of X, and the action of T on itself extends to an action 
on all of X. In this section and the next we present algebraic constructions 
of those quotients X regarded as the nicest, namely affine and projective 
toric varieties; we postpone the general definition and construction of toric 
varieties as quotients via homogeneous coordinate rings until Section 10.3. 
Suppose we are given an exact sequence of (additive) abelian groups 


0 — A Z” — EL — 0 (10.1) 


defining a multigrading on S = C[x] as in Chapter 8 (note that A « Z” 
is surjective here). Considering the nonzero complex numbers C* as a 
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n 


multiplicative abelian group, we get a corresponding map from (C*) 
Hom(Z”,C*) to Hom(L, C*), induced by taking homomorphisms into C*. 
Since the group C* is divisible, meaning that every element has an m*” root 
for every m € N, the homomorphism (C*)” — Hom(L, C*) is surjective. In 
other words, the exact sequence (10.1) dualizes to an exact sequence 


1 — G — (C*)” — Hom(L,C*) — 1 (10.2) 


of multiplicative abelian groups, where G = Hom(A,C*) is the character 
group of A. Thus (10.2) defines an embedding of G into the group (C*)” of 
diagonal invertible n x n matrices. The sequence (10.1) gives a presentation 
of the (additive) group A, whereas the sequence (10.2) gives a representation 
of the (multiplicative) group G. 


Example 10.1 Recall Example 8.3, where n = 3 and L is the lattice 
spanned by (1,1,1) and (1,3,5) inside Z?, so that A = Z3/L = Z @ Z/2Z. 
The group G is the kernel of the multiplicative group homomorphism 


(C*)? + Hom(L,C*) sending (21, 22, 23) + (212223, 212323). 
Hence G equals the subvariety of (C*)? cut out by the lattice ideal 


345 
Ip = (212223 -1, 22523 — 1) 


= (z — 23, 2223 —1) N (2 +23, 2223 +1). 


The two components of I; correspond to the torsion Zz = {+1} of G = 
Hom(Z 6 Z/2Z, C*) & C* x Za. This group G acts on the vector space C? 
by sending (a, 3) € G to the diagonal matrix with entries (@3,a~?38,a). © 


In general, let z1,...,2, denote the coordinates on the torus (C*)”, 
so as to distinguish them from the coordinates 21,...,2%, on the affine 
space C”. The subgroup G of (C*)” is the common zero set of the lattice 
ideal Iz, which is regarded here as an ideal in the Laurent polynomial 
ring C[zf",...,2*4]. The torus (C*)” acts on the polynomial ring S = 
C[a1,...,2%n] by scaling variables: ((1,...,¢n) € (C*)” sends the variable 
x; to ¢;a;. This action of (C*)” restricts to an action of G = V(I;) on S. 


& 


Lemma 10.2 A polynomial f € S is a common eigenvector for G if and 
only if it is homogeneous under the multigrading by A. In particular, f € S 
is fixed by G if and only if it is homogeneous of degree 0, so deg(f) € LAN”. 


Proof. If ¢ = (G1,.--,¢n) represents an element in G,, then the image of a 
polynomial f(2z1,.-.,2%n) = >> cux" under ¢ can be computed as follows: 


F(Giv1,---,Gn2n) = Soe x", 


By definition of G, we get (4 = CY for all ¢ € Gifand only if u = v (mod L). 
Hence f is an eigenvector if and only if all vectors u with cy 4 0 have the 
same image a in Z”/L = A, or equivalently, if f is homogeneous of degree a. 
The second statement concerns the special case a = 0. 
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Lemma 10.3 An ideal I inside S is stable under the action of G (that is, 
G-I=1) if and only if I is homogeneous for the multigrading by A. 


Proof. Every homogeneous ideal is generated by homogeneous polynomials, 
which are simultaneous eigenvectors for all of G by Lemma 10.2. Therefore 
such ideals are stable under the action of G. For the converse, suppose that 
I is a G-stable ideal and f € I. It suffices to prove that every homogeneous 
component of f lies in J. Write f = )),-4/Ca* f(a), where A’ is a finite 
subset of A and f(g) is homogeneous of degree a. A basic result in repre- 
sentation theory states that the characters of the finitely generated abelian 
group A are C-linearly independent. We can therefore find a subset G" of 
G such that the complex matrix [o(a)], Sareea is square and invertible. 
This implies that the graded components f(g) are C-linear combinations of 
the images of f under the group elements o that lie in G’. Each of these 
images lies in J, and therefore each f(g) lies in I. 


Note that Lemma 10.3 generalizes Proposition 2.1. 

The most basic construction of a quotient in algebraic geometry is via 
the ring of invariant polynomial functions. In our abelian setting, the 
ring S of invariants equals the normal semigroup ring Sg = k[L NN”). 
This is the second statement in Lemma 10.2. The elements of S@ = So are 
precisely those polynomials that are constant along all orbits of G on C”. 


Example 10.4 In Example 10.1, the invariant ring for the action of G = 
C* x Ze equals 


Clr, 22,%3]° = Clxtar3, 2 20%3, 2323]  Clu,v, w]/(uw — v4). 
The inclusion of this ring into C[x1, 22, #3] defines a morphism of affine va- 
rieties from C® onto the surface uw = v* inside C*. Each G-orbit in C? is 
mapped to a unique point under this morphism. Moreover, distinct G-orbits 
are mapped to distinct points on the surface, provided the orbits are suffi- 
ciently general. The surface uw = v* is the quotient, denoted by C?//G. © 


Definition 10.5 The affine GIT quotient of C” modulo G is the affine 
toric variety Spec(S@) whose coordinate ring is the invariant ring S°: 


C°/G := Spec(S?%) = Spec(S9) = Spec(C[Q)). 


where Q = N" 1 L is the saturated pointed semigroup in degree 0. The 
acronym GIT stands for Geometric Invariant Theory. 


Officially, the spectrum Spec(S@) of the ring S@ is the set of all prime 
ideals in S° together with the Zariski topology on this set. However, since 
S@ is an integral domain that is generated as a C-algebra by a finite set of 
monomials, namely those corresponding to the Hilbert basis Hg of Q, we 
can identify Spec(S@) with the closure of the variety parametrized by those 
monomials. In particular, Spec($@) is an irreducible affine subvariety of a 
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complex vector space whose basis is in bijection with the Hilbert basis Hg. 
Observe that by Proposition 7.20, every saturated affine semigroup Q can be 
expressed as @ = DMN”, so the spectrum of every normal affine semigroup 
ring C[Q] is an affine toric variety. 

This construction of the quotient C” //G is fully satisfactory when G 
is a finite group. Note that in this case, the two groups (G,*) and (A, +) 
are actually isomorphic. Indeed, every cyclic group is isomorphic to its 
character group, and this property is preserved under taking direct sums. 

Let us work out an important family of examples of cyclic group actions. 


Example 10.6 (Veronese rings) Fix a positive integer p and let L denote 
the sublattice of Z” consisting of all vectors whose coordinate sum is divis- 
ible by p. Then A = Z"/L is isomorphic to the cyclic group Z/pZ, and the 
grading of S = Cia 1,...,2,] is given by total degree modulo p. The mul- 
tiplicative group G & Z/pZ acts on C” via (x1,...,%n) > (C21,...,¢2n), 
where ¢ is a primitive p*” root of unity. The invariant ring S@ = So is the 
k-linear span of all monomials re xe -.-a'» with the property that p divides 
iy tte+:+-+tn. It is minimally generated as a k-algebra by those monomials 
with 7; +---+%, =p. Equivalently, the Hilbert basis of Q = DMN” is 


Hg = {(,t9).0.5tn) EN” | tig +--+ +4, =p}. 


The ring S© is the p* Veronese subring of the polynomial ring S. © 


10.2 Projective quotients 


A major drawback of the affine GIT quotient is that C" //G is often only a 
point. Indeed, the spectrum of S© is a point if and only if S@ consists just 
of the ground field C, or equivalently, when the only polynomials constant 
along all G-orbits are the constant polynomials. In view of our characteriza- 
tion of positive gradings in Theorem 8.6, we reach the following conclusion. 


Corollary 10.7 The A-grading is positive if and only if C"/G is a point. 


To fix this problem, we now introduce projective GIT quotients. These 
quotients are toric varieties that are not affine, so their description is a bit 
more tricky. In particular, more data are needed than simply the action 
of G on C”: we must fix an element a in the grading group A. 

Consider the graded components S;.. where r runs over all nonnegative 
integers, and take their (generally infinite) direct sum 


Sia) = So ® Sa ® Sra © S3a @ °°. (10.3) 


This graded So-module, each of whose graded pieces S;q is a finitely gener- 
ated over Sg by Proposition 8.4, is actually an Sp-subalgebra of S. Indeed, 
the product of an element in S,, and an element in S,q lies in SG4,)a 
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by definition. Of course, every So-algebra is automatically a C-algebra as 
well. In what follows it will be crucial to distinguish the So-algebra struc- 
ture on S(q) from its C-algebra structure. The So-algebra structure carries 
a natural N-grading, which we emphasize by introducing an auxilliary grad- 
ing variable y that allows us to write 


Sa) = B'Sra = So @ Sa G YSra © °S3a @ +. (10.4) 
r=0 


Definition 10.8 The projective GIT quotient of C” modulo G at a is 
the projective spectrum C" /, G of the N-graded So-algebra S(a): 


C"faG = Proj(Sa) = Proj( 7" Sra). 
r=0 


Officially, the toric variety Proj($/q)) consists of all prime ideals in Sia) 
homogeneous with respect to y and not containing the irrelevant ideal 


Si) io D7'Sra = 75a 0 77 Soa icp) 7° S30 Cine 


If P is such a homogeneous prime ideal in S(q), then P/M So is a prime ideal 
in So. This statement is more commonly phrased in geometric language. 


Proposition 10.9 The map P + PM So defines a projective morphism 
from the projective GIT quotient C” J, G to the affine GIT quotient C/G. 
C" J, G is a projective toric variety if and only if S is positively graded by A. 


Proof. The canonical map from the projective spectrum of an N-graded ring 
to the spectrum of its N-graded degree zero part is a projective morphism 
by definition, proving the first statement. For the second, a complex variety 
is projective over C if and only if it admits a projective morphism to the 
point Spec(C). Thus the “if” direction is a consequence of Theorem 8.6 and 
Corollary 10.7. For the “only if” direction, note that C”/,4G— C"//Gisa 
surjective morphism to Spec(So). Since projective varieties admit only con- 
stant maps to affine varieties, the affine variety Spec(.S9) must be a point. 


The ring S(q) and the quotient C"/,G can be computed using the al- 
gorithm in the proof of Proposition 8.4: compute the Hilbert basis H for 
the saturated semigroup La N"*!, where Lg is the kernel of Z"t! — A 
under the morphism sending (v,r) to (v (mod L)) —r-a. Let Ho be the 
set of elements in 7 having last coordinate zero, and set Hi =H  \ Ho. 


Proposition 10.10 The So-algebra Sia) is minimally generated over So 
by the monomials x“ y", where (u,r) runs over all vectors in Hy. 
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Proof. In the proof of Proposition 8.4, we saw that So is minimally gen- 
erated as a C-algebra by the monomials x" for u in Ho. Likewise, the 
ring S(g) is minimally generated as a C-algebra by the monomials x"" for 
(u,r) in H. It follows that the monomials x"y" with (u,r) € 74 gener- 
ate S(a) as an So-algebra. None of these monomials can be omitted. 


The toric variety C” /, G is covered by affine open subsets U/(x"y"), one 
for each generator x" " of S(g) over So. This affine open subset consists 
of all points in C’ /,G for which the coordinate x"y" is nonzero. More 
precisely, U(x" ") is by definition the spectrum of the C-algebra consisting 
of elements of y-degree 0 in the localization of S(g) inverting x“y". 


Proposition 10.11 The affine toric variety U(x"y") is the spectrum of 
the semigroup ring over C for the semigroup {w € L | (w+Nu)NN” 4 o} 
of vectors w in L that can be made positive by adding high multiples of u. 


—u,,—-?T 


Proof. The y-degree 0 part of the localization S(g)[x~Yy~"] is spanned 
by all monomials x¥~*" for nonnegative integers s and monomials xv of 
degree rs-a. The monomial x¥ for w = v—su satisfies v € (w+Nu)NN”. 


Example 10.12 (The two resolutions of the cone over the quadric) 
Consider the action of G = C* on affine 4-space given by (#1, 72,3, 4) 0 
(2921, 2@2,2~'x3,z a4). This notation should be thought of as indicat- 
ing the map C[z, 12, 73, 4] > C[z, 2~"] @c C[x1, v2, 3, x4] on coordinate 
rings reflecting the morphism C* x C4 — C4; the variables {x1, 72, 73, 74} 
go to the tensor products {z @ 21,2 @ @2,27! @ 23,271 @ x4}. 

Here A = Z, the variables x, and x2 have degree 1, and the variables 
x3 and x4 have degree —1. The affine 3-fold 


C*/G = Spec(So) = Spec(Cla 1x3, 2124, 2223, 2224)) 


is the cone over the quadric. It has an isolated singularity at the origin. 
There are two natural ways to resolve the singularity of C*+//G. They are 
given by the map in Proposition 10.9 for a= —1 and a = 1, respectively: 


C*/_iG C*+/,G 
C/G 
Let us compute the map for a= 1 in more detail. The ring S(q) is 
Say = Solyri,yt2] = Clr1x3, 1104, 7203, 204,721, 722]. 


The projective spectrum of this ring with respect to the 7-grading is the pro- 
jective GIT quotient C*/, G. It has a cover consisting of two affine spaces: 


U(ya1) = Spec(C[r2/x1, 2173, 2124) Ce, 
U(yx2) = Spec(Clxi/x2, 1273, L274)) Cc: 


We conclude that C4/,G and (by symmetry) C*//_; G are smooth. © 


II 


II 


10.2. PROJECTIVE QUOTIENTS 197 


Example 10.13 (Toric quiver varieties) Fix a finite directed graph on 
the vertex set V = {1,...,d}. The edge set E is a subset of V x V. Loops 
and multiple edges are allowed. The torus (C*)” with coordinates 2; for 
i € V acts on the vector space C” with coordinates x;; for (i,j) € E via 
Liz t> ae * Xiy. 

The grading group A is the codimension 1 sublattice of Z” consisting of 
vectors with zero coordinate sum. We are interested in the affine quotient 
C# //(C*)” and the projective quotients C¥ J, (C*)” for a € A. 


Every directed cycle 71,72,...,%,,7, gives a monomial of degree 0, 
Vin igVizigVigig ** Vipizs 


and these monomials minimally generate the semigroup ring Sp = K[x;;Jo. 
Thus C¥ //(C*)” is the variety parametrized by these cycle monomials. 
This affine toric variety is generally singular. The algebra S(q) is generated 
over So by its monomials of degree a, and the minimal generators are those 
monomials whose support is a forest. If a is sufficiently generic, then these 
forests are spanning trees and C¥ //, (C*)” is smooth. Example 10.12 is the 
case where V = {1,2} with edges (1,2), (1,2), (2,1), and (2,1). 

If the given graph is acylic then C” //,(C*)” is the projective variety 
parametrized by all monomials y- x", where u € NF is a flow on a tree 
having A-degree a € Z”. For instance, let d = 5, take E = {1,2} x {3,4,5} 
to be the (acyclically directed) complete bipartite graph K 2,3, and let a= 
(—3, —3, 2,2,2). The So-algebra Sq) is generated by the seven monomials 
in S,. They correspond to the vertices of a regular hexagon plus one interior 
point. The projective variety C¥ //, (C*)” is the projective plane blown up 
at three points. © 


Every lattice polytope P of dimension n — d gives rise to a projective 
toric variety Xp. In Example 10.13 we encountered Xp for P a regular 
hexagon. The general construction proceeds via the map v from Proposi- 
tion 7.20, which adapts just as well for polytopes as it does for cones. To be 
precise, suppose the polytope P has n facets with primitive integer inner 
normal vectors 11,...,U¥,. Then P is defined by inequalities »;-P > —w; 
for some vector w € Z”. The map v : R"®-4 — R” sending u € R"~¢ to 
(v1 -U,...,Y,-u) takes R”~¢ to a subspace V C R”. The map vr is injective 
because P has a vertex, and its restriction to P is an isomorphism 


P= WAP) = RELY, (10.5) 


where RZ_, = {v € R” | v; > —w,; for all i}. Set L=VMZ", and denote 
by a the coset in Z"/L containing w. With G = Hom(Z"/L, C*) as before, 


Xp = CG (10.6) 
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is the projective toric variety associated with the lattice polytope P. It 
is reasonable that Xp depends on a rather than w, since the polytope 
R&_,, OV is a lattice translate of RQ_, 1 V whenever v = w (mod L). 


Example 10.14 (The 3-dimensional cube) We construct the toric va- 
riety Xp associated with the standard 3-dimensional cube P = conv{0, 1}°. 
For the representation (10.5) with n = 6, we take w = (1,1,1,0,0,0) and 


L = Z-{(1,0,0,—-1,0,0), (0,1,0,0,—-1,0), (0,0,1,0,0,—1)}. 
This lattice induces the action of G = (C*)? on C® via 
(21,22, £3, £4, 05, 06) ad (2121, 22%2, 2303, 21X4, 2225, 2326). (10.7) 


Hence Xp equals P! x P! x P!, the product of three projective lines. Points 
on Xp are represented by vectors in C® modulo scaling (10.7). However, 
some vectors in C® are not allowed. They are the zeros of the irrelevant ideal 


(Sa) = (a1, L4) NM (x2, U5) NM (x3, £6). 


Irrelevant ideals of general toric varieties will appear in the next section. © 


10.3. Constructing toric varieties 


A general toric variety is constructed from a fan in a lattice. To be consis- 
tent with earlier notation, we take this lattice to be LY = Hom(L,Z), the 
lattice dual to L. Its relation to the grading group A comes from applying 
the contravariant functor Hom(_,Z) to the sequence (10.1): 


0 —+ Hom(A,Z) Ze LY Ext'(A,Z) — 0. (10.8) 


Let 1,...,Un denote the images in LY of the unit vectors in Z” under 
the middle morphism of (10.8), so the embedding L — Z” is given by 
ur (Yy-U,...,Y,-u). We write C = Rso{,..., vn} for the cone generated 
by these n vectors in the real vector space LY @ R. This cone C may be 
pointed, but frequently (when we have better luck) it is not. 


Lemma 10.15 The A-grading is positive if and only if C equals LY @R. 


Proof. The A-grading is not positive if and only if there exists a nonzero 
vector uin DON”, by Theorem 8.6. On the other hand, the cone C fails to 
equal LY @R if and only if all functionals 1; lie on one side of a hyperplane 
in LY. This hyperplane is orthogonal to some nonzero vector u in L, which 
we may choose to satisfy v;-u > 0 for? =1,...,n. The image of u in Z” 
under the inclusion L <> Z” is (vy -u,...,U%,-u) € LAN” by definition. 


Definition 10.16 Fix acone C inside LY @R. A fan in LY is a collection 4 
of subcones o C C satisfying the following properties: 
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e Every cone o € © is pointed. 
e Every face of a cone in © is also in ©. 
e The intersection of two cones in / is a common face of each cone. 


The fan is compatible with the multigrading by A if C = Rso{M,..., Un} 
is the cone defined after (10.8), and also: 


e The cones in » are generated by images of unit vectors under Z” > LY: 


a = Rso{%,,.-.,¥%,} fora €%. 


The fan © is complete if every point of LY lies in some cone of » (so 
C = LY @R as in Lemma 10.15 if © is compatible). If every cone in Y 
is generated by part of a Z-basis for LY, then ¥ is called smooth; if the 
generators are merely linearly independent, then © is called simplicial. 


Example 10.17 (The normal fan of a lattice polytope) Consider a 
lattice polytope P as in (10.5). The multigrading by A is positive because 
P is bounded. The vectors in C = LY ® R are linear functionals on the 
polytope P. Stipulating that two such functionals v and v’ are equivalent 
if they are minimized on the same face of P, the set of closures of the 
equivalence classes is a fan 4(P), compatible in the sense of Definition 10.16 
(see Theorem 10.30). The fan X(P) is called the (inner) normal fan of P. 
(See [Zie95, Example 7.3] for a nice picture of an outer normal fan.) © 


All of the fans we encounter will be compatible, and these can be en- 
coded by squarefree monomial ideals, given the homomorphism Z” —> LY. 


Definition 10.18 The irrelevant ideal of a compatible fan © is the 
squarefree monomial ideal 


By = (&)j,--+ 25, | {¥1,---,Un}~ {Yj,,---, Uj, } Spams a cone of Y) 
in S = C[x]. Equivalently, the Alexander dual of the irrelevant ideal is 
Ip = (a4, +++ %i, | Vi,,---,1%, do not lie in a common cone of X). 


The Stanley—Reisner simplicial complex of the ideal Is can be identified 
with the variety V(Iy). Its facets are those subsets of {1,...,} that index 
the maximal faces of 0. If & is a simplicial fan, then this simplicial complex 
is precisely ¥ itself. The facets of the simplicial complex associated with By 
are those subsets of {1,...,} complementary to minimal nonfaces of ©. 
Consequently, the variety V(By) is usually harder to visualize in terms of 
the fan ©; but see Theorem 10.30 for the projective GIT case, where V( By) 
has a simple geometric description. 


Example 10.19 (The 3-cube revisited) For the normal fan © of the 3- 
cube in Example 10.14, the simplicial complex of Iy is the boundary of the 
octahedron. The simplicial complex of By consists of three tetrahedra. © 
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The variety V(By) of the irrelevant ideal consists of coordinate sub- 
spaces in the vector space C”. We will be interested in the G-orbits on the 
complement Us = C”\ V(By) of this subspace arrangement. To begin, Us 
is the union over all cones 0 € & of open subsets, each of which is defined 
by the nonvanishing of a monomial x? = aj, ---x;, in By: 


Uy = U Uz, where U, = C”"\ V(x") = Spec(S[x~°]). (10.9) 
oeh 


We have seen in Definition 10.5 that taking degree O pieces can be inter- 
preted geometrically as taking the quotient by the action of the torus G. 
Therefore, we have a collection of affine GIT quotients 


Xo = UZffG = Spec(S[x~°]o); (10.10) 


these affine toric varieties arise from a multigraded generalization of the pro- 
cedure in Proposition 10.11. For notation, let es = e;,+---+e,;, be the sum 
of all the unit vectors in Z” corresponding to rays V;,,...,V;, outside o. 


Lemma 10.20 The affine toric variety X, equals the spectrum of the semi- 
group ring over C for the semigroup {w € L | (w+ Nez) NN” 4 @} of 
vectors w in L that can be made positive by adding high multiples of ez. 


Proof. A Laurent monomial x™ lies in the localization S[x~°] if and only if 
w = v-re; for some v € N” and r € N; in other words, w+rez = v € N”. 
On the other hand, x” has degree 0 if and only if w € L. 


Proposition 10.21 The semigroup {w € L | (w+Nez) NN” 4 @} from 
Lemma 10.20 equals the semigroup oY NL, where oY is the cone in L@R 
dual to o, consisting of linear functionals taking nonnegative values ono. 


Proof. Suppose o is generated as a real cone by 1,,,...,1%,. Let eF be 
the basis vector of Z” mapping to v;. The subset of ZL on which the linear 
functionals e;,,...,e; take nonnegative values is by definition the set of 
lattice points in the real cone gY C L@R dual to o. On the other hand, the 
subset of Z” on which e;,,...,e;, take nonnegative values is precisely the 
semigroup N” —Nez where coordinates not corresponding to generators of o 
are allowed to be negative. Intersecting this semigroup with LD again yields 


the part of LZ where the functionals e* e* take nonnegative values. 


ty SG, 


Example 10.22 For the toric variety P?, the lattice L C Z° is the kernel 
of [1,1,1]. The three semigroups oY ML result from the intersection of L 
with N° — Nez, where @ is the singleton {7} for i = 1, 2, or 3. The cones 
oY in RL are the “shadows” of R32, obtained by projecting it along the 
coordinate directions to RZ; see the illustration in Fig. 10.1. © 
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Figure 10.1: The three semigroups oY N L for P? as shadows of N° in L 


Geometrically then, the spectrum of C[aY NM L] is the affine GIT quo- 
tient X, resulting from the action of G on the affine variety U,. Since we 
are interested in quotienting all of Up = C” \ V(Bs) and not just an open 
affine subvariety, we need to know how to glue the affine GIT quotients 
from different cones in ©). 


Corollary 10.23 If7 is a face of a conea € X, then X, is an open affine 
toric subvariety of X,. More precisely, S[x~7|o is a localization of S[x~7]p. 


Proof. The ring S[x~7]o is obtained from $[x~°]9 by inverting all mono- 
mials x” for which the linear functional w vanishes on T. 


Intersecting two open subsets U,, and U,.,, yields the open subset U/, for 
the cone T = 0, 02, which lies in the fan © by definition of fan. More 
importantly, Corollary 10.23 says that this remains true if we take the 
quotient by G,, thereby replacing U by X: the affine variety X, is naturally 
an open affine subvariety of both X,, and X,,. Hence we can glue them 
along X,. Doing this for all cones in © yields a variety Xy. 


Lemma 10.24 The open subvariety Uy = C” \ V(By) of C” comes en- 
dowed with a morphism Uy — Xy of varieties. 


Proof. The gluing used to define Uy and Xy from their open affines U, 
and X, commutes with the projections U, — X, by Corollary 10.23. 
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Had we fixed a multigraded ideal J inside S, we could have carried out 
the gluing using spectra Y, of rings ($[x~7]/J)o in place of the spectra X, 
of rings S[x~°]g, as a consequence of Corollary 10.23. Thus we arrive at 
the central definition of this chapter. 


Definition 10.25 Let R = S/I be the quotient of a multigraded polyno- 
mial ring by a homogeneous ideal, and let B = (x? | o € ©) be an irrelevant 
ideal for some compatible fan ©. The image of B in R is the irrelevant 
ideal of R. The spector (or toric spectrum) of the ring R with irrelevant 
ideal B is the variety (or scheme if J is not radical) SpecTor(R, B) covered 
by the affine spectra of the algebras R[x~°]9 for cones o € %. The spector 
of R = S, where I = 0, is denoted by Xz or by Xz. It is called the toric 
variety with homogeneous coordinate ring S and irrelevant ideal B. 


Let us stress at this point that a toric variety is equally well determined 
by giving only a sublattice LY inside Z” along with a fan X inside L @R, 
or by giving only the surjection A « Z” along with a squarefree monomial 
ideal B. Of course, we are not free to choose B arbitrarily, given the 
surjection A« Z", just as we are not free to choose the fan in L @ R 
arbitrarily, given the sublattice LY in Z". The point is that we could, 
if we desired, deal with toric varieties by referring only to combinatorial 
commutative algebra of the multigrading by A and the irrelevant ideal B. 


Example 10.26 Here is a concrete example demonstrating how the spec- 
tor of a multigraded ring can depend on the choice of irrelevant ideal. For 
positive integers r and s, consider the polytope P,,, beneath the planes 
z=yand z=2, above the xy-plane, and satisfying 7 < r and y < s. The 
polytope P;,, is defined by inequalities v; -u > w for w = (0,0,0,—r, —s), 
where the linear functionals 1,,...,v5 are the rows of the matrix L below: 


: and al 0 >| 


The weights of the variables in the multigrading by A = N? are the columns 
of A, and a = (r,s) is the image of —w = (0,0,0,7r,s) in A, so our notation 
agrees with (10.5). The distinction we will make is between the two cases 
r>sandr<s, yielding P,., in the left and right pictures, respectively: 


4 z 2 
(s,s, 8) tea (r, 8,7) 
(r, r, r) 
Tr, S, 
0 an 
(r, 0,0) — (r, 0,0) —— 
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Given the multigrading, the only extra information we need to define a 
toric variety is an irrelevant ideal in S = k[a1, 22,23, %4,%5]. When r > s, 
the corresponding polytope P,s, has toric variety 

Xp = SpecTor(S, (x2, 24) M (v1, 43, Hs5)), 


r>s 


whereas for r < s, the corresponding polytope P<; has toric variety 


Xp = SpecTor(S, (21,25) M (2,13, %4)). 


r<s 


The reader can verify these claims directly or apply Theorem 10.30. When 
r > s, amonomial lies in the irrelevant ideal if and only if the degree of some 
monomial with the same support lies interior to the “chamber” a, > ag 
in A = N?. The analogous statement holds for a; < a2 when r < s. © 


10.4 Toric varieties as quotients 


Now that we have seen how the spectra of the affine semigroup rings 
Clo’ 0 L] = S[x~?]o cover the toric variety Xy and how this informa- 
tion is recorded globally via the homogeneous coordinate ring, we would 
like to ascertain what kind of “quotientlike” properties are enjoyed by 
SpecTor(R, By), at least when R = S. To this end, a variety X is called 
the categorical quotient of a variety U modulo the action by an algebraic 
group G if there is a G-equivariant morphism U — X, in which X carries 
the trivial G-action, with the property that any G-equivariant morphism 
from U toa variety Y with trivial G-action factors uniquely asU— X — Y. 


Theorem 10.27 The toric spectrum Xy = SpecTor(S, By) is the categor- 
ical quotient of Us = C” \ V(Bs) by G. 


Proof. Suppose Us — Y is a G-equivariant morphism. Then any local 
function on Y induces a G-invariant function on an open subset U of the 
variety Us. Any G-invariant function on U is locally given by elements in 
a localization of S[x~?]o = C[aY NL}. This describes the local maps of 
structure sheaves Oy — Ox,, giving the desired morphism Xy — Y. 


Note that when the fan © has only one maximal cone, Iy is the zero 
ideal and By is the unit ideal. In this case, V(By) is empty, so Uy = C” 
and Xy is simply the affine GIT quotient C"//G. 

The disadvantage of categorical quotients is that sometimes many orbits 
get lumped together, so the geometric fibers of the morphism Us — Xy 
need not be single orbits. 


Example 10.28 Consider the situation of Example 10.12, where © is the 
3-dimensional fan consisting of a quadrangular cone and its faces. The fiber 
of the morphism C* — Xy = C*//G over the origin consists of the 2-planes 
t, = %2 = 0 and x3 = x4 = 0. Hence there are infinitely many G-orbits 
mapping to the origin under the quotient morphism (G has dimension 1). © 
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In general terms, the categorical quotient in the above example fails to 
be a so-called geometric quotient, where by definition the fibers of the quo- 
tient are exactly the orbits. The reason why is that the fan is not simplicial. 


Theorem 10.29 [f the fan % is simplicial, then the toric spectrum Xy = 
SpecTor(S, By) is a geometric quotient of Uy = C"\ V(By) by G; that is, 
the fibers of the morphism Uy — Xy are precisely the G-orbits on Us. 


Proof. We must prove that if o € © is a simplicial cone, then the morphism 
on spectra induced by inclusion of C[oY ML] as the degree 0 piece of S[x~7] 
has fibers that are orbits of G. For ease of notation, set 6 = oY NL, write Z* 
for A C {1,...,n} to mean the subgroup of Z” generated by those basis 
vectors eg for £ € A, and recall the setup from (10.9) and (10.10). 

Orthogonal projection of R” with kernel R? = Z7 @ R onto the sub- 
space R® induces a surjection from the real cone oY to the orthant RZ,; 
indeed, this is equivalent to ao being a simplicial cone. This projection 
maps L ® R surjectively to R°. Consequently, letting d = dim(G) as usual, 
some choice of d basis vectors eg,,...,e¢, in R” whose corresponding rays 
Ve,,--+,¥e, lie outside o are independent modulo L ® R. It follows that 
L + Z* has finite index in Z”, where \ = {€1,..., €q}. 

Set G’ = Hom(Z"/(L + Z*),C*), and consider the semigroup & + Z* 
inside Z” generated by & and the basis vectors +e¢,,...,+e¢,. Then G’ is 
finite, and the inclusion C[a+Z] — S[x~7] induces the quotient morphism 
U, — Uz //G’. On the other hand, the inclusion C[a]  C[e + Z7] induces 
the projection from U, = (C*)* x X, onto Xz. 

In summary, the morphism U, — X, factors as a composite 


Us — Uz fG =(C*Y xX, — xX, 


of two quotients. Both of these quotients are geometric, since quotients by 
finite group actions are always geometric, as are projections of products. 
We conclude that U, — Xz, is a geometric quotient, since the composition 
of two geometric quotients is again a geometric quotient. 


We will next relate the projective GIT quotients to our definition of 
toric variety. Let a¢ A= Z"/L. The set of points in R&, mapping to a 
under the projection R” + A®R isa polyhedron P,. Equivalently, picking 
a representative w € Z” for the class a recovers the polyhedron 


Py = R&gn(wt+L@R) (10.11) 


as an intersection of the orthant R&, with the affine translate of the sub- 
space L ®@ R by w. The geometry of Py in (10.11) is precisely the same as 
that of P, after (7.9), except that for Pa, the roles of the various lattices 
and vector spaces have changed: picking an element u € L specifies a lift of 
each vector 4; € LY to height w;+u; inside of LX x R. We will assume that 
Pz has full dimension n — d = rank(L). The polyhedron P, only intersects 
some of the faces of R&,9; we say that Py misses the other faces of R&o. 
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Theorem 10.30 The normal fan % = X(P,) is compatible, and its irrele- 
vant variety V(By) corresponds to the simplicial complex of faces of RSo 
missed by Pa. The projective GIT quotient C" J, G is the toric variety Xy. 


Proof. As functions of a positive integer r, both the normal fan 4(P,a) and 
the projective GIT quotient C"/,.2G are constant. Indeed, the normal fan 
does not change under scaling the polyhedron by positive real multiples, and 
the projective spectrum of an N-graded ring does not change under taking 
Veronese subrings. Since P, has rational vertices, we therefore assume— 
after replacing Pa by P-a for some large positive integer r, perhaps—that 
every face of Py has an integer point in its relative interior. 

The fan © is compatible because, by Farkas’ Lemma [Zie95, Proposi- 
tion 1.9], every functional maximized along a face F of Py is a nonnegative 
combination of the outer normals to the facets containing F’. 

Next we identify the irrelevant ideal of ©. A subset v, of the primitive 
(meaning shortest) integer vectors 11,...,Vn along the rays in © equals the 
subset lying in a single cone o € © if and only if v, is precisely the subset 
minimized along a face F of P,. This occurs if and only if there is a lattice 
point u € F such that v;-u is nonzero precisely for 1; in the complement 
Vz of vg, or equivalently, there is a monomial x" of degree a with support 
{i | uv; © vs}. The lattice point u is a witness for the fact that P, intersects 
the face F' of R&, with support {7 | »; € vz}. Since the monomials with 
support {7 | vy; © 4} for cones o € ¥ are exactly those in the irrelevant 
ideal By, a monomial x¥ lies in By if and only if its support supp(x”) 
corresponds to a face of R&, intersecting P,. Hence x” lies outside of By 
precisely when supp(x”) corresponds to a face of R&, missed by Pa. The 
conclusion about V(By) follows as a consequence. 

The reason why Xy coincides with C"/, G is that when deg(x") =a 
and supp(x") = {i |v; € ve}, the Z-graded degree piece of the localization 
S(a)[x_“] is isomorphic to Clo’ NL}. Thus Xy and C" /, G have covers by 
isomorphic open affines that agree on the overlaps. To see the isomorphism 


Sa (x-"] ¥ Clo NE] when supp(x") = {i | 1; € ve}, 


observe that $/q)[x~"] is spanned as a vector space over C by the (Laurent) 
monomials expressible as x¥/x’™" = x¥~™ for v © Pma and m € N. 
Writing v = v; +---+ Vm as a sum of m lattice points in P,, we find 
that x¥~™¥ = x¥1~¥...x¥™—"4 so S(,)[x~4] is the semigroup ring for the 
semigroup generated by the lattice points in the translate of Pz by —u (so u 
is moved to the origin). This semigroup consists of the lattice points in L 
on which the vectors in o are nonnegative, which is oY ML by definition. 


Remark 10.31 Our identification of the irrelevant ideal By in the proof of 
Theorem 10.30 actually showed that By equals the radical of the ideal (5,4) 
generated by all monomials of degree ra, for any sufficiently large r € N. 
Alternatively, if choosing a large integer r seems unnatural, we could think 
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of S(q) as a subring of S, so its irrelevant ideal Si) is a subset of S. Then 
By is the radical of the ideal (Sia) generated by the irrelevant ideal of S(q). 


Example 10.32 (Cubes yet again) The three tetrahedra at the end of 
Example 10.19 arise by embedding the cube into a simplex of dimension 5: 
each tetrahedron is the intersection of two codimension 1 simplices corre- 
sponding to opposite faces of the cube. These nonintersecting pairs of faces 
correspond to pairs of coordinate hyperplanes in R&, intersecting in a face 
of R&, that misses the cone over the cube. - 

The picture is somewhat simpler one dimension lower down, where the 
square is expressed as the intersection of a tetrahedron with a 2-plane E: 


NY 


When two facets of the tetrahedron intersect EF in opposite edges of the 
square, they intersect at an edge of the tetrahedron missed by the square. © 


Example 10.33 (The five varieties of 2x2 minors of a 2x3 matrix) 
Let S be the polynomial ring generated by the entries of a 2 x 3 matrix 
X = (a;;) of variables and consider the ideal of 2 x 2 minors 


f= (11229 — ©12%21, 11732 — 112731, %21%32 — £22031). 


There are five different ways, all very natural, of associating to the prime 
ideal I a subvariety Y of a toric variety X. In each case, the inclusion of 
Y = SpecTor(S/J, B) in X = SpecTor(S, B) is specified by the irrelevant 
ideal B and a sublattice L of the lattice Z?*3 of integer 2 x 3 matrices. 


1. If L = Z?*° consists of all integer 2 x 3 matrices and B = (1), then 
Y Cc X =C? is the cone over the Segre variety P! x P?. See case 2. 


2. If L consists of all matrices whose entries sum to zero and B = 

(w11, L195 L218, 021536995 X23), then Y = Pp! x Pp? is the variety in X = p>. 

3. If L consists of all matrices with zero row sums and B = (211,12, 13) 

A (x21, £22,223), then Y = P? is the diagonal in X = P? x P?. 

4. If L consists of all matrices with zero column sums and B = (21, 721) 
A (x12, £22) M (213,723), then Y = P! is the small diagonal in X = 
Pi xP! x Pl. 

5. Let LZ be all matrices with zero row and column sums and B the ideal 
of monomials whose support involves both rows and all three columns. 
Then Y is the distinguished point (the identity element of the dense 
torus) of a smooth toric surface X, namely the blowup of P? at three 
points. We encountered this surface in Example 10.13. © 
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Exercises 


10.1 Any sublattice L C Z” determines an affine toric variety Spec(C[L 1 Z”]) 
with a homogeneous coordinate ring graded by Z"/L. What is its irrelevant ideal? 


10.2 Decompose the polynomial f = (21 + 22 + #3)* into homogeneous compo- 
nents, f = \o,¢4/ Ca’ f(a), with respect to the A-grading in Example 10.1. Write 
each f(a) as a C-linear combination of the images of f under various ¢ € G. 


10.3 Pick an algebraic geometry textbook and review the definitions of Spec and 
Proj. Draw a picture of the real points of Proj(C[z, y, z]/(x? — y?z)). 


10.4 Consider the special case of Example 10.13 in which the graph is the com- 
plete bipartite graph K,,,, directed from one partite set to the other. Show that A 
is the subgroup of Z” x Z* consisting of all pairs (a,b) = (a1,...,@r,61,..., 0s) 
satisfying aj +---+a, =b1 +--++ bs, and that the polytope Pya,p) is the trans- 
portation polytope consisting of all nonnegative real r x s matrices with row 
sums a and column sums b. Prove that the projective toric variety corresponding 
to Pra,b) is smooth when a and b lie outside of finitely many hyperplanes. 


10.5 Let L be the column span of the 3 x 6 matrix L in (7.1) and pick a nonzero 
pair (u,7) as in Proposition 10.11. Compute the affine toric variety U(x" "). 


10.6 Consider the complete graph Ks on five nodes. Characterize the vectors a 
such that the toric quiver variety C” /_ (C*)” is smooth. What is its dimension? 


10.7 Consider the action of G = C* on C* in Example 10.12. Set B = (x1, £2) 
and Xg = SpecTor(C[21, x2, £3, v4], B). Is Xp a geometric quotient of C*? 


10.8 Let I be a homogeneous ideal of S and B an irrelevant ideal. 


(a) Explain why SpecTor(S/J, B) is naturally a subvariety (or subscheme, if I 
is not a radical ideal) of SpecTor(S, B). 

(b) Prove that two ideals J and I’ define the same subvariety (and even the 
same subscheme) if their saturations with respect to B are equal. 

(c) Prove the converse of (b). Hint: See [FM05]. 


10.9 What changes (if any) must be made to Theorem 10.30 when P, does not 
have full dimension n — d, so that the cones in (Pa) are no longer pointed? 


10.10 Prove the converse to Theorem 10.29 when the quotient is affine: If the 
cone LMN” generates a group of rank n — d but has more than n —d facets, then 
some fiber of quotient morphism C” —» C"/G contains infinitely many orbits of G. 
Hint: Think of the fiber over the origin as the zero set of an irrelevant ideal, and 
check that one of its components must have dimension at least d+ 1 = dim(G)+1. 


10.11 Prove the converse to Theorem 10.29 in general: If © is not simplicial, 
then some fiber of the quotient morphism Us — Xys contains infinitely many 
G-orbits. 


10.12 In Example 10.26, what is the irrelevant ideal for the toric variety when 
r = s? How does Example 10.26 relate to Example 10.12? 


10.13 (The diagonal embedding of a toric variety) Consider any toric 
variety Xx = SpecTor(S,B), where S is graded by the abelian group A. Show 
that Xy x Xy equals the variety SpecTor($’, B’) where S’ = S@cS for a suitable 
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ideal B’ and grading on $’. Determine the homogeneous prime ideal in $’ whose 
variety is the diagonal embedding Xy C Xz x Xy. Hint: See Exercise 7.12. 


Notes 


Books can be written—and have been written [Oda88, Ful93, Ewa96, BP02], and 
still are being written [BG0O5, FM05]—about toric varieties. Our main goal has 
been to give an idea of the extent to which one can understand various parts 
of the subject almost entirely from the perspective of multigraded commutative 
algebra. In fact, it is possible to go quite a bit further. For example, one can give 
an elementary definition of sheaf and equivariant sheaf for toric varieties using 
only multigraded algebra [Cox95, Mus02], without going into the technicalities of 
sheaf theory. A number of cohomology rings associated to a smooth projective 
toric variety, including the ordinary and torus-equivariant cohomology and K- 
rings, can also be treated in the context of combinatorial commutative algebra. 

The homogeneous coordinate ring of a toric variety (Definition 10.25) was 
discovered by Audin [Aud91], Cox [Cox95], and Musson [Mus94]. Theorem 10.27 
and Theorem 10.29 both appear in Cox’s article. 

It is probably possible to define the spector of any pair (R, B) in which R is a 
commutative algebra (over an algebraically closed field k) graded by a finitely gen- 
erated abelian group A and B C Risa graded ideal. Any such construction would 
essentially output the GIT quotient of Spec(R)\ V(B) by G = Hom(A,k*). From 
this perspective, the upshot of Section 10.3, and Definition 10.25 in particular, is 
that when B is the irrelevant ideal for a compatible fan, we can get an explicit 
combinatorial handle on the quotient, SpecTor(R, B), including an open affine 
cover. Readers interested in learning more about the generalities of quotients by 
algebraic group actions should start with the fundamental reference [MFK94]. 

The toric quiver varieties in Example 10.13 were introduced by Hille [Hil98] 
and discussed further by Altmann and Hille [AH99]. Such varieties are special 
cases of quiver varieties, where one associates a linear map to each directed edge, 
but the vector spaces at the vertices need not have dimension 1. The group acting 
on the space of such quiver representations is a product of general linear groups 
(one for each vertex), and the quiver variety is obtained as the quotient by this 
action. Although this setup is the same one underlying Chapter 17, there are 
only finitely many orbits there, and it is these orbits in Chapter 17 that interests 
us, rather than the moduli space of orbits as in Example 10.13. 

Fig. 10.1 was inspired by the cover art of [Hof79] (we should have named the 
cones G, E, and B). 


Chapter 11 


Irreducible and injective 
resolutions 


Let Q C Z@ be an affine semigroup (throughout this chapter, we do not 
require Q to be pointed or to generate Z%). Every monomial ideal I C k[Q] 
has a resolution by Q-graded free modules—that is, Z4-graded free k[Q]- 
modules with summands generated in degrees a € Q. Each summand 
k[Q](—a) in such a free module can be thought of alternatively as the 
principal ideal (t®) C k[Q], so a Q-graded free resolution of I is a resolution 
of I by principal monomial ideals. When Q % N?@, the ring k[{Q] is not 
regular, so a classical theorem of Serre implies that there are ideals of k[Q] 
whose free resolutions over k[Q] cannot be made finite. 

This infiniteness has a number of disadvantages. For starters, we have 
little hope of actually writing down the whole free resolution. Even granted 
that we can somehow “know” the whole resolution, we have to be careful 
when using infinite resolutions to write the Hilbert series of k[Q]/I as an 
alternating sum. Furthermore, free resolutions best capture the kinds of al- 
gebraic data associated to I expressible in terms of generators and relations; 
geometric data such as associated primes call for a different construction. 

In this chapter we show that every monomial ideal J in an affine semi- 
group ring k[Q] has a finite resolution in terms of irreducible monomial 
ideals. This construction is closely related to injective modules and injec- 
tive resolutions. We characterize these injective objects combinatorially, 
and we demonstrate that they can be computed quite explicitly. 


11.1 Irreducible resolutions 
In this chapter we use the term “ideal” to mean a monomial ideal in the 
semigroup ring k[Q], unless otherwise stated. An ideal J is principal if and 


only if J = I, + Ig implies I € {1,, Iz}. Thus principal ideals correspond 
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w 


Figure 11.1: An irreducible ideal 


to semigroup ideals of Q that are “primitive for unions”, in the sense that 
they cannot be written nontrivially as unions of ideals. Dually: 


Definition 11.1 An ideal W C k[Q] is irreducible if every expression 
W = W,0 Ws, of W as an intersection of ideals implies that W € {W1, Wo}. 


Thus irreducible ideals are “primitive for intersections”. We use the 
symbol “W” for irreducible ideals because that is how they look (Fig. 11.1). 
This geometric picture will be made precise at the end of Section 11.2, on 
injective modules. Instead of resolving a given ideal I using principal ideals 
as before, we now resolve M = k[Q]/I using quotients by irreducible ideals. 


Definition 11.2 The quotient W = k[Q]/W of the semigroup ring k[Q] 
modulo an irreducible ideal W is called an irreducible quotient. Such a 
module is Z¢-graded with its generator in degree 0. An irreducible reso- 
lution W’ of a Z4-graded module M over k[Q] is a graded exact sequence 


pi 
03=M5W>W'sWs.-- with W=QDw", 
j=l 


where each W% is an irreducible ideal of k[Q]. The irreducible resolution 
is minimal if the numbers ’ are all simultaneously minimized (among 
irreducible resolutions of M/). We say that the irreducible resolution is 
finite if each py’ is finite and W’ = 0 for i > 0. 


Example 11.3 Let Q = N? and consider the ideal J = (x*+,x?y?,y*) in 
k[Q] = k[z, y]. The following sequence is a minimal irreducible resolution: 


0 — kl, y)/I > k[x,y]/(x*,y°) @k[x, y]/ (2, y*) > kl[e, y]/{x?, y°) — 0. 


It corresponds to the “exclusion—inclusion” 


° O ° 
° = ° = ° 
0,050 °O Ooo 


that expresses the set of monomials outside of J in terms of “boxes”. © 
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In order for a finitely generated Z4-graded k{Q]-module M to have an 
irreducible resolution, a necessary condition is that M, = 0 for a € Z7\ Q; 
that is, the module M has to be Q-graded. This condition is also sufficient. 


Theorem 11.4 Every finitely generated Q-graded module M has a finite 
minimal irreducible resolution, and it is unique up to isomorphism. 


This theorem applies in particular to ideals J and their quotients k[Q]/T. 
An immediate consequence is the following combinatorial statement, which 
we have already seen in action in Example 7.14. 


Corollary 11.5 Every monomial ideal I C k[Q] has a unique irredundant 
expression I =W,N---NW, as an intersection of irreducible ideals W;. 


Proof. If W* is a minimal irreducible resolution of k[Q]/I, then choose 
r = p° and W; = W°%. The kernel of the composite homomorphism 
k[Q] > kIQ\/I — @j_, W; is the intersection of ideals Wi 9 ---9 W,. 
Existence follows because k[Q]/I — W° is an inclusion. Uniqueness follows 
from the uniqueness of minimal irreducible resolutions in Theorem 11.4. 


It is worth pausing at this juncture to remark that, although the ide- 
als W; and W2 in Definition 11.2 are required to be monomial ideals by the 
conventions of this chapter, such monomial ideals are always irreducible in 
the ungraded sense of Remark 5.17 anyway. The proof of this statement 
requires some facts about Z?-graded irreducible ideals, so we postpone it 
until Proposition 11.41, at the end of the chapter. 

We take Corollary 11.5 as the motivation for the rest of this chapter, 
whose eventual aim is to prove Theorem 11.4 (after Example 11.40). Along 
the way, we will see how injective modules and injective resolutions arise 
naturally, allowing their well-behaved homological behavior to rub off onto 
irreducible resolutions. Also, we will attempt to dispel the common belief 
that injective modules must necessarily be unwieldy behemoths, by describ- 
ing them combinatorially in the context of affine semigroup rings. 

Let us illustrate the difference between free resolutions and injective 
resolutions for the ideal J = (x*+,2?y?,y*) from Example 11.3. The free 
resolution of k[z,y]/I (i) covers the set of standard monomials modulo I 
with all of N?, (ii) uncovers the monomials in J using translated copies of 
the positive quadrant N?, and finally, (iii) excludes the monomials in I that 


were uncovered too many times: 
A 


uN 
° ° ° | 
° = ° > °O — Se 
05050 ooo oo°0 | 
; : : : . : 


In contrast, an injective resolution of k[z, y|/I starts by covering the set of 
standard monomials using translated copies of the negative quadrant —N?. 
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It then subtracts off those monomials that were covered too many times— 
including those outside of the positive quadrant. Finally, the injective res- 
olution adds back in those monomials subtracted off too many times: 


° ——— <p-O90 ° 
° = —_ ° + ° 
ooo oo ooo 
| | 9 J 
| ae ' 


We recover the irreducible resolution in Example 11.3 from this injective res- 
olution by ignoring Z?-graded degrees outside the semigroup Q = N?. That 
this works for any semigroup Q will be the content of Proposition 11.39. 

Irreducible monomials ideals in a polynomial ring k[21,..., aq] are easy 
to recognize because they are generated by powers of the variables. How- 
ever, when Q % N@, there seems to be no simple way of telling an irreducible 
ideals from its generators. Testing irreducibility, computing irreducible de- 
compositions, and computing irreducible resolutions are challenging algo- 
rithmic problems. The computationally inclined reader may wish to think 
about Exercise 11.1 before moving on to the next section. 


Example 11.6 Fix the semigroup Q = N{(-1,1),(0,1),(1,1)} c Z7. A 
typical example of an irreducible ideal in k[Q] = k[z, y, z|Kxz — y?) is 


W = (2°,2*y,y2*, 2°). 
We can show that W is irreducible by noting that 
W = k{Qn((0,4) -Q)}. 


Can you find an irreducible ideal in Q with more than four generators? © 


11.2 Injective modules 

Recall that F is a face of the semigroup Q C Z* if Q \ F is a prime ideal. 

Definition 11.7 The injective hull of the face F' of @ is the subset 
F-Q = {f-q|f¢eFandqeQ} 


of Z¢. We also consider its translates a+ F — Q for a € Z%, and we regard 
the vector space k{a+ F' — Q} over k with that basis as a k[Q]-module via 


t2-tU ee if qtuca+F-Q 


0 if otherwise. 


The module k{a + F' — Q} is called an indecomposable injective of Q. 
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(0,-1)+ X -—Q 


(-1,4) _ Q 


(3,0) + Y 4Q 


Figure 11.2: Z?-graded translates of injective hulls for Q = N? 


Example 11.8 When Q = N?, so k[Q] = k[z, y] is the polynomial ring in 
two variables, there are four faces: the trivial face O = {0}, the x-axis X, 
the y-axis Y, and the whole semigroup N?. Examples of subsets a+ F — Q 
appear in Fig. 11.2, each dot lying at the appropriate a € Z?. © 


Although arbitrary Z?-graded translates of indecomposable injectives 
are allowed, sometimes there are homogeneous isomorphisms of degree 0 
between two different translates. It is instructive to check the following 
proposition for the faces F in Fig. 11.2. 


Proposition 11.9 An indecomposable injective k{a+F—Q} is isomorphic 
to k{b + F — Q} as a k[Q]-module if and only if a+ZF=b+ZF. 


Proof. The two modules are isomorphic if and only ifa € b+F—-—Q 
and b € a+ Ff —Q. This condition is equivalent to a—b € F'— Q and 
b-—ace F—Q, which is the same asa—be(F-Q)N(Q-F)=ZF.0 


Definition 11.10 An injective module over k/Q] is any direct sum of 
indecomposable injectives: 


BE = @k{a+F*- Qh. 


kek 


Here, K is an index set that can be infinite, the vectors a; lie in Z“, and 
the faces F* of Q can be repeated. 
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In Theorem 11.30 we will justify the name “injective” by proving that 
these are the injectives in the sense of homological algebra. Our first goal 
is to work out their connection with irreducible ideals. 


Definition 11.11 A submodule M C N is essential if every submodule 
of N intersects M nontrivially: 04 N’ CN > N'O M 40. We call N an 
essential extension of 7. The extension is proper if N 4 M. 


Our principal example is the inclusion of a face into its injective hull. 
Lemma 11.12 The inclusion k{F} C k{F — Q} is an essential extension. 


Proof. Each element u € F' — Q can be expressed as u = f — a for some 
aéQandf € F. The equation a+u =f € F translates into t?t¥ = 
tf ek{F}. If N’ is a nonzero submodule of k{F — Q}, then N’ contains a 
nonzero k-linear combination of monomials t¥. Multiplying this element by 
a suitable monomial t® as above yields a nonzero element of N’Nk{F'}. 


The most common argument using an essential extension M C N says: 
If a homomorphism N — N’ induces an inclusion M — N’, then N — N’ 
is also an inclusion. The proof of the “if” part of our next result uses this 
argument. For notation, the Q-graded part of a module M is the submodule 
Mg = Daca M, obtained by ignoring all Z¢-graded degrees outside of Q. 


Theorem 11.13 A monomial ideal W is irreducible if and only if the Q- 
graded part of some indecomposable injective module E satisfies Eg = W. 


Proof. First we prove the “if” direction. The multiplication rule in Defini- 
tion 11.7 implies that k{a+Q— F}q is isomorphic to W for some ideal W. 
Supposing that W 4 k/Q], we may as well assume a € Q by Proposi- 
tion 11.9 (add an element way inside F'), so that t? € W generates an 
essential submodule k{a+ F'}. Suppose W = 1, NJ2. The copy of k{a+ F} 
inside W must include into k[Q]/J; for j = 1 or 2; indeed, if both induced 
maps k{a+ F'} — k[Q]/J,; have nonzero kernels, then these kernels intersect 
in a nonzero submodule of k[a + F'] because k[F] is a domain. Essentiality 
of k{a+ F} C W forces W — k[Q]/J; to be an inclusion for some j, so W 
contains—and hence equals—this ideal J;. Thus W is irreducible. 

Now we prove the “only if” direction. Since W is irreducible, its radical 
is the unique prime ideal Pr = k{Q \ F} associated to W. Let N be the 
span k{t" € k[Q] | (W : t") = Pr} of all monomials in W with annihilator 
equal to Pp, which is a k[Q]-submodule of W. Define U to be the exponent 
vectors on a finite set of monomials generating N. Given u € U, we have 
tutf ¢ W for f € F. Consequently, all monomials with exponents in 
Qn (u+ F — Q) lie outside W, because W is an ideal. Thus the ideal 
W® defined by WY" = k{u+ F — Q}q contains W. But every monomial in 
k[Q] \ W has a monomial multiple whose annihilator equals Pr, whence 
W =Nuevy W. Irreducibility of W implies that W = W™ for some u. 
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Theorem 11.13 says approximately that the standard monomials for an 
irreducible monomial ideal lie in the intersection of a cone and a translate 
of its negative, justifying the heuristic illustration in Fig. 11.1. 


11.3. Monomial matrices revisited 


Earlier in this book, we used monomial matrices as a convenient notational 
device to write down complexes of free modules over Z”-graded polynomial 
rings. Now we extend this construction to injective k[Q]-modules. 

When we defined monomial matrices in Section 1.4, we tacitly assumed 
a full understanding of the N”-graded homomorphisms S(—b) — S(—c) 
between a pair of copies of S = k[a,,...,x2,]. Of course, such a homomor- 
phism is completely determined by the image of the generator 1, of S(—b): 
either the map is zero or it takes 1p to a nonzero scalar multiple of the 
monomial xP~¢ - 1¢, which sits in degree b of S(—c). 

To justify using monomial matrices here, we need to get a handle on 
homomorphisms between (indecomposable) injectives. For this purpose, 
let us review the notion of homogeneous homomorphism in more detail. In 
what follows, Z4-graded k-algebras R always have k contained in the degree 
zero piece Rg. The principal examples to think of are R = k[Q] and R=k. 


Definition 11.14 Let R be a Z7-graded k-algebra. A map ¢: M — N of 
graded R-modules is homogeneous of degree b € Z? (or just homoge- 
neous when b = 0) if (Ma) C Na+. For fixed b € Z4, the set of such 
maps is a k-vector space denoted by 


Hom p(M, N)p degree b homogeneous maps M — N 


= homogeneous maps M — N(b) 


l| 


homogeneous maps M(—b) — N. 


As the notation suggests, if R is either k or k[Q], and M is a k[Q|-module, 


Hom g(M,N) = € Hom ,(M,N)p 
beZ4 


is a Z4-graded k[{Q]-module, with x*¢ defined by (x*)(m) = ¢(x®m). 


When R = k[Q], we write Hom(M, N) = Hom j,9)(M, N) if no con- 
fusion can result. The graded module Hom(M, N) is isomorphic to the 
Z-graded and ungraded versions whenever MM is finitely generated (all ver- 
sions can be calculated using the same graded free presentation of M). 

The obvious combinatorial relation between the localization k[Q — F] 
and the injective hull k{F — Q} underlies a deeper algebraic duality. To 
pinpoint it, we “turn modules upside down” algebraically. 
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Definition 11.15 The Matlis dual of a graded k[Q|-module M is the 
k[Q]-module MY = Hom,(M,k). In other words, MY is defined by 


(MY)_y = Hom,(Muy,k), 


the multiplication (MY)_u La (MY )a—u being transpose to Mu_a a My. 
Observe that (MY)Y = M, as long as dim,(M,) is finite for all b € Z?. 


Note that the Matlis dual of the localization k[Q — F] of k[Q] along F 
is the injective hull k{ F — Q} of k[F]. In symbols, k{F — Q} = k[Q — FIY. 
Matlis duality behaves well with respect to Hom and tensor product: 


Lemma 11.16 Hom(M,NY)=(M@N)Y. 


Proof. The result is a consequence of the adjointness between Hom and ® 
that holds for arbitrary Z¢-graded k-algebras R and R-modules M, N: 


Here, the base ring k does not even need to be a field. 


A map between injective modules can be represented by a matrix each 
of whose entries is a degree 0 homomorphism k{a+ F'—Q} — k{b+G-—Q} 
between indecomposable injectives. Just as with free modules over k[N"], 
it is therefore crucial to know (i) that the vector space of such maps is 
either k or zero, and (ii) the conditions on F’', G, a, and b that force zero. 


Proposition 11.17 The k-vector space Hom (k{a+F—Q}, k{b+G—Q}), 
is either zero or 1-dimensional. The following conditions are equivalent. 
1. Hom(k{a+ F— Q},k{b+G-—Q})o = k. 
2a+F-Q2b+G-Q. 
3 FOGandbea+F-Q. 


Proof. Lemma 11.16 implies the first equality below. The second uses the 
same lemma with the roles of M and N switched: 


Hom (k{a+ F — Q},k{b + G — Q}) 
(k{a+ F-Q} @k{-b+Q-G})” 
= Hom(k{—b + Q-G},k{-a+@Q~— F}). 


I 


Any nonzero degree 0 homomorphism between such localizations must be 
an injection, induced by an inclusion —-b+ Q-—G C -—a+Q-F. The 
statement about 0 or k is immediate. Taking negatives yields the criterion 
of part 2. The equivalence of part 2 and part 3 can be checked directly. 


Consider elements in direct sums of indecomposable injectives as row 
vectors, so a matrix acts on the right side of a vector and the arrows in 
cochain complexes of injectives go to the right. 
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Definition 11.18 An (injective) monomial matrix is a matrix of con- 
stants Agp € k such that: 


1. Each row is labeled by a vector a, € Z4 and a face F% of Q. 
2. Each column is labeled by a vector a, € Z4 and a face F? of Q. 
3. Agp = 0 unless F? C FY and ap €ag+ FY-Q. 


Sometimes we use monomial labels t®1 and t®? in place of the vector 
labels ag and ap. 


Theorem 11.19 Monomial matrices represent maps of injective modules: 


ae 
*“ Apctt 


FY ay Ags 


Dk{a, + F Q} = GD k{ap + F? — Q}. 


Two monomial matrices represent the same map of injectives (with fixed 
direct sum decompositions) if and only if (i) their scalar entries are equal, 
(ii) the corresponding faces F" are equal, where r = p,q, and (iii) the 
corresponding vectors a, are congruent modulo ZF". 


Proof. Proposition 11.17 immediately implies the first sentence. The sec- 
ond sentence is the content of Proposition 11.9. 


Definition 11.18 really does constitute an extension of the notion of 
monomial matrix from Section 1.4. All that we have done here is added face 
labels to the data of the row and column labels and changed the condition 
for Agp to be nonzero accordingly. The reader should check that when 
Q = N" and FY = F? = {0} for all g and p, the only surviving condition on 
Agp i8 Ag = Ap, and this is precisely the condition on —a, and —a, stipulated 
by Definition 1.23. (The negatives on a, and a, stem from Matlis duality.) 

As with cellular monomial matrices for complexes of free modules, cel- 
lular injective monomial matrices can be specified simply by labeling the 
cell complex with the appropriate face and vector labels. 


Example 11.20 Resume the notation from Example 11.8. The following 
sequence of maps is cellular, supported on a line segment. The vector labels 
are all zero. The vertices have face labels X and Y, the interior has face 
label N?, and the empty set has face label O. 

oO 

xX Y (0) 
0 6~O X Of -1 
1 1 Y O 


0 k{Z?} k{X —N?} ok{Y — N?} k{O —N?} 50 
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This sequence of maps is actually a complex, and it would be exact except 
that the kernel of the first map k{Z?} k{X — N?} 6 k{Y — N?} is 
isomorphic to k{(1,1) + N?}. 

The same cell complex also supports a completely different complex of 
injectives. Here, monomials t® replace the vector labels a: 


oO 
oO oO x ty—! 

yt gal O yo -1 
o1i[ 1 1 | oO | 1 


k{(0, —1) — N?} 


0 — k{—N?} k{(—1, -1) —N?}—0 


k{(-1, 0) — N?} 


This complex is also exact except at the left, where the kernel is just k 
in Z?-eraded degree 0. In fact, this is just the Matlis dual of the Koszul 
complex in two variables (Definition 1.26). © 


11.4 Essential properties of injectives 


In more general commutative algebraic settings, injectives are important 
because of their simple homological behavior, in analogy with free modules. 


Definition 11.21 A graded k[Q]-module J is called homologically in- 
jective if M ++ Hom,,9)(M, J) takes exact sequences to exact sequences. 


In other words, if 0 ~- M — N => P = 0 is exact, then so is 


0 -— Hom(M, J) — Hom (N, J) — Hom (P, J) <— 0. 


For (10.2) in Chapter 10 we exploited this valuable property in the con- 
text of (ungraded) Z-modules, otherwise known as abelian groups: divisible 
groups, such as C*, are homologically injective. In general, only the sur- 
jectivity of Hom(M, J) — Hom(N, J) can fail, even for arbitrary J. The 
surjectivity for homologically injective J can be read equivalently as follows. 


Lemma 11.22 J is homologically injective if whenever MC N and ¢: 
M — J are given, some map i: N > J extends ¢; that is, w|jyz = ¢. 


Judging from what we have already called the modules k{F — Q} and 
their direct sums in Definition 11.10, we had better reconcile our combina- 
torial definition of injective module with the usual homological one. The 
goal of this section is to accomplish just that, in Theorem 11.30. 

Recall that a module N is flat if tensoring any exact sequence with N 
yields another exact sequence. The examples of flat modules to keep in 
mind are the localizations k[Q — F]. In fact, localizations are pretty much 
the only examples that can come up in the context of graded modules over 
affine semigroup rings (cf. the next lemma and Theorem 11.30). 
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Lemma 11.23 N is flat if and only if NY is homologically injective. 


Proof. M ++ M @ N is exact if and only if M+ (M @ N)Y is. Now use 
the equality (M @ N)Y = Hom(M, NY) of Lemma 11.16. 


Thus “flat” and “injective” are Matlis dual conditions. Heuristically, a 
module k{T} is flat if T is an intersection of positive half-spaces for facets 
of Q, whereas k[T] is injective if T is an intersection of negative half-spaces. 


Proposition 11.24 Indecomposable injectives are homologically injective. 


Proof. Since k[Q — F]Y = k{F — Q}, this follows from Lemma 11.23. 


For any Z4-graded module M, the Matlis dual can be expressed as MY = 
Hom ya) (M, k[Q]Y) by Lemma 11.16 with N = k[Q]. Proposition 11.24 says 
in this case that Matlis duality is exact, which is obvious from the fact that k 
is a field, because taking vector space duals is exact. Taking Hom into k[Q]Y 
(= the injective hull of k) provides a better algebraic formulation of Matlis 
duality than Definition 11.15, by avoiding degree-by-degree vector space 
duals. It should convince you that dualization with respect to injective 
modules can have concrete combinatorial interpretations. 

Homological injectivity behaves very well with respect to (categorical) 
direct products of modules. Unfortunately, the usual product of infinitely 
many Z*-graded modules (M?),¢p is not necessarily Z¢-graded. Indeed, 
there may be sequences (¥p)pep € [],<p M? of homogeneous elements that 
have distinct degrees, in which case {Ie pM? fails to be the direct sum of 
its graded components. Such poor behavior occurs even in the simplest 
of cases, in the presence of only one variable x (so Q = N): the product 
T[}2o kz] of infinitely many copies of k[x] has an element (1,2, x?,...) that 
is not expressible as a finite sum of homogeneous elements. The remedy is 
to take the largest Z¢-graded submodule of the usual product. 


Definition 11.25 The Z’-graded product ‘Thee M? is the submodule 
of the usual product generated by arbitrary products of homogeneous ele- 
ments of the same degree. Explicitly, this is the module that has 


Tee aie 


pEP pEP 
as its component in Z?-graded degree b. 


Lemma 11.26 Arbitrary Z¢-graded products of homologically injective 
modules are homologically injective. 


Proof. The natural map Hom(N,"T],<¢p M?) — “T],<p Hom (N, M?) is 
an isomorphism (write out carefully what it means to be a homogeneous 
element of degree a on each side). Apply Definition 11.21 to the case where 
each M? is homologically injective. 
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It is very easy to produce (in an abstract sense) nonzero maps from arbi- 
trary modules to homological injectives. The next result capitalizes on this 
ease: we can stick a module injectively into a product of indecomposable 
injectives by explicitly making sure that no element maps to zero. 


Proposition 11.27 Every module M is isomorphic to a submodule of a 
homologically injective module. If M is finitely generated, then M is iso- 
morphic to a submodule of a finite direct sum of indecomposable injectives. 


Proof. Homogeneous elements y € M generate finitely generated submod- 
ules. Using Proposition 8.11 and Lemma 7.10, pick a face F' such that Pr 
is associated to M, so (t®y) = k{u, + F’} for some a € Q and some vector 
u, € Z*. The corresponding inclusion (t®y) — k{u, + FY — Q} extends 
to a map ¢d, : M — k{u, + FY — Q} by homological injectivity of the 
latter. The graded product of such maps over y € M is a homomorphism 
(¢y)yem : M — “TI, k{u, + F¥ — Q} to a homologically injective module 
(Lemma 11.26 and Proposition 11.24) that is an inclusion by construction. 

When M is finitely generated, each of the finitely many submodules 
(0 :a¢ Pr) annihilated by a monomial prime ideal is itself finitely generated. 
Using the above construction, it suffices to take the graded product over 
all y in a finite set containing generators for each of the modules (0 :;7 Pr). 
This finite product is a direct sum. 


Lemma 11.28 Let J be homologically injective and E any module. 


1. If E is a direct summand of J, then E is homologically injective. 
2. If J CE, then J is a direct summand of E. 


Proof. To prove the first part, let J = J’@® J” and apply Hom(_, J) = 
Hom (_, J’) 6 Hom(_, J”) to any exact sequence. For the second part, 
the surjection Hom (J, J) « Hom (EF, J) produces a homomorphism E > J 
mapping to id;, which is by definition a splitting of the inclusion J — E. 


Proposition 11.29 A module J is homologically injective if and only if J 
has no proper essential extensions. 


Proof. First assume J is homologically injective. If J C M is an essential 
extension, then writing M = J @/WN for some N by the second part of 
Lemma 11.28, it must be that N =0,so J=M. 

Now assume J has no proper essential extension. Use Proposition 11.27 
to find an inclusion J — EF into a homologically injective module E. The 
set of submodules of F trivially intersecting J has a maximal element M by 
Zorn’s Lemma. The natural map J — E/M makes the quotient E/M into 
essential extension of J by construction, so J = E/M. Thus E=J@M. 
Homological injectivity of J is the first part of Lemma 11.28. 


Theorem 11.30 A module is homologically injective if and only if it is 
injective in the combinatorial sense of Definition 11.10. 
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Proof. Finite direct sums of indecomposable injectives are homologically 
injective by Proposition 11.24 and Lemma 11.26. Now let J be an arbi- 
trary direct sum of indecomposable injectives, and suppose that J C E is 
an essential extension. If x € E, then (x) NJ is isomorphic to (a Z4-graded 
translate of) an ideal of k[Q], so it is finitely generated because k[Q] is 
Noetherian. Since every generator involves only finitely many indecompos- 
able summands of J, the submodule (x) M J lies in a direct sum J’ C J 
of finitely many summands of J. By construction, J’ + (x) is an essen- 
tial extension of J’, so x € J’ by Proposition 11.29 and the first sentence 
of this paragraph. Apply Proposition 11.29 again to conclude that J is 
homologically injective. 
Now suppose that J is homologically injective, and let E be the set 
of indecomposable injective submodules of J. Among all subsets of €, 
consider the subsets whose elements pairwise intersect in 0. These subsets 
form a poset P (under inclusion) that has a maximal element €’ € P by 
Zorn’s Lemma. The sum of the modules in €’ is a homologically injective 
submodule J’ C J by the previous paragraph, and we can write J = J’6J” 
as a direct sum in which J” is also homologically injective, by Lemma 11.28. 
Suppose J” # 0. Then it has an associated prime, which has the 
form Pr by Proposition 8.11 and Lemma 7.10, so some element x € J” gen- 
erates a submodule isomorphic to k[F'](—a) for some a € Z4. The inclusion 
(xz) C J” can be extended to a map k{a+ F — Q} > J” by Lemma 11.22, 
and this map is also an inclusion, because k[F] C k{ F' — Q} is an essential 
extension. Denoting the image by M C J”, we find that €’ S €’U{M} © P 
contradicts maximality of €’, thereby proving J = J’. 


Every result in this chapter therefore holds for the injective modules in 
Definition 11.10, and we can forget the term “homologically injective” . 


11.5 Injective hulls and resolutions 


Proposition 11.27 has about the same value as its dual statement for free 
modules: “Every module has a generating set.” Well, of course it does. 
Much more useful is the analogue to “Every module has a minimal gener- 
ating set.” 


Definition 11.31 An injective hull of a module M is an injective module 
E(M) containing M as an essential submodule. 


Note, for example, that the indecomposable injective k{ F—Q} has been 
called the injective hull of k[F'] ever since Definition 11.10. 


Theorem 11.32 Injective hulls exist and are unique up to isomorphism. 


Proof. Existence: Choose an injection M @ J with J injective using 
Proposition 11.27, and let EF C J be maximal among essential extensions 
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of M contained in J; these exist by Zorn’s Lemma. Suppose E C E’ is 
an essential extension. Lemma 11.22 produces a homomorphism E’ > J 
whose image contains FE. Since the image cannot strictly contain E by 
maximality of E, and the kernel is zero by essentiality of E C E’, it must 
be that EF = E’. Hence E is injective by Proposition 11.29. 

Uniqueness: Let M C E and M C E’ be injective hulls. Lemma 11.22 
produces a map £ — E’ whose image contains M. The kernel of this map 
trivially intersects M and is hence zero because M C E is an essential 
extension. This forces the image to be an injective module and therefore a 
summand of E’. Since M C E’ is an essential extension, the image is EL’. 


Do not read more into Theorem 11.32 than it states: injective hulls are 
not unique up to canonical isomorphism. In other words, there may be 
many isomorphisms between two injective hulls of M. Minimal generating 
sets have the same (manageable) problem, stemming from the fact that 
vector spaces do not always come with canonical bases. 

An irreducible hull of M is an essential extension of M that is a di- 
rect sum of irreducible quotients. Theorem 11.32 immediately implies the 
corresponding result for irreducible hulls, using Theorem 11.13. 


Corollary 11.33 Irreducible hulls of Q-graded modules exist, and they are 
unique up to isomorphism. The irreducible hull of a Q-graded module is the 
Q-graded part of its injective hull. 


Another consequence of Theorem 11.32 is that every module has a spe- 
cial sort of resolution by injective modules. 
Definition 11.34 An injective resolution of M is an exact sequence 
dr? 


d° x 


Ti 0SMi PSP 
with all J? injective. J° is minimal if J° = E(M) is the injective hull of M 


and JJ*+! = E(X!(J7)) is the injective hull of the image of )’ for all j > 0. 
Corollary 11.35 Every module has an injective resolution. Minimal in- 


jective resolutions are unique up to isomorphism; in fact, if J° and E”* are 
injective resolutions of M with J° minimal, E* contains J° as a subcomplec. 


Proof. Use Theorem 11.32 and Lemma 11.28 to show by induction on coho- 
mological degree j that E47 & JI @ EJ for an injective resolution E* of 0. 


Any module inherits numerical invariants from the generating degrees 
of the free modules in its minimal free resolution, namely the Betti num- 
bers. Likewise, if injective modules possess numerical invariants, then they 
will be passed on to arbitrary modules as homological invariants by taking 
minimal injective resolutions. The question becomes: How unique is the 
decomposition of an injective module as a direct sum of indecomposables? 

For arbitrary modules M, let M[ZF] = M ®xjg) k[Q — F] be the homo- 
geneous localization of M along the face F. 
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Theorem 11.36 If J is injective, then the localization Hom (k|F], J)(ZF| 
is a free module over k|ZF]. Its Z4-graded piece in degree a satisfies 


dim; Hom (k[F], J)[ZF], = #summands isomorphic to k{a+ F — Q} 
in any decomposition of J into a direct sum of indecomposable injectives. 


Proof. The submodule N = Hom (k|F],k{a+ G— Q}) of elements inside 
k{a+G—Q} annihilated by k[F] is zero unless F' C G. Subsequently local- 
izing N at F yields zero unless F’ = G, in which case N[ZF] = k(ZF(—a). 
It follows that if J = @ye« k{ax + F* — Q}, then 


Hom (k[F],J)[ZF] = €) k[ZF|(—a,). 
FR=F 


Using Proposition 11.9, which implies that a; is only defined modulo ZF", 
the result follows by taking degree a pieces. 


Of course, the vector space dimensions and numbers need not be fi- 
nite; the statement is then that they have the same cardinality. Have no 
fear, though: almost every injective module in this book has only finitely 
many summands. There are cases of combinatorial interest, however, where 
infinitely many summands do occur (see Example 13.17 in Chapter 13.2, 
for instance), although there are usually still finitely many that have been 
translated by any fixed Z4-graded degree. 

To explain why a € Z¢/ZF in what follows, recall Proposition 11.9. 


Definition 11.37 The j*® Bass number of M along the face F' in degree 
a € Z4/ZF is the number pz"(M) of summands isomorphic to k{a+F—Q} 
appearing in J’, for any minimal injective resolution J* of M. 


The higher Bass numbers of M are no more abstract than the higher 
Betti numbers of W/. Moreover, we will see after Proposition 11.39 that 
zeroth Bass numbers (which are finite for finitely generated modules by 
Proposition 11.27) measure characteristics of modules that are as tangible 
as minimal generators—namely irreducible components. 

Our last main goal is to complete the proof of Theorem 11.4. Given 
any desired irreducible resolution, we begin by reconstructing an injective 
resolution whose @-graded part is that irreducible resolution. 


Lemma 11.38 Any irreducible resolution W* of a Q-graded module M can 
be expressed as the Q-graded part Jo of an injective resolution J° of M. 


Proof. Since M is Q-graded, M — W® —@ E(W°®) and E(W®°)g = W°®. 
Having chosen W* <> J* such that W* = Jo, let N= J*/J** and J? = 
E(Ng) @ E(&). Choose a map N — E(Ng) by applying Lemma 11.22 
to the inclusion Ng € N, and let K C N be the kernel. Choosing a 
map N — E(k) extending K — E(K), we get a monomorphism N — 
E(Ng) © E(K). Since Kg = 0, we have E(K)gN K = 0, so E(K)g =0 
by essentiality of K C E(K). Then Ng = Jo't = W'*! by construction. 
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Now we extract minimal irreducible resolutions from injective resolutions. 


Proposition 11.39 Let M be a finitely generated Q-graded module. The 
Q-graded part of a minimal injective resolution of M is a finite minimal 
irreducible resolution of M. 


Proof. Let J* be a minimal injective resolution of M. That W* = (J*)a 
is an irreducible resolution follows from Theorem 11.13, so it remains to 
demonstrate minimality. For each 7, the number of indecomposable sum- 
mands in W/ equals the number of summands in J? having a nonzero 
Q-graded part. This number is well-defined by Theorem 11.36, and is no 
larger than in any other injective resolution of M by Corollary 11.35. By 
Lemma 11.38, it is enough to show that (J”)g is finitely generated for each 
cohomological degree j > 0 (to get finiteness of the y*’ in Definition 11.2) 
and zero for all 7 >> 0 (to get W* = 0 for i > 0 in Definition 11.2). 

Corollary 11.33 implies that M has an irreducible resolution. By Propo- 
sition 11.27 and induction on cohomological degree, we may construct it so 
that every cohomological degree is finitely generated. Now construct an 
injective resolution E* whose Q-graded part is this irreducible resolution 
using Lemma 11.38, and conclude from Corollary 11.35 that (J7)g C (E’)g 
is finitely generated for each j. 

Finally, for length-finiteness, consider for each Q-graded module N the 
set V(V) of degrees a € Q such that Np vanishes for all b € a+ Q. The 
vector space k{V(N)} is naturally an ideal in k[Q]. We leave it as an 
exercise for the reader to check that V(M) € V(W/M) whenever W is the 
Q-graded part of an injective hull of M and M # 0 (that is, V(M) 4 Q). 
Noetherianity of k[Q] plus this strict containment force the sequence 


k{V(M)} C k{V(W°/M)} © k{V(W"/image(W"))} C --- 


of ideals to stabilize at the unit ideal of k[Q] after finitely many steps. 


Proposition 11.39 for ideals says that zeroth Bass numbers precisely 
locate irreducible components. 


Example 11.40 Look back at the illustration for J = (x*+,a?y?,y*) ¢ 
k[x,y] in Example 11.3. The injective hull of k[x,y]/I is the direct sum 
k[x, y]¥(—1, -3) 6k[z, y]¥ (—3, -1) appearing at the first stage of the injec- 
tive resolution. The N?-graded part of k[x, y]¥(—1, —3) is k[ax, y]/(x?, y*), 
sO (ge y y') _ (a, y*) al (aoe): ° 


Proof of Theorem 11.4. Proposition 11.39 says that minimal irreducible 
resolutions exist as @-graded parts of minimal injective resolutions. By 
Lemma 11.38 and Corollary 11.35, every minimal irreducible resolution 
can be expressed this way. 


Finally, we prove that our irreducibility agrees with the usual notion. 
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Proposition 11.41 If a monomial ideal W in k[Q] is irreducible in the 
sense of Definition 11.2, then W cannot be expressed as the intersection of 
two strictly larger ideals, even if nonmonomial ideals are allowed. 


Proof. In this proof, ideals are not assumed to be monomial ideals unless 
otherwise stated. Assume that the monomial ideal W is irreducible in 
the sense of Definition 11.2. It suffices to show that for any expression 
W =W,N---AW,, in which W;; is irreducible in the sense of Remark 5.17 
for all 7, we must have W = W; for some 7. Indeed, we reduce to this 
situation by intersecting irreducible decompositions of any pair of ideals 
whose intersection equals W. 

Write W as the Q-graded part of k{a+ F—Q} by Theorem 11.13. Thus 
W =k[Q]/W has a unique associated prime Pr. Let R be the localization 
of k[Q] at Pr, in the category of (not necessarily graded) modules over k[Q], 
and let p be the maximal ideal of R. Then Wy = (W1)pO-+-A(Wm)p is still 
an irreducible decomposition, although perhaps one that is more redundant 
than before localization. Assume that all intersectands W; have the unique 
associated prime Pr, by omitting the rest if necessary. 

Theorem 11.36 implies that the socle of W;, which is by definition the 
submodule soc(W,) of elements in W, annihilated by p, is a one-dimensional 
vector space over the residue field R/p. But soc(W,) maps injectively to 
the socle i", soc(R/(W;)p) of the module Qi", R/(W;)p. Consequently, 
the homomorphism soc(W,) — soc(R/(W;)») induced by the natural map 
W, — R/(Qi)» is injective for some 7. Since soc(W,) is an essential submod- 
ule of W, by definition (every element of W, has some nonzero R-multiple 
that is killed by p), it must be that the homomorphism W, — R/(W;), is 
injective, so W, 2 (W;)p. Since W and k[Q]/W; both have unique associ- 
ated prime Pr, we deduce that W D W; and therefore that W = W;. 


In terms of gradings, Proposition 11.41 says that ideals irreducible in the 
category of Z*-graded ideals over k{Q] are irreducible in the category of all 
(not necessarily monomial) ideals in k[Q]. This statement fails to hold when 
the Z4-grading is replaced by a grading with torsion. For example, consider 
the univariate polynomial ring k{a] graded by Z/2Z, with degx 4 0. The 
ideal (x? — 1) is irreducible (and in fact maximal) in the category of Z/2Z- 
graded ideals, but not in the category of all ideals. Indeed, (x? — 1) = 
(x +1) (x — 1), but the intersectands are not Z/2Z-graded. 


Exercises 


11.1 Describe a combinatorial algorithm for testing whether an ideal in a sub- 
semigroup Q of the two-dimensional lattice Z? is irreducible. 


11.2 For vectors a,b,c € N” satisfying c < b ~ a, define the Alexander dual 
of the homogeneous degree O injection S(—b) — S(—c) with respect to a to be 
the surjection S/m**° — S/m®*?. Show that the Alexander dual with respect 
to a of a minimal free resolution of J is a minimal irreducible resolution of S/I [al 
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11.3 Using the setup from Example 7.14, compute a minimal irreducible resolu- 
tion of the quotient k[Q’]/(b). Then calculate a minimal injective resolution of 
k[Q’]/(b) through cohomological degree 3. Do both of these tasks for k[Q’]/(ab). 


11.4 Let A be a simplicial complex with n vertices, and set m!??) = (a? ..., 02). 
Prove the following relation between Matlis duality and Alexander duality: 


(Za +m?)/mPl)¥ = (kfei,...,n]/(Uar +m!)) (1), 


where the Z"-graded translate on the right-hand side is by 1 = (1,...,1). 


11.5 Generalize Exercise 11.4 to arbitrary monomial ideals in S = k[x1,..., rn]: 
(me) ae) = (s/c) emt) (a). 


11.6 Let J° be a minimal injective resolution of a finitely generated Z4-graded 
k[Q]-module M. Prove that every injective resolution of M is isomorphic to the 
direct sum of J° with some number of cohomological shifts of trivial complexes 
having the form 0 — k{a+ F —-Q} ~k{a+F-Q}-—0. 


11.7 Consider the labeled cell complex X at right below, where I is short for —1. 


z 
103 
102 
013 aN 


113 
022 712 
002 111 
202 031 
012 
111 2 _ 
y iil 121 7 
120 
01, 021 
101 
020 130 


! 301 
311 000 


. = 


Sil 


330 = 
131 
331 


Endow each cell F' with a face label or = {i | (ar); = 3} corresponding to the 
face of N? generated by the basis vectors e; such that ar has i*® coordinate 3. 


(a) Visually verify the bijection between the indecomposable injectives corre- 
sponding to the vector and face labels on the facets of X and the irreducible 
components of the ideal J whose staircase diagram is above. The rest of this 
exercise shows that X supports a minimal injective resolution of k[z, y, z]/I. 

(b) Pick orientations for the cells in X, and write down the transposes of the 
three (scalar) matrices of differentials for the boundary complex of the un- 
derlying complex X. List these matrices from left to right, with the trans- 
pose of the map from 2-cells to 1-cells on the left. 

(c) Label the rows and columns of the scalar matrices in (b) with the corre- 
sponding vector and face labels ar,or from X. 
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(d) Explain why parts (b) and (c) result in injective monomial matrices for a 
complex J* of injectives, where again, we consider elements in direct sums of 
indecomposable injectives as row vectors (this is why we took transposes). 

(e) By ascertaining which indecomposable summands contribute to each graded 
degree, check that the complex J* in (d) is exact in some representative Z°- 
graded degrees. Be sure to choose some Z?-graded degrees that have one or 
more negative coordinates. (See Exercise 11.11 for more generality.) 

(£) Conclude from (e) that J° is a minimal injective resolution of k[x, y, z]/T, 
where I = (x?2?, yz?, yz, yz, cyz). 

11.8 How would you change the labeling on X in the picture from Exercise 11.7 
to support a minimal free resolution of k[a, y, z]/(I + (a*, y*, 2*))? If you wanted 
a minimal free resolution of k[z, y, z]/I, which faces of X would you ignore? 


11.9 How would you use the labeled cell complex X from Exercise 11.7 to repre- 
sent a minimal irreducible resolution of k[x, y, z]/I? Which faces of X would you 
need to ignore? 


11.10 Let A be a monomial matrix as in Definition 1.23, and fix a € N”. Denote 
by o C {1,...,n} the face of N” generated by {e; | i € a}. Given b € Z”, let 
o(b) = {2 | b; > ai}. Show that appending the face labels (aq) and (ap) to the 
row labels ag and column labels ap of A yields an injective monomial matrix. 


11.11 Fix a monomial ideal J generated in degrees =< a and a labeled cell com- 
plex X (with labels ar) supporting a minimal free resolution of S/([-+m®*?). 
With notation as in Exercise 11.10, let X be the injectively labeled cell complex 
with vector labels ar — 1 and face labels o(ar) on each cell F € X. 


(a) Show that X determines a complex of injectives whose injective monomial 
matrices have scalar entries that constitute the transposes of the boundary 
maps of X, listed from left to right so that the facets of X are on the left. 

(b) Prove that the complex in part (a) is a minimal injective resolution of S/I. 
(One possibility is to adapt the proof of Theorem 5.37. Another is to reduce 
to the statement of Theorem 5.37 by applying Matlis duality, Z”-translating 
by a, and taking N”-graded parts; note the exactness of these operations.) 

(c) In what sense does this minimal injective resolution not depend on a? 


11.12 Use Exercise 11.11 to define the Scarf triangulation for a generic ideal I 
from the minimal injective resolution of k[x]/I, without referring to J + m?*?. 


11.13 Let V(NV) for a Q-graded module N consist of the degrees a € Q such that 
Np vanishes for all b € a+Q. Prove the fact used in the proof of Proposition 11.39: 
For a nonzero finitely generated Q-graded module M, the set V(M) is strictly 
contained inside V(W/M) if W is the Q-graded part of an injective hull of M. 


Notes 


It was not our goal in this chapter to give the most general account of graded injec- 
tive modules over graded Noetherian rings; the interested reader should start with 
[BH98, Sections 3.1 and 3.2], on which some of the exposition in Sections 11.4— 
11.5 is based. The main point is that minimal injective resolutions exist in the 
category of graded modules over any arbitrarily-graded Noetherian ring. Essential 
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extensions, indecomposable injectives, injective hulls, and irreducible decomposi- 
tions generalize without alteration, although injective modules are themselves not 
so explicit, even in contexts as nice as positively multigraded polynomial rings. 

Although injective resolutions carry over to more general graded Noethe- 
rian rings, irreducible resolutions are special to the finely graded case, where 
the vector space dimensions of the graded pieces of the ring have dimension 1. 
The reason is that the fine grading forces submodules of indecomposable injec- 
tives to be uniquely determined by the set of graded degrees in which they are 
nonzero. Finely graded injective modules were introduced by Goto and Watanabe 
[GW78] for the study of semigroup rings. Irreducible resolutions were introduced 
in [Mil02c] for the purpose of generalizing the Eagon—Reiner Theorem (Theo- 
rem 5.56) from the polynomial ring to affine semigroup rings. 

There exist algorithms to compute irreducible decompositions and resolutions 
over normal semigroup rings [HM04], although it is still open to do so for unsatu- 
rated semigroups. The use of Bass numbers to compute irreducible components— 
even algorithmically—works in more general settings [Vas98, pp. 66-68]. 

Exercise 11.2 can be used to generalize Alexander duality to arbitrary N”- 
graded modules (see also Exercise 13.10): Taking the Alexander dual of a free res- 
olution of any N”-graded module M whose generators and relations lie in degrees 
~ a yields an irreducible resolution for the Alexander dual of M with respect to a. 
This and many of the exercises in this chapter are, to varying degrees, based on the 
content of [Mil00a]. The exercises in question include Exercises 11.7—11.10, which 
are loosely based on [Mil00a], and Exercises 11.2, 11.4, 11.5, and 11.11, whose so- 
lutions can be found more directly in specific results. In particular, Exercise 11.11 
is one of the cellular cases of the general duality for resolutions; see [Mil00a, Corol- 
lary 4.9], for example. Exercise 11.13 is equivalent to [Mil02c, Lemma 2.3]. 

From the point of view in Exercise 11.12, part (d) of Theorem 6.26 is a rephras- 
ing of the statement that the zeroth Bass numbers of S/J (Definition 11.37) are 
determined by the Scarf complex A;*, and part (b) of Theorem 6.26 says that 
the entire Z”-graded injective resolution of S/I is determined by Az-. 

Future uses of irreducible resolutions could include applications to finely 
graded Hilbert series of monomial ideals in semigroup rings. For this, one would 
need to get a handle on the Hilbert series of irreducible quotients, which turns 
out to be a subtle lattice-points-in-polyhedra geometry problem. Describing ex- 
plicit geometric or combinatorial irreducible resolutions (in the sense of Part I and 
Chapter 9) of monomial ideals in arbitrary semigroup rings remains a tantalizing 
open problem, even in the saturated case (Definition 7.24). A combinatorial or ge- 
ometric solution to the dual problem of how to find generators for the intersection 
of two principal ideals in a semigroup ring would be a good start. 


Chapter 12 


Ehrhart polynomials 


This chapter is concerned with counting the lattice points in a convex poly- 
tope P. If the vertices of the polytope are lattice points themselves, then 
the number of lattice points in integer multiples mP of the given poly- 
tope is a polynomial function Ep(m) whose degree is the dimension of P. 
The polynomial Ep was studied by Eugene Ehrhart in the 1960s and is 
called the Ehrhart polynomial of the polytope P. We present a proof of 
Ehrhart’s Theorem and also of Brion’s Formula, which expresses the set of 
lattice points in P (rather than the number of them) as a rational function 
in several variables. The presentation highlights the interaction between 
the arithmetic aspects of polyhedra and multigraded commutative algebra. 
We conclude with a discussion of Barvinok’s polynomial-time algorithm 
for computing Ehrhart polynomials of polytopes in fixed dimension. The 
algorithm is based on encoding lattice points in polytopes and certain mul- 
tivariate Hilbert series in terms of short rational generating functions. 


12.1 Ehrhart from Hilbert 


Let P be a d-dimensional lattice polytope—that is, a full-dimensional con- 

vex polytope in R¢ all of whose vertices lie in Z%. For any integer m > 0, the 

multiple m-P is also a lattice polytope, and we can count its lattice points. 

Definition 12.1 The function taking each integer m € N to the number 
Ep(m) = #((m-P)NZ*) 

of lattice points in the polytope m-P is the Ehrhart polynomial of P. 


The aim of this section is to prove the following theorem due to Ehrhart, 
which justifies the terminology in Definition 12.1. 


Theorem 12.2 The function Ep :N — N is a polynomial of degree d. 
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The leading term of the Ehrhart polynomial equals m? times the volume 
of the polytope P. Similarly, the second coefficient (after the leading term) 
equals 1/2 times the sum of volumes of each facet, each normalized with 
respect to the sublattice in the hyperplane spanned by the facet. One might 
guess that we understand all of the coefficients similarly, but this is not the 
case: the constant coefficient equals 1, but the intervening coefficients are 
less well understood. 


Example 12.3 The Ehrhart polynomial of the unit 3-cube conv({0, 1}°) 
is the cube of the Ehrhart polynomial of the unit segment: 


Ecube(m) = m3 + 3m? +3m+1 = (m + TPs 


To get an octahedron with Ehrhart polynomial 
2 3 a a0 
Eoctahedron(™) =. git +2m* + 3 +1 


remove two antipodal vertices of the cube and take the convex hull of the 
remaining six vertices. ° 


We will present a proof of Theorem 12.2 that exhibits an N-graded 
polynomial ring (with all variables of degree 1) and a suitable module over 
it whose Hilbert polynomial equals Ep. As in [Eis95, Theorem 1.11], the 
Hilbert polynomial of a module M is the polynomial whose values at large 
integers m equals the coefficient dim, (M,,) on t™ in the Hilbert series of M. 

Let C be the cone in R x R? generated by the points (1,a) for lattice 
points a in the polytope P. Although the cone C’ equals the convex hull 
of the semigroup Q generated by the lattice points {(1,a) | a ¢ PN Z%} 
in the copy of P “at height 1”, the semigroup Q need not be saturated. 
Nonetheless, the semigroup ring k[Qsa¢] for the saturation Qsa, = CN Z'*4 
is a finitely generated module over the semigroup ring k{Q], by Proposi- 
tion 7.25 and the finiteness of normalization [Eis95, Corollary 13.13]. 

The semigroup ring k[Q] is Z x Z4-graded, but for the moment, we will 
consider its Hilbert series in the coarser Z-grading given by to-degree. The 
finer grading will arise in Section 12.3. For m € N, we write k[Qgat|m for 
the Z-graded piece of the k[Q]-module k[Q,a1] in degree m. 


Lemma 12.4 Ep is the N-graded Hilbert function of k[Qsat]: 
Ep(m) = dimg(k[Qsat}]m)- 


Proof. The intersection of the cone C’ with the hyperplane at height m is 
a copy of m-P by construction. The lattice points in this copy of m-P 
correspond to the monomials of degree m in k[Qsat] by Definition 7.24. 


It is irrelevant for the statement of the previous lemma whether k[Qsat 
is considered as a module over itself, or over k[Q], or over some other N- 
graded k-algebra. The same comment applies to the next lemma, although 
its proof exploits a carefully chosen module structure. 
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Lemma 12.5 If the polytope P is a lattice simplex, then the Hilbert func- 
tion of the N-graded module k[Qsat] equals its Hilbert polynomial; that is, 
Ep(m) is a polynomial for all nonnegative integers m € N, even small ones. 


Proof. Let P be the simplex with vertices a,,...,ag41 in Z%, and define L 
as the sublattice of Z¢+! spanned by (1,a1),...,(1,aa41). This lattice L 
has finite index inside Z“+1; in fact, its index s = [Z4+! : L] is the volume 
of the half-open parallelepiped 


d+1 
B= {osha |0<r <i}. 
i=1 


Every vector in Z4+! lies inside precisely one translate of B by a lattice 
vector from DL. Hence the set 

BnZ*! = {b.,be,...,bs} 
of lattice points in B is a complete set of representatives for the cosets of 


Z*+1 modulo L. Moreover, Qsat is the disjoint union 


Qsat = J {b; +14(1,a1) +---+va4i(1, aasi) | 1,---, Vat € N}. 
j=l 


Setting 2; = tot?’ inside the Laurent polynomial ring Z[t*"]|to], we con- 
clude that k[Qsat] is the free k[x1,...,a41]-module of rank s with basis 
{th,...,t:}, where tP here means ghost .- ge, The N-graded degree of 
the monomial ts is the first coordinate bjo. The definition of B shows that 


bj <d for FH 22 85 


so the Hilbert function of the free module with basis {t®?,t>2,...,tP:} is 
: (d ona bjo) +m 

BE a : 12.1 

p(m) y ( d ( ) 


This expression is a polynomial in m, completing the proof. 


Proof of Theorem 12.2. The normalization k[Qsat] is finitely generated as a 
module over the semigroup ring k[Q], which is itself generated in N-graded 
degree 1. Lemma 12.4, along with a standard result [Eis95, Theorem 1.11] 
on Hilbert functions, shows that Ep(m) is a polynomial function in m for 
m > 0. The degree of the Hilbert polynomial of k[Qsa+] equals its Krull 
dimension minus 1. Since k[Qsat] has the same dimension as k[Q], this 
Krull dimension is d+ 1, so the Hilbert polynomial has degree d. 

It remains to show that the Hilbert function of k[Qsat] equals its Hilbert 
polynomial. This nontrivial fact is precisely Lemma 12.5 when P is a sim- 
plex. A general lattice polytope P can be triangulated into lattice simplices 
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(for example, by using a regular subdivision defined by any generic lifting 
[DRS04]), and we get the Ehrhart polynomial of P by taking an integer sum 
of the Ehrhart polynomials of all the simplices of various dimensions in the 
triangulation of P. (The integer coefficients are determined by the Mébius 
function of the poset of faces in the triangulation [Sta97, Section 4.6].) 


Many lattice polytopes arising in combinatorial problems enjoy the 
property that the semigroup Q is already saturated. Equivalently, 


(m-P)NZ* = m-(PNZ*) for allmeN. 


If this holds, then we say that the polytope P is normal. If P is normal, 
then Ep(m) equals the number of elements in 


m-(PNZ4) = (PNZ4)+---4+(PNZ. 


The reader should take care in making the distinction between m-(PMZ*) 
and (m-P)Z*. All lattice polygons (d = 2) are normal. However, there 
exist nonnormal polytopes in dimensions d > 3. The following example 
also illustrates formula (12.1). 


Example 12.6 The lattice tetrahedron P with vertex set 
A = {(0,0,0), (1,0,0), (0,1,0), (1,1,2)} 


is not normal, since (1,1, 1) lies in 2P but not in 2(P N Z*). The semigroup 
ring k[Qsat] is minimally generated by the five monomials to, toti, tote, 
totitot3, and t2t,tgt3. Over the polynomial ring k[tot® | a € A], the module 
k[Qsat] is free of rank 2. It has one generator in degree 0, namely the unit 
monomial 1, and one generator in degree 2, namely t2tjt2t3. The Hilbert 
series of this graded module is 


m+3 m+1 1 i) 
— = _ 3 2 _ 1 
Ep(m) y+ ("Pe") gm +m + om, 
and this is the Ehrhart polynomial of the tetrahedron P. © 


12.2 Dualizing complexes 


In this section we provide the key ingredient for our proof of an elegant 
formula for the sum of the Laurent monomials corresponding to the lattice 
points in a polytope (Theorem 12.13). The ingredient is a canonical cellular 
injective resolution over a normal semigroup ring. Although we will in 
fact construct the appropriate cellular complex of injectives more generally 
for an arbitrary affine semigroup Q C Z*, its exactness requires certain 
hypotheses (that always hold when Q is saturated); see Section 13.4. 
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The cone C = RsoQ over a given affine semigroup Q C Z* can be 
expressed as the Cartesian product of its lineality space CM (—C) and the 
cone over a polytope P. When Q is pointed, one way to construct a suitable 
polytope P is to take a transverse hyperplane section of C’. In general, 
when C has lineality of dimension @, a transverse affine-linear section of 
codimension ¢+ 1 can be used. In any case, the faces of Q@ correspond 
bijectively to those of P by Lemma 7.12. For instance, the minimal face 
of Q corresponds to the empty face of P. This allows us to define a cellular 
injective monomial matrix supported on ?, with scalar entries forming its 
reduced chain complex. 


Definition 12.7 Label each face of the polytope P by the vector 0 € Z4 
along with the corresponding face F of Q. The resulting cellular com- 
plex Q of injective k[Q]-modules is called the dualizing complex. 


When Q is pointed, the dualizing complex of k[Q] therefore looks like 
O>k{Z} > @D kT}> DB KTR} --- > EH k{TL} + k{-Q} 0, 


facets F ridges R rays L 
of Q of Q of Q 


where Tg = G — Q is the injective hull of the face G of Q. (A ridge is a 
face of codimension 2.) Although scalar matrices for the differential in the 
dualizing complex come from the reduced chain complex of P (as opposed to 
the reduced cochain complex), the differential of Ng is a coboundary map, 
which raises indices. Unfortunately, there is no single best cohomological 
shift for the dualizing complex. The two standard choices are as follows: 


(i) Put k[Z¢] in cohomological degree —1 — dim(P) and k{—Q} in coho- 
mological degree zero. 

(ii) Put k[Z¢] in cohomological degree 0 and k{—Q} in cohomological 
degree 1 + dim(P). 


The first choice is sometimes called the normalized dualizing complex; it 
is more often used in the context of local duality [Har66b]. The second 
choice is more natural from the point of view of injective resolutions, as 
Theorem 12.11 will attest. 


Example 12.8 Let Q be the integer points in the cone over a square P 
as in Example 7.13. Monomial matrices for the dualizing complex of the 
associated semigroup ring are depicted in Fig. 12.1, along with the vector- 
and face-labeled square P that supports it. The row and column labels 
composed of letters (such as ab, bc, cd, da) are simply the names of the faces. 
Every occurrence of 0 € Z? is a vector label. To simplify notation, we use 
Tr = F — Q for the injective hull of the face F' of Q, which coincides with 
the integer points in the outer tangent cone at any point interior to F. © 


Definition 12.9 Let Q be a saturated affine semigroup. The canonical 
module of k[Q], denoted wg, is the ideal spanned by all monomials t® such 
that a is interior to C, or equivalently, a does not lie on a proper face of Q. 
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a b e d O 
0 0) (0) 0) 0 
abOf-1 1 0 O ] a 0 1] 
ab be cd da bc O 0 = 1 0 bO 1 
0 0 oO O cd O| O @ =f 1 c O} 1 
Qofi 1 1 14] dao} 1 oO 0 1 do | 
0— /° rp > [? > 130 


19 = k{To} = k{Z9} 

rp = k{Tav} f k{Toe} } k{Tea} f k{Taa} 
P? =k{Ta} Ok{Th} &k{To} © k{Ta} 

I =k{To} =k[Q]Y 


Figure 12.1: Dualizing complex for the cone over a square 


We will need a geometric lemma to prove that the dualizing complex 
resolves the canonical module when Q is saturated. For each vector a € R%, 
define the subcomplex P, of the polytope P by 


Pa = {faces of P corresponding to faces F of Q with a g F — C}. (12.2) 


When a lies in the affine span of P, the complex P, consists of the faces F 
of P such that a ¢ F' — Tr, where the inner tangent cone Tr is generated 
by P—F. Informally, P, is the closure of the set of faces of P whose interiors 
cannot be seen from a. An example of this crucial case is illustrated below, 
where the subcomplex Pa is the thickened union of two line segments. 
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The left-hand figure shows that a lies in the (translated) outer tangent 
cones for the most southern edge and its northern vertex in P, while the 
right-hand figure shows that the same point a lies in the outer tangent 
cones for the northeast vertex of P and the two edges of P containing it. 
Notice that a has to look through the interior relint(P) to see the relative 
interiors of the segments in Pg. 


Lemma 12.10 P, is a contractible union of facets whenever a ¢ relint(C). 


Proof. Since Py is the void complex (no faces at all, not even the empty 
face @) when a € —C, we assume a ¢ —C. Note that Pa = Pa+p whenever 
b is in the lineality space CN (—C), because C is invariant under translation 
by elements in CM (—C). Therefore, decomposing C as its lineality space 
times a pointed subcone C,, we can assume that a lies in the linear span L 
of C. Next, having assumed a ¢ —C, we can by Farkas’ Lemma [Zie95, 
Proposition 1.8] find a hyperplane H in L transverse to C and containing a, 
so that HNC = P is a valid choice for P. If a lies relative interior to some 
face G of P, then Pa = Pa—c for any small c in the inner tangent cone TG, 
so we may as well assume that a ¢ P. 

Consider the polytope Pi that is the convex hull of P and a. There 
are two kinds of facets of P{: those containing a and those that are also 
facets of P. The latter are exactly the facets G of P such that the linear 
functional vg minimized along G satisfies vg(a) > vg(G). On the other 
hand, the condition a ¢ F' — Tp for a face F' of P to lie in Py is equivalent 
to vg(a) > vG(F’) = vg(G) for some facet G of P containing F’. Therefore 
Pa equals the union of the facets of Pi not meeting a. It follows from 
Exercise 4.8 that Pa equals the entire subcomplex of P{ consisting of the 
faces not meeting a, whence Py is contractible by Lemma 4.18. 


The contractibility implies the following important property of normal 
semigroup rings, which will resurface in different language in Section 13.5. 


Theorem 12.11 [f Q is a saturated affine semigroup, then the dualizing 
complex Qo is a minimal injective resolution of the canonical module wg. 


Proof. Write Q° = QQ for the dualizing complex of k[Q]. In any Z4-graded 
degree a € relint(C), where C = RsoQ, the degree a piece of 12" is 
Q: 


a‘ 


0 k 0 0 


with the copy of k in cohomological degree 0. It remains only to show that 
Q;, has no cohomology when a € Z4 \ relint(C). We will in fact show that 
Q: agrees with (a homological shift of) the relative chain complex C.(P, Pa) 
with coefficients in k, for the polyhedral subcomplex P, in Lemma 12.10. 
This suffices because of the long exact homology sequence 


a 2 H;(P) —=—Z Hj(P, Pa) ——— HAO) eae 
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in which all terms H.(P) and H.(P,) are zero by contractibility. 
Writing F for the face of P corresponding to F C Q, we have 


Q, = k-: {faces F of P satisfying k{F — Q}. 4 0} 
= k- {faces F of P satisfying a €¢ F — Q} 
= C.(P)/C.(faces F of P satisfyinga¢gF-—Q), (12.3) 


so the proof is complete by the next lemma. 


Lemma 12.12 If Q © Z* is a saturated semigroup and a € Z#, then 
F EP, if and only ifagF-Q. 


Proof. Note the contrast with (12.2), which has the condition a g F —C 
rather than a ¢ F — Q. Replacing Z% by the subgroup that Q generates, 
we may assume that Q generates Z?. For facets G of Q, we then have 
G-—Q=(G-—C)NZ* because Q is saturated. From this we can conclude 
that a ¢ F —C if and only if a € F — Q by expressing F — C and F-—Q 
as intersections over the set of facets G containing F’. 


Theorem 12.11 fails for dualizing complexes associated to general affine 
semigroup rings, but the saturation hypothesis is much stronger than nec- 
essary, given the appropriate generalization of canonical module to the un- 
saturated case. These issues are central to Section 13.4. 


12.3. Brion’s Formula 


Instead of merely counting the lattice points in a lattice polytope P, as we 
did in Section 12.1, we can list them all, by writing a Laurent polynomial 
that records each lattice point separately: 


Op(t) = So te (12.4) 
ae PNZ4 


In addition to the lattice point enumerator in (12.4), we might also be 
interested in those lattice points in P not lying on the boundary of P. Such 
lattice points contribute the terms to the interior lattice point enumerator 


®_p(t) := (—1)%™? S- i 
a€ relint(—1-P)nZ¢ 


In the above notation, we make a distinction between the formal symbol —P 
appearing in the subscript of ® and the negated polytope 


-1-P = {aeR*|/-aeP}. 


In particular, the notation ®_,,p(t) for m € N is meant to be parsed as 
the interior enumerator _(,,.p)(t), which sums (up to a global sign) the 
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lattice points interior to the polytope —m-P obtained by negating m- P. 
For integers m < 0 we use the convention that ®,,p(t) = ®_(_m.p) is an 
interior enumerator (note that —m-P is a positive integer scaling of P 
here). Our goal in this section is to find a concise formula for the lattice 
point enumerators ®,,p, simultaneously for all m € Z. 

Associated to each vertex v of P is the inner tangent cone to P at v: 


Cy, := the real cone generated by P — v. 


We already saw this and the outer tangent cone —C, in the previous section. 
The verter semigroup Qy = Cy 1 Z4 is pointed because v is a vertex of P. 
Let Hy := He, be the Hilbert basis of this semigroup. The following figure 


P (12.5) 


Vv 


illustrates some of these definitions; the tangent cone Cy consists of the 
real points in the shaded region, while Q, consists of the lattice points 
there, and the Hilbert basis 7, consists of the white dots. In general, Hy 
determines a presentation of the verter semigroup ring k[Qy] as a quotient 
of a polynomial ring: 
S, := kltalac Hy] > k[Qy]. 
Given this presentation, the S,-module k[Q,] has a vertex K-polynomial 
Ky(t) = K(k[Qy];t) 
and a vertex denominator 
Dy(t) «= J] G+): 
acHy 

The Z4-graded Hilbert series of k[Qy] is the rational generating function 

Ky(t) 

= t?. 
D,(t) ~ 
acQy 


Note that the Hilbert series of k{—Qy} is K,(t~1)/Dy(t~1+). This fact will 
arise in the proof of the following theorem, which is the goal of this section. 


Theorem 12.13 (Brion’s Formula) For all lattice polytopes P and meéZ, 


tari) = 3 (35) 


vertices 
veP 


as rational functions of t with coefficients in Q. In particular, the right- 
hand side sums to a Laurent polynomial whose nonzero coefficients are all 1. 
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The reader seeing this result for the first time should be shocked. It says 
that if you add together the lattice points in the inner tangent cones at all 
vertices of P, you get precisely the sum of all the lattice points inside P! 
The case m < 0 is even weirder: if you add together the lattice points in the 
outer tangent cones at all vertices of P, you get (up to a sign) the sum of 
all lattice points interior to P. None of these Laurent monomials appeared 
in the original sum! The case of one-dimensional polytopes is instructive. 


Example 12.14 Let d= 1 and let P = [2,3] C R be the unit line segment 
from 2 to 3. The two vertices of this 1-dimensional polytope give 


K(t) =1 and D2(t) =l1- t, 
K3(t) =1 and D3(t) =1- 1/t. 


The right-hand side of Brion’s Formula equals 


i i 
ee ee ee 12. 
i" 1—1/t (12.6) 


For integers m of small absolute value, this rational function is 


m Onp(t) 
4 t-9 ¢—10 foil 
-3 -t-7-4£8 
—2 -t > 
—1 0 
0 t° 


1 842? 
2 t+¢+1t4 
3 +48 +247 +18 


which equals the desired sum of Laurent monomials. © 


For the proof of Brion’s Formula, let C be the cone in R x R¢@ generated 
by the points (1,a) for a € P. Consider the saturated semigroup Q = 
CnZ'*4, which has P as a transverse hyperplane slice. [This semigroup Q 
coincides with the semigroup called Qsat in Section 12.1.] Thus the faces 
of Q correspond bijectively to those of P. In particular, the vertices v € P 
correspond to the extreme rays of Q, and the empty face of P corresponds 
to the face {0} of Q. 

As in Section 12.1, the semigroup ring k[Q] is Z x Z¢-graded. The 
Hilbert series of arbitrary modest Z x Z4-graded k[Q]-modules can be ex- 
pressed as formal doubly infinite series in to with coefficients that are them- 
selves formal series p(ty,...,ta) € Z[[Z“|]. Call such a series 37 cz t#’Pm(t) 
summable if there is a single Laurent polynomial f(t) € Z[Z“] such that 
Pm is summable with respect to f for all m € Z (Definition 8.39); in other 
words, Pm(t) f(t) is a Laurent polynomial in t,,...,tg for every m. 
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Lemma 12.15 Let F be a nonempty face of P. If Tr denotes the injective 
hull of the face of Q corresponding to F’, then the Hilbert series of k{Tr} 
is summable. More precisely, the Hilbert series H(k{Tpr};to,t) satisfies 


D,(t>*) Aki itt), = Soars Ke) (12.7) 
meZ 


if F =v is a verter of P and 
Dit) - H(k{Tr}; to, t) = 0 (12.8) 
for any vertec v € F if dim F > 1. 


Proof. Translation by m-(1,w) for any vector w € F' gives a bijection 
Tr N(0 x Z*) = Tr A (m x Z*) between the parts of Tr at levels 0 and m. 
Thus H(k{Tp}; to,t) = neg tet” Ho for w € F, where Hpo € Z{[Z“]] 
is the coefficient on 1 = ¢. 

If F = v is a vertex, then Ty M (1 x Z®) is by definition the translate 
(1,v) — Qy of the “outer” vertex semigroup of P at v. Thus Hy is the 
Hilbert series of k{—Q,}, proving (12.7) by Theorem 8.20. If dim F > 1, 
we can choose a vertex v of F, along with another vector w € F such that 
w — v is a Hilbert basis vector of Cy. Since (1,w) + Tr = (1,v) + Tr, it 
follows that t’Y-” Hr9 = Hro. Thus 1 —tY~™ annihilates Hpo. The final 
equation (12.8) follows from the fact that 1—tY~™ is a factor of Dy(t~*). 


The previous lemma hinged on the fact that the Hilbert series of an affine 
semigroup with nontrivial units sums to zero because the series is equal to 
its translates along its directions of lineality. The essence of the forthcoming 
proof will be that most of the indecomposable summands in the dualizing 
complex are cones with nonzero lineality. The exactness of the dualizing 
complex therefore results in an expression of the rational function 0 as an 
alternating sum of formal series that almost all sum to zero. The terms 
surviving with nonzero sums are those contributing to Brion’s Formula. 


Proof of Theorem 12.13. As in Lemma 12.15, let Q C Z x Z4 be generated 
by the vectors {(1,a) |a € PN Z“}. By Theorem 12.11, the Hilbert series 
of the canonical module wg equals the alternating sum of the Hilbert series 
of the injective modules in the dualizing complex: 


Hwastest) = SD (-Y8™F H(ke{Te}sto,t)- (12.9) 
faces FEP 


Again, we have used Tr to denote the injective hull of the face of Q cor- 
responding to F. The sign (—1)?~4™" occurs because k{Z“} lies in coho- 
mological degree 0. 

The left-hand side equals >, <9 to": (—1)": ®mp(t~*) because we are 
enumerating interior lattice points in m-P instead of —m-P. Similarly, 
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the term for the empty face F’ = @ on the right hand side of (12.9) equals 


(-1)41. A(k{To};to,t) = So to™-(-1)4?-@np(t-4) (12.10) 
meN 


because we are enumerating all the lattice points in —m-P instead of m-P. 

Let D = J], Dy(t~+) be the product of all the vertex denominators 
for the semigroups —Q,, where v ranges over all vertices of P. Move 
the empty-face summand in (12.9) to the left-hand side, and multiply the 
resulting equation by (—1)¢-D. By Lemma 12.15, this multiplication kills 
every term in which F' is a positive-dimensional face of P, and it yields 
by (12.10) the identity 


De a eOrp (to) = ae UY oy Kult), 
meZ veEP meZ 


The coefficients of tj” on the two sides of this equation are equal as Laurent 
polynomials in t. Hence we can divide both of these coefficients by D to get 


tant) = Sem RAD 


Substituting t for t~+ in the above equation completes the proof. 


The Ehrhart polynomial of the polytope P is obtained from the lattice 
point enumerator ®,,p(t), which is a Laurent polynomial, by substituting 
t = 1. Although this substitution is not possible on the individual terms 
tines ae in Brion’s Formula, because the denominators D,(t) vanish at 
t = 1, the substitution can be applied to the sum of rational functions 
on the right-hand side of Brion’s Formula using L’H6pital’s rule. Allowing 
the values of m in this substitution to vary yields another proof of the 
polynomiality of the Ehrhart counting function Ep(m), and more. 


Corollary 12.16 (Ehrhart reciprocity) Let P be a lattice polytope. The 
function m +> Ep(m) form € N is a polynomial, and moreover, the number 
of interior lattice points in m-P form €N equals (—1)¢™) . Ep(—m). 


Proof. Let t be a variable, and set D(t) = [], Dv(t,...,t), the product 
of all the vertex denominators of P evaluated with t; = t for i = 1,...,d. 
Factor D(t) as (t—1)*C(t), where t—1 does not divide the polynomial C(t). 
Writing |v| = v, +---+ vg for each vertex v = (v1,...,Uq) of P, the limit 


fs DG) exec - 
im (Gor oa! we) oj Mae I), ont) ane) 


exists for all m € Z by Brion’s Formula. Define the rational function 


fe) = BD enw Rel) 


Dy(t,...,) 
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of t, and set f;(t) = £, f(t) for j € N. The existence of the limit in (12.11) 
guarantees that lim;—.; f;(t) = 0 for all derivatives of order j < k, by in- 
duction on j and L’H6pital’s rule, because the denominator (t — 1)" has 
j™ derivative zero at t = 1 for all 7 < k. Furthermore, the limit in (12.11) 
must (by L’H6pital’s rule again) equal 4 limy—1 fx-(t). 

Since Dy (t,...,¢) divides D(t) for all vertices v € P, we can write f(t) 
as a ratio SOK of rational functions whose denominator is a polynomial 
not divisible by t— 1. Although C(t) f(t) need not be a polynomial (the 
exponent on t’!¥! is allowed to be negative), it is a linear combination of 
Laurent monomials ¢’!¥! with polynomial coefficients and therefore can be 
evaluated at t = 1 without taking limits. Consequently, f;,(t) equals a ratio 
of functions of t whose numerator can be evaluated at 1 and whose polyno- 
mial denominator C(t)* is not divisible by t — 1. Furthermore, when f;,(t) 
is expressed this way, its numerator is a polynomial in m whose coefficients 
are rational functions of t, since m does not appear in any of the coefficients 
of ¢’!¥l in C(t) f(t). Hence f,(1)/k! is a polynomial in m that agrees with 
Ep(m) for all m € N and counts interior lattice points when —m € N. 


Example 12.17 For the one-dimensional polytope P = [2,3] in Exam- 
ple 12.14, substituting ¢ = 1 into expression (12.6) yields the Ehrhart poly- 
nomial Ep(m) =m-+1. Hence 


(-1)9™P). Ep(—-m) = -((—m)+1) = m-1 


is the number of interior lattice points in m-P = [2m, 3m]. © 


12.4 Short rational generating functions 


In this section we discuss the computation of Ehrhart polynomials and 
related computations in combinatorial commutative algebra from the per- 
spective of complexity of algorithms. Here, we assume that the reader is 
familiar with the language of complexity theory. 

A lattice polytope P in R®@ is presented either by a list of vertices 
v = (v1,...,Uq) or by a list of defining inequalities v;-P > w; for some 
vector w € Z”. If we assume that the dimension d is fixed, then the two 
presentations can be transformed into each other in polynomial time. The 
space complexity of presenting the polytope P is measured by the bit size 
of the integers v,, 4%4;, and w;. Recall that the bit size of an integer M is 
O(log(|M])). The goal of this section is the following complexity result. 


Theorem 12.18 (Barvinok’s Theorem) Suppose that the dimension d 
is fixed and P is a lattice polytope in R¢. Then the lattice point enumerator 


Ky(t 
Sey = eas 


can be computed in polynomial time, in the binary complexity model. 
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From the rational function on the right-hand side of Theorem 12.18, one 
can read off the number of lattice points in P. This amounts to substituting 
t = (1,...,1) while being careful to avoid the poles. The basic idea is to 
substitute a numerical vector close to (1,...,1) and then to round the result 
to the nearest integer. This can be done by a deterministic algorithm that 
runs in polynomial time. We recover the Ehrhart polynomial Ep(m) by 
Lagrange interpolation from its values at m = 0,1,2,...,d. Each value of 
the Ehrhart polynomial is computed by the method described earlier. 


Corollary 12.19 The Ehrhart polynomial of a lattice polytope can be com- 
puted in polynomial time if the dimension of the polytope is fixed. 


Before presenting the proof of Theorem 12.18, we give a simple example. 
Example 12.20 Let P be the triangle in R? with vertices (0,0), (a,0), 
and (a,a”), where a is a large positive integer. The Ehrhart polynomial is 

2 3 
Ep(m) = 1+ (a+ <)m + =m? 


The binary encoding of both the input P and output Ep requires O(log(a)) 
bits. Let us now examine the complexity of the lattice point enumerator 


a ita 


@p(ti,t2) = SS tit. 


i=0 j=0 


The number of terms is exponential in O(log(a)), so we are not allowed to 
write down this expanded form. Brion’s Formula for this rational function is 


K, t,t Kva,o) (t,t K(a,a2)(t1,¢ 
éntit) = (0,0) (ta 2) ys. (a,0) (t1 2) yaya? (a,a2) (41 ta) 
Do,0) (ta, #2) D,a,o) (t1, ta) D(a,a2)(t1, ta) 


The last two terms are easily computed in polynomial time: 
Kao) =1 and Diao) = (1—ty7')(1—¢2), 
Kaa?) =1 and Diag?) = (1— ty t7%)(1— ty"). 
However, for the first term, we have 
Koo) =1tttettt{t+---+tt37* and Doo) = (1—t1)(1— ttf). 
The number of terms in Ko,9) is exponential in O(log(a)), so we are not 
allowed to write down this K-polynomial in its expanded form. However, 


tite — tt 


Koo) (ti, #2) = 1+ =? 


Assembling the pieces, we arrive at a representation of the rational function 
®p(ti,t2) that requires only O(log(a)) bits. © 
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Proof of Theorem 12.18. We can triangulate P in polynomial time since 
the dimension d is fixed. The lattice point enumerator ®p(t) is an integer 
sum of the lattice point enumerators of the simplices in the triangulation 
of P, where the coefficients come from the Mobius function of the face poset 
of the triangulation. Hence we may assume that P is a d-simplex. Brion’s 
Formula expresses ®p(t) in terms of the Hilbert series ae of the d+1 
simplicial semigroups Q,, so the claim is reduced to the following lemma. 


Lemma 12.21 Given linearly independent vectors a,,...,aq in Z* with d 
fixed, we can compute the Hilbert series of the saturated affine semigroup 


Q = Rso(ai,.-.,aa)Z4 
in polynomial time. The output is a “short rational function” in ty,...,ta. 


Proof. Let a denote the absolute value of the determinant of the matrix 
(aj,...,aq). The Hilbert series denominator is eG —t%). The nu- 
merator is a sum of a Laurent monomials, as explained in the proof of 
Theorem 12.2. If a= 1, then the numerator is just 1 and we are done. For 
general a, however, we are not allowed to write down the numerator in its 
expanded form because a is exponential in the bit complexity of the input 
data (ai,...,aa). For a > 2, consider the parallelotope 


{Ajai +--+ + Agaad | —1 < Ay < +1 for i= 1,2,..., dh. 


This is a centrally symmetric convex body of volume a-2¢ > 2%. By 
Minkowski’s Theorem [Gru93, Theorem 4], it has a nonzero lattice point 
u = a,+---+paaq in its interior. There exists a positive constant €q such 
that |~;| < 1—e, for all 7. Moreover, the lattice point u can be found in 
polynomial time using lattice reduction (the Lenstra—Lenstra—Lovasz (LLL) 
algorithm [Gru93, Section 6.2]). Now write the Hilbert series of Q as the 
alternating sum of the Hilbert series of the semigroups 


Qi oar R>o(ai,...,@i—1, U, Ai41,---,aq) NZ4 


and their faces. Since d is fixed, this can be done in polynomial time. Now 
the determinant p;a of the semigroup Q; is smaller than a by a factor of 
at least 1 — €g, so we only need to iterate this alternating decomposition at 
most O(log(a@)) times until we get to the base case a = 1. This completes 
the proof of Lemma 12.21 and hence of Theorem 12.18. 


Since every saturated affine semigroup can be decomposed into simpli- 
cial semigroups, Lemma 12.21 immediately implies the following result. 


Corollary 12.22 For d fixed, the Hilbert series H(Q;t) of any saturated 
affine semigroup Q Cc Z* can be computed in polynomial time. 
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The representation of the Hilbert series H(Q;t) produced by Barvinok’s 
algorithm is called a short rational function. This means that its size in 
the binary encoding is polynomial in the size of the description of the semi- 
group Q. Short rational functions turn out to be abundant in combinatorial 
commutative algebra. For example, the Hilbert basis Hg of a saturated 
affine semigroup Q C Z4 can be represented as a Laurent polynomial: 


Ha(t) = the sum of all monomials t* for a € Hg. 


Recent work of Barvinok and Woods implies the following two theorems. 
Although we will not prove either one, we wish to mention them so as to in- 
dicate possible future developments in combinatorial commutative algebra. 


Theorem 12.23 For d fixed, the Hilbert basis Hg of any saturated affine 
semigroup Q C Z4 can be computed in polynomial time. 


The point is that while the size of Hg can grow exponentially in the bit 
complexity of the description of Q, we write the Laurent polynomial Hg as a 
short rational function requiring only polynomially many bits. A simple ex- 
ample comes from the cone generated by (0,1) and (a, 1) in the plane. Here, 


ig ty 


Hg(ti,t2) = tottite+tite+tita+---+tlt, = <= 
— U1 


This short rational function encodes the a+1 elements in the Hilbert basis. 
A similar encoding is available for Grébner bases of toric ideals. Let 
A = (aj, a@,...,@,) be an integer d x n matrix, L its kernel, and I; its 
toric ideal in S = k[x1,...,2,]. Represent any finite set of binomials x"—xY 
in I; by the sum of the corresponding monomials x"yY in 2n unknowns. 


Theorem 12.24 Fixd and n. Let A be an integer dx n matrix and L its 
kernel. Then the following can be computed in polynomial time: 


1. The Z4-graded Hilbert series of $/Tz 

2. A minimal generating set of the toric ideal I, 
8. Any reduced Groébner basis of Ir, 

4. A finite universal Grobner basis of It 


We believe that such short representations of ideals and their Hilbert se- 
ries, originally introduced for the purpose of computing Ehrhart polynomi- 
als, will play an increasingly important role in combinatorial commutative 
algebra. Here is how such a future toric Groébner computation will look. 


Example 12.25 Fix n = 4, set d= 2, and let a > 3 bea large integer. The 
aa-l 1 

input is the matrix A = . The task is to compute 
0 1 a-la 
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the reduced lexicographic Grobner basis of I; for the kernel L of A. Thus 
Ty, is the kernel of the map k[x1, x2, 23, x4] — k[s, t] sending 


a—l 
tt, 


rr 8", xt s*—1t, 13> 8 and tah t®. 


The output would consist of the rational function 


a-—2, a-1 


G(x,y) = aw @ayoy3 + voxt “y§ 


@103Y3 ((1y2)*? — (w3y4)*~*) 
T1Y2 — L3Y4 ; 


This rational function is a polynomial. Each of the a+1 terms in its expan- 
sion represents a Grobner basis element. The cardinality of the Grobner 
basis grows exponentially in log(a), the size of the input data, but the run- 
ning time for computing G(x, y) is bounded by a polynomial in log(m). © 


Exercises 


12.1 Give an example of lattice polytope P such that the k[Q]-module k[Qsat] 
considered in Section 12.1 is not free. Give a general condition implying that 
k[Qsat] is free over k[Q]. 


12.2 Prove that if P is a lattice polytope in R®%, then mP is normal for m > d—1. 


12.3 Let Pi,...,Ps be lattice polytopes in R? and consider the number of lattice 
points in the Minkowski sum miPi +---+msPs; for any m1,...,ms € N. Show 
that this function is a polynomial of degree d in the parameters m1,...,™s. 


12.4 For the octahedron P with vertices (+1, 0,0), (0,+1,0), and (0,0,+1), com- 
pute ®,,p(t1, t2,t3) using Brion’s Formula. (An answer is included after the last 
exercise in this chapter.) Verify that all roots of ®mp(t,t,t) have real part —1/2. 


12.5 Prove that the second coefficient (after the leading coefficient) of the Ehrhart 
polynomial of P equals 1/2 times the sum of the volumes of each facet, each 
normalized with respect to the sublattice in the hyperplane spanned by the facet. 


12.6 Complete the derivation of Ehrhart’s Theorem from Brion’s Formula via 
Corollary 12.16 by directly calculating the degree of the Ehrhart polynomial. 


12.7 A function q : Z > Z is called a quasi-polynomial if there are polynomials 
Pi,-++,Pr such that q(m) = p;(m) whenever m =i (modr). Prove that if P is 
a polytope whose vertices have rational coordinates, then the function Ep(m) = 
#((m-P)NZ*) counting the integer points in dilations of P is a quasi-polynomial. 


12.8 How would you compute the normal form of «{ 232324 modulo the reduced 
Grobner basis G presented in Example 12.25? 


12.9 Let Q be an affine semigroup and CY the cone dual to C = RsoQ. Fix any 
triangulation of CY into simplicial cones. Each maximal face in that triangulation 
is dual to a simplical cone containing C’, and hence corresponds to a simplicial 
semigroup containing Q@. Explain how to write the Hilbert series of Q as an 
alternating sum of the Hilbert series of these simplicial semigroups. 


12.10 Are all coefficients of the Ehrhart polynomial nonnegative? 
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12.11 Compute the Z?-graded Hilbert series of the semigroup CM Z®, where C 
is the cone spanned by (5, 7,11), (7,11,5), and (11,5,7). Try to use Barvinok’s 
algorithm, which appears in the proof of Lemma 12.21. 


12.12 Draw the affine semigroups in Z? generated by 


(a) {(4,0), (3, 1), (2; 2), (1,3), (0, 4)} 
(b) {(4,0), (3, 1), 1,3), (0, 4)} 
(c) {(4,0), (3, 1), (2,2), (0,4)} 


In which cohomological degrees do the corresponding dualizing complexes have 
nonzero cohomology? (See Exercise 13.4 for an explanation.) 


12.13 Describe the canonical module of the ring k[¢°, t*, t?] as the quotient of a 
Laurent lattice module in k[r*', y*!, z*"] by a lattice action. Is there a relation 
to Alexander duality? 


Answer to Exercise 12.4 Run the following code in Maple. 
£1:=(1-272)/((1-x*z) *(1-x7 (-1) *z) *(1-y*z) * (1-y* (-1) *z)): £2:=subs(z=1/z,f1): 
£3:=subs ({x=y, y=z,z=x},f1): £4 := subs({x=y,y=z,z=x},f2): 

£5:=subs ({x=z,y=x,z=y},f1): £6 := subs({x=z,y=x,z=y},f2): 

ans:=z*(-m)*f£1 +z°m*f2 +x*(-m)*f£3 +x“m*f4 +y*(-m)*f£5 +y"m*f6: print (ans) ; 


Notes 


Ehrhart developed the theory of polynomiality for lattice point counting functions 
in multiples of rational and integral polytopes throughout the 1960s, in a long 
sequence of articles, highlights of which include [Ehr62a, Ehr62b, Ehr67a, Ehr67b, 
Ehr67c]. Aspects of the reciprocity in Corollary 12.16 are due to Ehrhart in these 
articles, and to Macdonald [Macd71], who had also been on this track at the time, 
for example with his article on lattice polytopes [Macd63]. 

The normalized dualizing complex makes sense for every local or graded 
ring of geometric interest. The notion is due to Grothendieck and appears in 
Hartshorne’s book on local cohomology [Har66b]. Most of the information on 
dualizing complexes in this chapter is based on articles by Ishida [Ish80, Ish87]. 
We will see more about dualizing complexes in Section 13.5. 

Brion’s Formula originally appeared in [Bri88], where the proof used equiv- 
ariant K-theory of toric varieties. More recent work of Brion and Vergne [BV97] 
develops a powerful setting for lattice point counting based on Fourier transforms 
of measures on piecewise polyhedral regions. The results include volume formulas 
under continuous parallel translation of the facets of a polytope. We recommend 
that interested readers start with [Stu95, Ver03]. 

Barvinok proved Theorem 12.18 in [Bar94]. An excellent survey on various 
methods for computing Ehrhart polynomials is [BP99]. Some of these are effi- 
ciently implemented in the program LattE [DH?TY03]. Theorems 12.23 and 12.24 
are consequences of general results on short rational functions due to Barvinok 
and Woods [BW03]. The short encoding of Grébner bases and its proposed im- 
plementation in LattE are discussed in [DH*SY03]. 

A number of the exercises in this chapter, including Exercise 12.4, were sug- 
gested by Matthias Beck, who notes that all roots for the generalized octahedra 
(cross-polytopes) in any dimension have real part —1/2 [BCKV00, BDDPS04]. 
Exercise 12.9 was suggested by Michel Brion; see [BV97, Proposition 3.1]. 


Chapter 13 


Local cohomology 


As we have seen in the previous two chapters, Z“-graded injective modules 
and resolutions reflect the polyhedral geometry of affine semigroups. In the 
present chapter, our last on toric algebra, we investigate how this combina- 
torial structure extends to another construction from homological algebra, 
namely local cohomology. Roughly speaking, local cohomology modules are 
defined by starting with an injective resolution, deleting some indecompos- 
able summands, and taking the cohomology of the resulting complex. 
Local cohomology provides “derived” information regarding associated 
primes, analogous to the “derived” data regarding generators and relations 
provided by higher syzygies. Local cohomology in combinatorial contexts 
produces modules with interesting Hilbert series, which record homological 
invariants of simplicial and cellular complexes. In somewhat less combinato- 
rial (but still Z4-graded) contexts, these modules can be presented in finite 
data structures relying on polyhedral geometry. This type of presentation 
is necessary because although local cohomology modules are well-behaved 
as Z7-graded vector spaces, they are neither finitely generated nor finitely 
cogenerated. Finally, local cohomology holds the key to binding together 
an assortment of criteria all characterizing the ubiquitous Cohen—Macaulay 
condition, some of which are used in combinatorial applications. 


13.1 Equivalent definitions 


In earlier parts of this book, we exploited the fact that Betti numbers of 
a given module M over a polynomial ring can be calculated two ways: 
either by tensoring a free resolution of M with k or by tensoring a Koszul 
complex with M. Similarly, there is more than one way to calculate local 
cohomology. Also similarly, we will present the various ways of calculating 
local cohomology but only sketch the proof of their equivalence, which 
belongs more properly to homological algebra. 
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Let us begin with the construction of local cohomology via injective 
resolutions. This particular choice makes it most clear in what sense local 
cohomology is derived from taking submodules with given support. 


Definition 13.1 For an ideal J in a commutative ring R, and a module M, 
IyM = (0:4 I°) = {ye M | I”y=0 for some r € N} 


is the submodule supported on J. An element in I; is said to have 
support on J. The i*” local cohomology module of M with support 
on J is the module H}(M) obtained from any (see Exercise 13.8) injective 
resolution 0 + E° = E! > --- of M by taking the i'* cohomology of its 
subcomplex 0 > Ty E° + T;E! — --- supported on J. 


In more categorical language, H? is the right derived functor of the left- 
exact functor Ty. Definition 13.1 is not as abstract as it may at first seem, 
as we will see shortly, at least in the case that interests us. This case is 
where R = k[Q] is an affine semigroup ring, J is a monomial ideal, and 
is Z¢-graded, as is the injective resolution E*. (Ungraded injectives would 
suffice, but who prefers those?) We can even assume that J is a radical ideal 
in k[Q], because Ty = 7. This means the ideal J has the following form. 


Definition 13.2 Suppose A is a polyhedral subcomplex of the real cone 
RsoQ. The face ideal J, is generated by all monomials with exponent 
vectors not lying on faces of Q that are in A. Equivalently, the nonzero 
monomials in the face ring k[Q]/I, are precisely those lying on faces of A. 


Polyhedral face rings and ideals are straightforward generalizations of 
Stanley-Reisner rings and ideals, which constitute the case Q = N¢. The 
map from polyhedral subcomplexes of R>oQ to face ideals in k[Q] is an 
inclusion-reversing bijection. 

For the purpose of making Definition 13.1 more concrete, identifying 
the ideal J as a combinatorial object (a face ideal) is half the battle. The 
other half comes from the realization that Ty, is quite a simple operation 
to carry out on injective modules. 


Lemma 13.3 If E = @yex k{ar + F* — Q} is an injective module, then 
TnE = @ k{a,+ F*-Q} 
FreA 


is obtained by taking only those summands whose support faces lie in A. 


Proof. First make the (easy) check that [y commutes with direct sums and 
Z4-graded translation. Then use the fact that I), k{F — Q} is zero unless 
F&A, in which case every element is annihilated by some power of I,. 
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The last sentence in the above proof is fundamental; the reader should 
check it carefully. Note how much simpler I; is on injectives than it is on 
arbitrary modules! We can exploit this to compute examples explicitly. 


Example 13.4 Let Q be the subsemigroup of Z? from Examples 7.13 

and 12.8, generated by (1,0,0), (1,1,0), (1,1,1), and (1,0,1). Its semi- 

group ring is k[Q] = k{a, b,c, d|/(ac — bd). The ideal p = (c,d) is the face 

ideal for the 2-dimensional facet corresponding to ‘ab’, in the xy-plane. Let 

us compute the local cohomology modules Hj (wg) of the canonical module 

using the dualizing complex in Example 12.8, by Theorem 12.11. 
Applying I, to the dualizing complex yields a complex 


O 
a b 0 
0 O a Of 1 
ab Of -1 1] b al 1 | 
0-1, i. ri? 0 
I i i 
Tab Ta & Ty To 


by Lemma 13.3. Again using the notation of Example 12.8, consider the 
contributions of the injective hulls Ty»,, Ta, Ty, and To of the surviving 
faces to a Z°-graded degree b = (bx, by, bz). If bz > 0, then none of the four 
injective hulls contribute. The half-space b, < 0, however, is partitioned 
into five sectors, each of which consists of a collection of degrees where the 
set of summands contributing a nonzero vector space remains constant. The 
summands contributing to each sector are listed in Fig. 13.1, which depicts 
the intersections of the sectors with the plane b, = —m as the five regions. 


sector 1: Typ 

sector 2: Ta, and Ty, 

sector 3: Ty, and T, 

sector 4: JT,, and T, and T, 

sector 5: Ta, and T, and T, and To 


Figure 13.1: Intersections of sectors with a horizontal plane 


Only in sectors 1 and 4 does I,J° have any cohomology. The cone of 
integer points in sector 1 and the cohomology of I,/* there are as follows: 


sectorl: b,<Oandb,>b,>0 © FH, (we)p =k. 
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For sector 4, we get the cone of integer points and cohomology as follows: 
sector4: 0>b,>);>b, © 3 (we) =k. 


These two modules demonstrate that local cohomology modules of finitely 
generated modules might be neither finitely generated nor finitely cogener- 
ated (see Example 13.17 for more details about the latter). © 


Local cohomology of M with support on J can be equivalently charac- 
terized by tensoring M with a complex of localizations of R. 


Definition 13.5 For elements mj,.. ,My in a commutative ring R, set 
Me = [e.g foro S {1,..<,7}. The Gech complex C*(m1,..., mr) is 


0=R>@Rim;']5---> B Rimz*] > «+» > Rime lee: 
i=1 


This is to be considered as a cochain complex (upper indices increasing from 
the copy of R sitting in eohomological degree 0), with the map between the 
summands R[m>1] > R[m73,] in C*(m1,...,m,) being sign(, 0 U7) times 
the canonical localization homomorphism. 


The Cech complex would more accurately be called the stable Koszul 
complex, as it sometimes is in the literature. Indeed, another way to de- 
fine the Cech complex is to formally replace each summand S[—c] in the 
coKoszul complex K* from Definition 5.4 by the localization R[m;' | i € a]. 
This describes C*(m1,...,m,) as a “cocellular complex of localizations”. 

Particularly important among Cech complexes is the one on the vari- 
ables 21,...,@, over the polynomial ring S = k[a,..., 7]. We can use a 
special variant of monomial matrices to write down this complex and other 
complexes involving localizations of the polynomial ring. Each row and col- 
umn has a single vector label, but some of the entries in each such vector 
are allowed to equal the symbol *, which indicates that the corresponding 
variables have been inverted. Thus the vector label (3, *, —4,*) indicates 
the localization S[xz',x7'](—3,0,4,0) of the polynomial ring in four vari- 
ables. (We use the symbol * because replacing the zeros in (—3,0,4,0) by 
arbitrary integers does not change the Z4-graded isomorphism class.) 


Example 13.6 Using the above specialized monomial matrices, the Cech 
complex C*(a1, 2,73) over the polynomial ring S$ in three variables is 


Oxx +*O* **O 2K 
x00} O 1 1 Owe | 1 
*00 Ox0 OOx = 0x0 1 Oo -1 *Ox |—1 
ooo fi 1 1] Se") gos [1 1 0 | SI@2"l 0 | a 
o> s 0 aera 110 1] ———— > S[(ayz)~"] > 0 


S[z—"] S{(ey) 1] 
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Despite the way we drew the direct sums, elements in them are to be 
considered as row vectors, so the monomial matrices act by multiplication 
on the right, as is natural for cochain complexes—see Example 1.21. © 


Given a module M, its submodule with support on the ideal J = 
(m1,--.,M,) is the kernel of the homomorphism M — @, M ® R[m;"] 
(Exercise 13.6). Since this homomorphism is just the first map in the com- 
plex M @pC*(m4,...,m,), the next result should at least be plausible. 


Theorem 13.7 The local cohomology of M supported on I = (m,,...,mM,) 
is the cohomology of the Cech complex tensored with M: 


Hi(M) = H*(M@C(m,...,m,)). 


Sketch of proof. One possibility is to use homological algebra as in Exer- 
cise 1.12, where the double complex this time comes from tensoring together 
an injective resolution E* of M and the Cech complex C*. View E” as go- 
ing upward and C’ as going to the right, so the arrows in Exercise 1.12 
must all be reversed. The flatness of localization implies that the vertical 
differential makes the columns into a resolution of the complex M ® C’. 
On the other hand, assuming that R = k[Q] and everything in sight is Z4- 
graded, Exercises 13.6 and 13.7 prove that the horizontal differential makes 
the rows into a resolution of the complex [;E*. The same proof actually 
works in general, without the semigroup ring and Z¢-graded assumptions 
on R and M, but ungraded injectives are required, for which parts of the 
arguments are no longer combinatorial [BH98, Chapter 3]. 


The proof of Theorem 13.7 actually yields a more general principle. 


Fact 13.8 Fiz an ideal I. Suppose C* is a complex of flat modules such that 


1. for every module M, the 0“ cohomology of M @C* is T;M; and 
2. the i cohomology of J@C°* is zero whenever J is injective andi > 1. 


Then H'(M) is the i” cohomology of M @C° for all modules M. 


It is worth bearing in mind that the only requirement for Theorem 13.7 
is noetherianity of the base ring R; no gradings or other combinatorial 
hypotheses are necessary. However, if it is checked that some complex C* 
satisfies the hypotheses of Fact 13.8 for Z4-graded injective modules J, 
then the conclusion only holds a priori for modules M that are Z7-graded. 
Observe that the tensor product M @ C*(m1,...,m,) happens to be Z¢- 
graded whenever the ring R, the generators m;, and the module M are, so 
the natural Z¢-grading on Hi(M) falls out of Theorem 13.7. 

There is one more commonly used characterization of local cohomology, 
namely as a limit of Ext modules, which occasionally arises combinatorially. 
Since we have not officially seen Ext in this book, let us introduce it now. 
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Definition 13.9 Given two modules N and M, the module Ext ,(N, M) 
is the 7* cohomology of the complex 


0 — Hom ;(N, E°) > Hom ,(N, E') > Hom p(N, E*) > --- 
for any injective resolution E* of M. 


As usual, this definition works verbatim just as well for ungraded rings, 
modules, and injective resolutions, but in our case, we intend that every- 
thing be over a Z4-graded semigroup ring R = k[Q]. Part of the power 
of Ext is that it can also be computed using a free resolution of its first 
argument. 


Proposition 13.10 The module Ext’,(N,M) is isomorphic to the i” co- 
homology of the complex Hom p(F.,M), for any free resolution F. of N. 


The homological algebra used to prove this fact is the same as in Ex- 
ercise 1.12, by comparing cohomology to that of the total complex, except 
that here the tensor product complex is replaced by Hom p(F., E*), and the 
directions of one set of arrows (the horizontal ones, say) must be reversed. 

Every homomorphism N — N’ of modules induces a homomorphism 
Hom p(N, E*) — Hom p(N’, E*) of complexes and therefore a homomor- 
phism Ext 2(N, M)—> Ext 2(N’, M) for alli. This happens in particular for 
the surjection R/I**+! + R/I*, where the Hom modules are quite explicit. 


Lemma 13.11 Hom ,p(R/I‘, M) = (0: I*) = {y € M | I'y = 0} is the 
set of elements in M annihilated by It. Taking direct limits over t yields 


lim Hom ,(R/I',M) = TyM. 
t 


Loosely, the union of the homomorphic images of R/I® inside M for 
ever-increasing values of t fills up the part of M supported on J. The 
proof is immediate from the definitions. Lemma 13.11 implies that the 
corresponding limits of Ext modules have a concrete interpretation. 


Theorem 13.12 Local cohomology with support on I equals the limit 


Hi(M) © lim Bxt’,(R/I‘,M). 
t 


Proof. Apply Hom(R/I‘,_) to an injective resolution E* of M and take 
the direct limit as t approaches co. By Lemma 13.11 the limit complex 
is TyE*. Since taking cohomology commutes with direct limits [Wei94, 
Theorem 2.6.15], the cohomology of the limit complex T;E” is the limit of 
the finite-level cohomology modules Ext p(R/I', M). 
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13.2 Hilbert series calculations 


Among the first homological objects to be calculated explicitly for square- 
free monomial ideals I, in polynomial rings S = k[w1,...,a,] were the 
local cohomology modules of S/I, with support on the maximal ideal m = 
(a1,..-,;%n). Their Z”-graded Hilbert series H(H+,(S/Ia); x) are expressed 
in terms of the cohomology of links in the Stanley—Reisner complex A. 


Theorem 13.13 The Hilbert series of the i” maximal-support local coho- 
mology module of a Stanley—Reisner ring satisfies 
-1 

H(Hi(S/Ia);x) = ST dime Hl!" inka (o);) T] 2. 

ocA jEeo 1— ey 

Let us parse the statement. The product over j € o is the sum of all 
Laurent monomials whose exponent vectors are nonpositive and have sup- 
port exactly o. Therefore, the formula for the Hilbert series of H4,(S/I,) is 
just like the one for S/I, in the third line of the displayed equation in the 
proof of Theorem 1.13, except that here we consider monomials with nega- 
tive exponents and we additionally must take into account the nonnegative 
coefficients dim, H*~!?!-! (link, (c);k) depending on i and o. 

As one might expect from seeing the similarity of the Cech complex 
C*(x1,...,2%n) to the Koszul and coKoszul complexes, the proof of Theo- 
rem 13.13 is similar to that of Theorem 1.34, being accomplished (as usual) 
by checking which simplicial complex has its cochain complex in each Z”- 
graded degree. The main complication is in determining what relation the 
localization S/I, ® S{[x~7] has to the Stanley—Reisner ring of something. 


Proof. Given a vector b € Z”, for the duration of this proof we let b~ 
and bt denote the subsets of {1,...,n}, where b has strictly negative and 
strictly positive entries, respectively. Having fixed A, define the simplicial 
complex A(b) on the vertex set {1,...,n}\ b~ to consist of those faces a 
such that a Ub~ Ub? is a face of A. Note that if b* is nonempty, then 
A(b) is a cone from b* and therefore has zero homology. 

Now calculate the local cohomology H?,(S/I,) as the cohomology of the 
complex $/I, @C’ for C* = C*(a1,...,£n). The Z"-graded degree b piece of 
the localization S/I,[x~7] is nonzero precisely when 7 contains b~ and also 
bt Ur is a face of A. Equivalently, $/I,[x~7]p 4 0 precisely when 7 \ b~ 
is a face of A(b). The complex (C* ® $/I,)p is therefore isomorphic to the 
cochain complex C*(A(b);k), but cohomologically shifted so that its faces of 
dimension r lie in cohomological degree |b~|+1+7. Taking cohomology, we 
find that H?,(S/I,)p is zero unless every coordinate of b is nonpositive, in 
which case Hi,(S/I,)p = H*~!?!-"(linka(o);k) for ¢ = b~ = supp(b). 


The simplicial complex A appears in the argument of the local coho- 
mology in Theorem 13.13. In the next result, A appears in the support 
ideal instead, but now the argument is less complicated. 
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The forthcoming computation works not just for polynomial rings but 
also for arbitrary normal semigroup rings k[Q]. Recall from Section 12.2 
that C = Rso@ is the product of its lineality space and the cone over 
a polytope obtained as a transverse affine-linear section of codimension 
dim(C’) +1. In this chapter, we write (an arbitrary choice of) this polytope 
as P and denote by F the face of P corresponding to the face F of Q. Given 
a € Z?, we again use the subcomplex P, defined in (12.2), whose faces F 
are such that the relative interior of R>oF lies behind the interior of C’ as 
seen from a. 


Theorem 13.14 Fiz a saturated affine semigroup Q such that dim(P) = 
r—1. Let A be a polyhedral subcomplex of RsoQ corresponding to a sub- 
complez A C P. The i*” local cohomology of the canonical module we with 
support on Ip, has Hilbert series given by relative homology: 


H(Hi,(wa)it) = So H,-1-i(A,P, 9 Ask) - t*. 

acZé 
Proof. By Theorem 12.11, the local cohomology can be calculated using the 
dualizing complex 9. The indecomposable injective summand k{F — Q} 
lies inside T;, Q@ if and only if F €¢ A. Now use Lemma 12.12 along with 
the calculation in (12.3). The homological degree r — 1 — i comes from the 
fact that the dimension 7 faces of P index summands of OG 


We chose to let P have dimension r—1 in Theorem 13.14 to respect the 
most common case, where Q is pointed and k[Q] has Krull dimension r = d. 


Remark 13.15 Although the Hilbert series of a graded k[Q]-module says 
much about its gross size, it fails to capture some important details. In 
general, for instance, it is an open problem to determine which faces of Q 
correspond to prime ideals associated to Hj, (wa). 


When Q = N”, the Hilbert series in Theorem 13.14 can be expressed in 
a more “closed” form, quite similar to that in Theorem 13.13. Moreover, 
in this case the canonical module wyn is simply S(—1) for 1 = (1,...,1), 
so we may as well take the local cohomology of S instead of wyn. 


Corollary 13.16 For the polynomial ring S = kia,...,%n] and A a sim- 
plicial complez on n vertices, the Z"-graded Hilbert series of Hy, (S) 1s 


at 
4 . Ty . z, 1 
H(A; (S);x) = S- dimy Hy, j—|o|-1 (link, (oc); k) II era II a 
ocA jean i Kee k 


Proof. N® consists precisely of those faces of A corresponding to the faces 
oa € Asuch that i € o whenever a; < 0. These are all of the faces containing 
the set a(a) of indices i such that a; < 0. Therefore Ayn-1-i(A, Nena; k) is 
isomorphic to Any—+_lo|-1 (links (o(a));k). The sum of all Laurent monomi- 
als with o(a) = is x, ---+X,» times the double product in the statement of 
the corollary. Dividing by x, ---x, corresponds to the translation by 1. 
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We will see in Theorem 13.20 that there is a version of Theorem 13.14 
for local cohomology of arbitrary finitely generated modules, although of 
course the result is less explicit. Theorem 13.14 partitions Z% into finitely 
many equivalence classes of Z4-graded degrees. On each equivalence class, 
the vector space structure of Hj, (wg) is constant. Therefore, the formula 
specifies the vector space structure of local cohomology in a finite data 
structure. This remains true even though Hj, (wa) need not be presentable 
using generators and relations, or using cogenerators and “correlations”: it 
will in general have neither finite Betti numbers nor finite Bass numbers. 


Example 13.17 (Hartshorne’s response to a conjecture of Grothendieck) 
Resume the notation from Example 13.4. Sector 4 has infinitely many 
degrees with cogenerators in H;(wq). These are elements annihilated by 
the maximal ideal m = (a,b,c, d), and they occupy all degrees (0,0, —t) for 
t > 0. This means that the injective hull of ts Be (wg) has infinitely many 
summands isomorphic to Z°-graded translates of the injective hull k{—Q} 
of k. Equivalently, the zeroth Bass number of H (wa) is not finite. © 


The previous example works with the canonical module wg, but in the 
special case there, wg is isomorphic to a Z°-graded translate of k[Q] itself. 
(This means by definition that k[Q] is Gorenstein.) In general, here is an 
important open question, for arbitrary saturated semigroups Q. 


Problem 13.18 Characterize the face ideals I, C k[Q] such that the local 
cohomology of wg or k[Q] supported on In has infinite-dimensional socle. 


This question remains open in part because there are no known combina- 
torial descriptions even of the Hilbert series for local cohomology of k[Q] 
with arbitrary support, let alone its module structure. Exploration of this 
problem requires algorithmic methods. The main issue is how to keep the 
data structures and computations finite, given that generators and cogen- 
erators have been ruled out. The solution is to mimic the decomposition 
of Z4 that we obtained for local cohomology of canonical modules. 


Definition 13.19 Suppose H is a Z7-graded module over an affine semi- 
group ring k[Q]. A sector partition of H is 
1. a finite partition Z7 = Uses S of the lattice Z’ into sectors, 
2. a finite-dimensional vector space Hs for each S € S, along with iso- 
morphisms Hs = H, for all a € S, and 


T-S 
3. vector space homomorphisms Hg “—> Hy whenever there exist a € S 
and b € T satisfying b — a € Q, such that the diagram commutes: 


ge 
Hg ——>. Ar 
i a 
H, — Hp 


Write S + A to indicate the above sector partition. 
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Sector partitions describe Z4-graded modules completely; future algo- 
rithmic computations of local cohomology will produce them as output and 
will be able to calculate associated primes, locations of socle degrees, and 
more. For example, Hilbert series simply record the vector space dimen- 
sions in each of the finitely many sectors S € S. The observation we make 
here is that sector partitions for local cohomology modules always exist. 


Theorem 13.20 There is a sector partition S + H‘(M) of the local coho- 
mology of any finitely generated Z4-graded module over any normal semi- 
group ring k[Q], in which each sector in S consists of the lattice points in 
a finite union of convex polyhedra defined as intersections of half-spaces for 
hyperplanes that are parallel to the facets of Q. 


Proof. Treat the cohomological index i as fixed, and consider the three 
terms E’~! — E' — E**! in a minimal injective resolution of M. The local 
cohomology H‘(M) is the middle cohomology of the complex Ty E*~1 — 
I, E' — T,E*+!. The indecomposable injective summands appearing in the 
these three terms divide Z% into equivalence classes, where a is equivalent 
to b if the set of summands having nonzero elements of degree a is precisely 
the same at is for b. These equivalence classes are the sectors. That they 
are finite unions of convex polyhedra of the desired form follows because 
the set of Z7-graded degrees where an indecomposable injective is nonzero 
is a translate of a cone whose facets are parallel to those of Q. 

The cohomology of the complex I; E” is constant on each sector by con- 
struction, proving the second condition for S | H}(M). The third condition 
comes from the natural maps between Z4-graded degrees of I; E°. 


We draw the reader’s attention at this point back to Example 13.4, 
which serves as an instance of Theorem 13.14 as well as Theorem 13.20. 


13.3. Toric local cohomology 


Even granted the multitude of characterizations of local cohomology over 
semigroup rings in Section 13.1, two special cases are so important that 
yet more complexes have been found to calculate them. These two cases 
are local cohomology with maximal support m over an affine semigroup 
ring k[Q] and with monomial support I, over a polynomial ring S. Their 
significance stems from their relation to sheaf cohomology on toric varieties. 
We will not make this connection precise in either case (the interested reader 
should consult [FM05]) but observe that the former yields sheaf cohomology 
on the projective toric variety Proj(k[Q]), whereas the latter produces sheaf 
cohomology on the toric variety SpecTor(S, B). There is a general heuristic 
here: cohomology over a quotient of an open subset U of a variety V is 
obtained from local cohomology over the original variety V with support 
on the closed complement V \ U. Although we will not explicitly compute 
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any sheaf cohomology, we take it as motivation to study the corresponding 
local cohomology in more detail. 


13.3.1 Maximal support over semigroup rings 


All of the computations we have made thus far in this chapter have been 
in the context of normal semigroup rings. Now we turn to a computation 
that works for arbitrary semigroups, not just saturated ones. This is surely 
the most important local cohomology computation for semigroup rings in 
this chapter. Again recall from before Theorem 13.14 and Section 12.2 the 
definition of the polytope P obtained by transverse linear section of R>oQ. 


Definition 13.21 The Matlis dual of the dualizing complex is the Ishida 
complex Ug = (QQ)” of the semigroup Q, or of the semigroup ring k[Q]. 


Matlis-dualizing the complex after Definition 12.7 yields Uo: 
o-kKQl- @B kQh > @B KAr>---> GP klQlr —k[Z*] — 0, 


vertices 0 2-dim facets F 
of P faces F of P 


where k[Q]r is the localization of k[Q] inverting all monomials in the face F’. 
The differential of the Ishida complex Ug is derived from the algebraic 
cochain complex of the polytope P. The cohomological degrees are set up so 
that k[Q] sits in cohomological degree 0 (so this is really the cohomological 
indexing resulting from choice (ii) after Definition 12.7). 

When Q is a pointed semigroup, vertices 0 of P correspond to rays uv 
of Q, and so on. However, we have adopted notation that works even when 
Q has nontrivial units, or equivalently, when R>oQ has positive dimensional 
lineality. In these cases, vertices 0 correspond to faces of higher dimension, 
but still these faces are minimal among those not equal to the face of units 
in Q. In any case, we denote the maximal graded ideal by m. 


Lemma 13.22 H°(M ®UQ) =lnM for all k[Q]-modules M. 


Proof. An element in M is supported at m if and only if its image in every 
localization M, for vertices t of P is zero. 


Before getting to the main result, we need to see what kinds of complexes 
can result by tensoring the Ishida complex with an injective module. 


Proposition 13.23 Let F be a face of an affine semigroup Q. The complex 
k{F — Q} ® Ug can only have nonzero cohomology when F = @, in which 
case H°(k{—Q} @ Ug) = k{—Q} and all higher cohomology is zero. 


Proof. When F = ©, so that the prime corresponding to F is Pp = m, 
the cohomology is as stated because all localizations of k{—Q} at primes 
corresponding to nonempty faces of P are zero. Suppose now that F is 
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nonempty. Then k{F — Q}q is equal to k{F — Q} if G C F, and zero 
otherwise (see Proposition 11.17 if this is not clear). Therefore k{ F —Q}@ 
Ug is just k{F — Q} tensored over k with the reduced cochain complex of F 
over k, where F is considered as a polytope in its own right. That F is 
nonempty means that this reduced cochain complex has zero cohomology. 


Theorem 13.24 Let k{Q] be an affine semigroup ring with multigraded 
maximal ideal m. The local cohomology of any k[Q|-module M supported 
at m is the cohomology of the Ishida complex tensored with M: 


Hi(M) = H'(M®UoQ). 


Proof. Apply Fact 13.8, using Lemma 13.22 and Proposition 13.23. 


Remark 13.25 We only proved Theorem 13.24 for Z¢-graded modules M, 
because we applied Fact 13.8 using Z“-graded injectives. However, the fact 
holds for arbitrarily graded (or ungraded) injectives with the same proof, 
once one has a handle on their basic properties; see [BH98, Theorem 6.2.5] 
and its proof. Therefore Theorem 13.24 holds for ungraded modules M. 


For an affine semigroup Q C Z%, the localization k[Q]r is nonzero in 
graded degree b € Z® if and only if b lies in the localized semigroup Q — F 
of Z¢ obtained by inverting semigroup elements in the face F. Therefore, 
the set of faces of P contributing a nonzero vector space (of dimension 1) 
to the degree b piece of the Ishida complex Ug is 


Vo(b) = {faces F of P| be Q-— Fy}. 


This set of faces of the polytope P is closed under going up, meaning that 
if F CG and F € Vo(b), then also G € Vo(b). By definition, this means 
that Voa(b) is a polyhedral cocomplex inside P. When we write cohomology 
groups H'(V;k) for such a polyhedral cocomplex V, we formally mean that 


HAY) = AP POV) 


is the relative cohomology with coefficients in k of the pair P \ V C P of 
cell complexes inside of ?. Here now is a down-to-earth description of the 
graded pieces of local cohomology of k[Q] itself. 


Corollary 13.26 The degree b part of the local cohomology of the semi- 
group ring k{Q| supported at m is isomorphic to the cohomology of Va(b): 


An(k[Q])b = H'(Va(b);k). 


Turning the poset of faces in a cocomplex V inside P upside down yields 
a corresponding polyhedral cell complex VY inside the polar polytope PY. 
The cohomology H‘(V;k) of the cocomplex V is canonically isomorphic to 
the reduced homology Hoaim p_i_1(V‘;k). This whittles the computation 
of local cohomology of semigroup rings with maximal support down to 
computing reduced homology of honest polyhedral cell complexes over k. 
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Example 13.27 The semigroup Q generated by the columns of the matrix 


QN 2xz-plane 


at left consists of almost all of the integer points in the cone over the 
trapezoid P (which sits at height z = 1 over the xy-plane). Missing are 
the lattice points in the cone R>oQ on the real line through the two white 
points (2,0,1) and b = (—1,0,0). The localized semigroup Q — F' equals 
the corresponding localization Qsa; — F of the saturation of Q unless either 
F = @, in which case Q — F = Q, or F is the ray generated by (3,0, 1), in 
which case all of the lattice points on the line are still missing. 

The cocomplex Vo,,,(b) for the saturation of Q in degree b = (—1, 0,0) 
consists of all faces of P not lying in the yz-plane. The polar complex 
Vasa, (b)Y is two line segments joined at a point, which has zero reduced 
homology, so Hi,(k[Qsat])b = 0 for all i. In contrast, Vo(b) is Va... (b) 
minus the vertex (3,0,1) of P, so its polar complex Vg(b)” is a line seg- 
ment and a disjoint point. The cohomology H},(k[Q])p = H’(Vg(b);k) = 
Ay_i(Vo (b)’;k) is therefore k if i = 1 and zero otherwise. © 


13.3.2 Monomial support over polynomial rings 


Recall the special « notation from Section 13.1 in monomial matrices for 
complexes of localizations of free modules over the Z”-graded polynomial 
ring S =k[a1,...,2,]. Next we identify a class of such complexes that can 
be used in place of Cech complexes in computing local cohomology. 


Definition 13.28 Suppose that F. is a free resolution of S/I, that has 
monomial matrices in which every row and column label is squarefree. The 
generalized Cech complex Cy is the complex of localizations of S ob- 
tained by replacing every 1 in every row and column label with the symbol x. 
This complex is to be considered as a cohomological complex as in Exam- 
ple 13.6. When F, is minimal, Ce is called the canonical Cech complex 
of I, and we use Cy to denote it. 


Example 13.29 Start with the triangular, square, and pentagonal mini- 
mal cellular resolutions of 


S/(a,b,c), S/(ab,bc,cd,ad), and S/(abc, bcd, cde, ade, abe) 


for appropriate S' in Example 4.12. The associated canonical Cech com- 
plexes have monomial matrices filled with the coboundary complexes of the 
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following labeled cell complexes: 


**O* 


O O & & OK & 0 
*00 *0x 00x **00 *00« **00* *O0*« 


The empty set is labeled 0---0 in all three pictures. The triangle here gives 
monomial matrices for the usual Cech complex in Example 13.6, whereas 
the triangle in Example 4.12 is the Koszul complex in Example 1.27 (both 
with different sign conventions). This example works more generally for 
irrelevant ideals of smooth (or simplicial) projective toric varieties. © 


The usual Cech complex is a generalized Cech complex. 


Proposition 13.30 Suppose that I, is generated by squarefree monomials 
m4,...,Mr. If F, is the Taylor resolution on these generators, then Cy = 


Cr(m,,...,m,) is the usual Cech complex. 


This is a key point, and it follows immediately from the definitions. 
Now we come to the main result on generalized Cech complexes. 


Theorem 13.31 The local cohomology of M supported on Ia is the coho- 
mology of any generalized Cech complex tensored with M: 


Hi(M) = Hi(M@és). 


The proof, at the end of this section, relies on a construction that ex- 
tends the construction in Definition 13.28 to arbitrary Z”-graded modules. 


Definition 13.32 The Cech hull of a Z"-graded module M is the Z”- 
graded module CM whose degree b piece is 


(CM), = Mp, where by = S- be; 
b;>0 
and e; is the i*® standard basis vector of Z”. Equivalently, 
CM = @ Mp ex klxz" | bi = 0). 
beNn 
The action of multiplication by x; is 


identity if b; < 0 


CMe CMa RY sil oe Seng 
as oe e; ve Aa (Ue 


Note that e; +b, = (e; +b), whenever b; > 0. 
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The staircase diagram of CI for any ideal I (not necessarily square- 
free) is obtained by pushing to negative infinity any point on the staircase 
diagram for I that touches the boundary of the positive orthant: 


Heuristically, the first description of CM in the definition says that if you 
want to know what C’'M looks like in degree b € Z", then check what M 
looks like in the nonnegative degree closest to b; the second description 
says that the vector space M, for a € N” is copied into all degrees b such 
that b, =a. The Cech hull “forgets” everything about the original module 
that occurred in degrees outside N”. 

The Cech hull can be applied to a homogeneous map of degree 0 between 
two modules, by copying the maps in the N”-graded degrees as prescribed. 
Checking Z”-degree by Z”-degree yields the following simple result. 


Lemma 13.33 The Cech hull takes exact sequences to exact sequences. 


Next we need to see how to recover the construction in Definition 13.28 
using the Cech hull. Set 1 = (1,...,1) and write ws = S(-1), the free 
module generated in degee 1. 


Proposition 13.34 If F. is a free resolution of S/Ix with squarefree row 
and column labels, then the generalized Cech complex can be expressed as 


Ce = (CF)(1), 
the Z"-graded translate down by 1 of the Cech hull of F* = Hom(F.,ws). 
Proof. Every summand S(—c) in F. becomes a summand S(—@) with 
generator of degree @ = 1—o in F*. It is straightforward to check that 
C(S(—a)) = k{x? | by = } = S[x~?](—@). Consequently, the summand 


C(S(—a))(1) of C(F*)(1) is the localization whose vector label has a * 
precisely where o has a 1. 


Proof of Theorem 13.31. Every squarefree resolution F, of S/I, contains a 
minimal free resolution. Applying Hom (—,ws) produces a surjection from 
F* to the dual of the minimal free resolution, and this surjection induces 
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an isomorphism on cohomology (which is Ext*(S/ZIa,wg) in both cases). 
By Proposition 13.34, taking Cech hulls and subsequently translating by 1 
yields a map ee > Cis and Lemma 13.33 implies that it induces an isomor- 
phism on cohomology. Since Cx and Cz are both complexes of flat modules, 
a standard lemma from homological algebra (see [Mil00b, Lemma 6.11] for a 
proof) implies that the induced map M @® c FoOM® Cy is an isomorphism 
on cohomology. Therefore we need only show that H'(M @ Cx) = Hi, (M). 
But this follows by taking F. above to be the Taylor resolution, by Propo- 
sition 13.30 and Theorem 13.7. 


The reader wishing to carry out algorithmic computation of local coho- 
mology over S with monomial support should use a canonical Cech complex 
instead of the usual Cech complex, because the canonical Cech complex al- 
ways has fewer summands—usually many fewer—and is shorter. 


13.4 Cohen—Macaulay conditions 


The importance of a commutative ring or module being Cohen—Macaulay 
cannot be overstated. We have already seen the Cohen—Macaulay condition 
in the context of Alexander duality for resolutions (Section 5.5) and for 
generic monomial ideals (Section 6.2). 

In general, there are numerous equivalent ways to detect the Cohen— 
Macaulay condition for a module, and many of these fit nicely into the realm 
of combinatorial commutative algebra. Unfortunately, the equivalences of 
many of these criteria require homological methods from general—that is, 
not really combinatorial—commutative algebra, so it would take us too far 
astray to present a self-contained proof of them all. That being said, the 
Cohen—Macaulay condition is so robust, comes up so often, and is so useful 
in combinatorics that we would be remiss were we not to at least present 
some of the equivalent conditions. This we shall do, with references to 
where missing parts of the proofs can be found. Afterward, we give some 
examples of how the criteria can be applied in combinatorial situations. 

A few of the Cohen—Macaulay criteria involve notions from commutative 
algebra that we have not yet seen in this book. 


Definition 13.35 Fix a positive multigrading of $ = k[x,,...,@p]| by Z4%, 
and a graded ideal J. A sequence y = y1,..., yy of Z4-graded homogeneous 
elements in the graded maximal ideal of S/T is called a 


e system of parameters for a graded module M if M has Krull di- 
mension r and M/yM has dimension 0. 


e regular sequence of length r on a graded module M if M/yM 4 0 
and y; is anonzerodivisor on M/(yi,...,yi-1)M for each i =1,...,7. 


Note that y 1,...,y, are algebraically independent over k in either case, so 
k[y] is a polynomial subring of dimension r inside of S/T. 
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Although we stated the above definitions in the presence of a positive Z7- 
grading, the Cohen—Macaulay conditions that refer to them require not just 
an arbitrary positive grading by Z%, but a positive grading by N. Therefore, 
in the statement of Theorem 13.37, we fix a coarsening of the positive Z4- 
grading to a positive N-grading, by which we mean a linear map Z¢ — Z 
such that deg(x;) € Z¢ maps to a strictly positive integer degy(2;) € N for 
alli =1,...,n. The maximal Z?-graded ideal m = (21,...,2n) of S is also 
the unique maximal N-graded ideal. 

Under a positive N-grading, every finitely generated module M admits 
a system of parameters. (Proof: It suffices by induction on dim(M) to find 
the first element in the system; now use prime avoidance [Eis95, Lemma 3.3] 
to pick an element in m but outside any remaining prime ideals associated 
to M.) In contrast, even for positive gradings by Z?, multigraded modules 
need not admit Z?-graded systems of parameters (Exercise 13.9). 

The following module will be used in Criteria 10-13 of Theorem 13.37. 


Definition 13.36 Let S be any multigraded polynomial ring. If the vari- 
ables x; have degrees a; = deg(x;), write ws = S(—a, —---—a,). For any 
S-module M of dimension r, define the canonical module of M to be 


WM = Ext'¢ "(M,ws), 
so wy = H"-"Hom(Ff.,wg) for any resolution F. of M by free S-modules. 


Theorem 13.37 Let M be a finitely generated graded module of dimen- 
sion r over a positively Z*-graded polynomial ring S with maximal ideal m, 
and fiz a coarsening to a positive N-grading. The following are equivalent. 
1. M is Cohen—Macaulay. 
2. Every minimal resolution F. of M by free S-modules has length n—r. 
3. There is an N-graded regular sequence of length r on M. 
4. Every N-graded system of parameters for M is regular on M. 
5. M is a free module over the subalgebra kly] C S for some (and hence 
every) N-graded system of parameters y for M. 


S 


. For some (and hence every) N-graded system of parameters y for M, 
H(M/yM;t) = H(M;t)-T];_,(1 — t®), where degy(yi) = b:- 

7. The smallest index i for which Ext’;(k,M) is nonzero is i= r. 

8. The smallest index i for which Hi,(M) is nonzero is i=r. 

9. The only index i for which H,(M) is nonzero is i =r. 

10. Hi,(M) is zero unless i =r, and H™(M) ~ wy, is Matlis dual to wy. 
11. Hom¢(F.,wg) is a minimal free resolution of wy as an S-module. 
IfM = R=S/I, then the following are equivalent to the above conditions. 

12. Ext’,(k,wr) =0 unless i=r, and Ext',(k,wr) =k. 
13. wr has a resolution of finite length by graded-injective R-modules. 
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Proof. 2 <1 by Definition 5.52, which works in any positive multigrading. 

3 = 2 by the Auslander-Buchsbaum formula [BH98, Theorem 1.3.3]. 

4 < 3: For the < direction, use the fact that every finitely generated 
module has a homogeneous system of parameters. For =, we can safely 
replace S with the quotient R = S/ann(M) by the annihilator of M, and 
m with mR. The maximal length of a regular sequence on M in any ideal 
I c Ronly depends only on the radical of I, not on I itself; this follows from 
part (e) of [BH98, Proposition 1.2.10]. Taking I = (y), whose radical is mR, 
the maximal length of a regular sequence in (y) is therefore r. On the other 
hand, the ideal (y) in R contains a regular sequence of length r if and only 
if y itself is a regular sequence; this is proved in [BH98, Corollary 1.6.19] 
using Koszul complexes. 

4 = 5: Since we already proved 3 © 4, the desired result—including 
the “some (and therefore every)” clause—will follow once we show that 
is free over k[y] for every regular sequence y of length r on M. Requiring 
that y = y1,.-.-,Yr be a system of parameters for M is equivalent to re- 
quiring that M be finitely generated as a module over the subalgebra k[y] 
of S (this uses the fact that M is graded and has dimension r as an S- 
module, along with the slightly nonstandard version [Eis95, Exercise 4.6a] 
of Nakayama’s Lemma). Now repeatedly apply Lemma 8.27, first to M 
with y = yi, then to M/y,M with y = yo, and so on, to deduce that 
Tor, ™| (ik, M) = 0 for alli > 1. Use [Eis95, Exercise 6.1] to conclude that 
M is a graded flat module over the N-graded ring k[y], whence M is free 
over k[y] by [Eis95, Exercise 6.2]. 

5 = 3 because y is a regular sequence on every free k[y]-module. 

4= 6. It is enough to show that if y is a nonzerodivisor of degree b on M, 
then H(M/yM;t) = H(M;t)-(1—t°). This follows by additivity of Hilbert 
series on the short exact sequence 0 > M(—b) 4 M — M/yM — 0. 

6 = 3: It suffices to show that any system of parameters satisfying the 
Hilbert series condition must be a regular sequence. In fact, a stronger 
statement can be derived by repeatedly applying the following. 


Claim 13.38 Let S be positively multigraded by Z*. Fix a homogeneous 
polynomial y € S of degree b and a finitely generated graded S-module N. 


1. For every degree a € Z4, the coefficient on t® in the Hilbert series 
H(N/yN;t) is at least the coefficient on t® in (1 — tP)H(N;t). 

2. Ify is a zerodivisor on N, then the coefficient on t® in H(N/yN;t) is 
greater than the coefficient on t® in (1—t®)H(N;t) for somea€ Z?. 


To prove both parts simultaneously, use the additivity of Hilbert series 

on the exact sequence 0 Kk N(-b) N N/yN — 0, where 

K = (0:n y)(—b) is the submodule killed by y. This yields H(N/yN;t) = 

(1—t>)H(N;t)+H(K;t). More details can be found in [Sta78, Section 3]. 
7 = 3 is the content of [BH98, Theorem 1.2.8]. 
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8 = 7 because we claim that, in general, both numbers equal the small- 
est cohomological degree i for which the Bass number p'(m,M) of M as 
an S-module is nonzero. Call this smallest cohomological degree ig. For 
condition 7, our claim follows from [BH98, Proposition 3.2.9]. For condi- 
tion 8, let E* be a minimal resolution of M by injective S-modules, and 
use the definition of H,(_) as the cohomology of IZ’. The complex Ty E” 
has no terms in cohomological degrees less than i, so clearly Hi,(M) = 0 
for i < ig. On the other hand, for each i, the map IT,’ — IT, £'*! on 
elements with maximal support induces the zero map on the socle of E’, 
by definition of minimality for injective resolutions. Hence for 7 = io the 
socle of E’ gives rise to nonzero cohomology of Ty E". 

9 = 8 because, in general, the local cohomology H?,(M) can be calcu- 
lated as the cohomology of the length r complex obtained by tensoring M 
with the Cech complex on a system of parameters for M. 

10 = 9: The direction = is trivial. That the sole nonzero local coho- 
mology module is Matlis dual to wyy is an immediate consequence of local 
duality [BH98, Corollary 3.5.9]. 

11 = 2: The minimality of F. implies that the last nonzero map in 
Hom ¢(F.,wgs) cannot be a surjection. Consequently, there must be coho- 
mology at the last nonzero cohomological degree. We are done because the 
only nonzero cohomology, namely waz, sits in cohomological degree n — r. 

3 > 11: The cohomology of the complex in Criterion 11 is Ext’5(M, ws) 
by definition. Hence we need that Ext 4(M, ws) = 0 fori #n-—r. This 
fact is part (b)(i) of [BH98, Proposition 3.3.3], given that [BH98] defines the 
Cohen-—Macaulay condition in terms of Criterion 3 [BH98, Definition 2.1.1]. 

12 = 11 by a general theorem on dualizing complexes [Har66b, Propo- 
sition 3.4]; the complex Hom ¢(F.,wg) is a dualizing complex by [Har66b, 
Proposition 2.4], so the one-term complex we is, too, by Criterion 11. 

12 > 13: The dimension of Ext ,(k, wr) as a vector space over k is the 
i** Bass number of we by [BH98, Proposition 3.2.9]. An infinite injective 
resolution would have injective hulls of k appearing in all sufficiently large 
cohomological degrees. 

13 = 3: Given that wr has a finite injective resolution, [BH98, The- 
orem 3.1.17] says that the maximal length of a regular sequence on R is 
bounded from below by the dimension of wr. Now apply [BH98, Theo- 
rem 8.1.1], which says that the module wr has dimension at least r. Oo 


Remark 13.39 The depth of a graded module M is the maximal length 
of a regular sequence on M. Criterion 3 says that M is Cohen—Macaulay 
precisely when depth( 17) = dim(M). In many sources, such as [BH98], the 
Cohen—Macaulay condition is defined by this particular condition. 


Remark 13.40 The N-grading fixed in Theorem 13.37 is arbitrary. There- 
fore, instead of fixing the coarsening, we could have stated those criteria 
involving N-gradings using the phrase “for every N-graded coarsening”. 


266 CHAPTER 13. LOCAL COHOMOLOGY 


Remark 13.41 Two of the conditions in Theorem 13.37 do not make ref- 
erence to the polynomial ring S, namely Criteria 12 and 13. As it turns 
out, most of the others—in fact all of them except for 1, 2, and 11—do 
not really depend on S,, either. To be more precise, suppose that M in 
Theorem 13.37 is a module over a graded k-algebra R’ (which may differ 
from both S and R) with maximal ideal m’ such that R’/m’ = k. Then 
Criteria 3-10 are still equivalent to each other (as well as to Criteria 12 
and 13) when (S,m) is replaced by (R’,m’). Hence Criteria 2 and 11 are 
the only two that depend on S' being a polynomial ring. 

Observe that Criteria 12 and 13, which involve the canonical module wr 
of the ring R (which we conclude in the theorem is Cohen—Macaulay), seem 
to implicitly use the fact that R is a quotient of S. In Exercise 13.12 we 
define Gorenstein rings. In general, existence of a canonical R-module with 
the properties of wr in Theorem 13.37 is equivalent to R being a quotient 
of some Gorenstein ring [BH98, Theorem 3.3.6]. Thus there is nothing so 
special about the presentation of R as a quotient of S rather than, say, as 
a finitely generated module over some other polynomial ring. 


13.5 Examples of Cohen—Macaulay rings 


The list of conditions in Theorem 13.37 may appear daunting, but nearly 
every one of them is useful for some combinatorial purpose. For example, 
the Hilbert series Criterion 6 implies that the h-polynomials of standard 
graded Cohen—Macaulay rings are nonnegative, which is crucial to Stanley’s 
proof of the Upper Bound Theorem [Sta96, Corollary II.4.5]. For another 
example, the local (as opposed to graded) version of Criterion 5 plays a 
role in the proof of Haiman’s n! and (n+ 1)"~+ Theorems [Hai01, Hai02] 
(though our presentation of these results in Chapter 18 does not go far 
enough to include this application). 

The remainder of this chapter presents some important combinatorial 
consequences of Theorem 13.37. One of them, Reisner’s criterion, has al- 
ready been used in Chapter 5. Another, that shellable simplicial complexes 
are Cohen—Macaulay, will find uses in later chapters; see Theorem 16.43 
and its consequences, including Corollary 16.44 and Theorem 17.23. 


13.5.1 Normal semigroup rings 


The injective resolution in Criterion 13 can be made combinatorially explicit 
when R = k[Q] is a Cohen—Macaulay affine semigroup ring. 


Theorem 13.42 Let k[Q] be an affine semigroup ring, and express it as a 
quotient k[Q] = S/Iz, as in Theorem 7.3. Then k[Q] is Cohen—Macaulay 
if and only if its dualizing complex from Definition 12.7 is a Z¢-graded 
injective resolution of the canonical module uxjq] from Definition 13.36. 
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Proof. Theorem 13.24 plus Criterion 9 of Theorem 13.37 together imply 
that M = k[Q] is Cohen—Macaulay precisely when the Ishida complex Ug 
has cohomology only in the latest possible place. This occurs if and only 
if the Matlis dual of Ug, namely the dualizing complex (9, is an injective 
resolution of some module. Criterion 10 implies that this module is wy;g). 


Given Theorem 12.11 for normal semigroup rings, Theorem 13.42 spe- 
cializes to an amazing fact, equating the abstract, homologically defined 
module «%jg] with the concrete, combinatorially defined module wg. Here, 
as elsewhere, Theorem 13.37 shows itself to be a powerful tool for identify- 
ing deep homological significance in combinatorial constructions. 


Corollary 13.43 If k[Q] is a normal affine semigroup ring, then k[Q] is 
Cohen-Macaulay and the module uxjg) in Theorem 13.42 equals the module 
wa from Definition 12.9 (which we already called the canonical module). 


13.5.2 Reisner’s criterion 


Our next combinatorial application of Theorem 13.37 is the proof of Reis- 
ner’s criterion, Theorem 5.53, as promised in Chapter 5. ‘To recap, it 
says that a Stanley-Reisner ring S/I, is Cohen—Macaulay if and only if 
H'(linky(o);k) = 0 for all i 4 dim(A) — |o| and all faces o € A. 


Proof of Theorem 5.58. Using Theorem 13.13 and Criterion 9 of Theo- 
rem 13.37, we find the Stanley—Reisner ring S/I, to be Cohen—Macaulay 
if and only if H*~l¢|- (link, (o);k) is nonzero only for i = r, where r is the 
Krull dimension of S/I,. Now simply note that r = dim(A) + 1. 


13.5.3 Shellable simplicial complexes 


One of the simplest (and most ubiquitous) criteria for verifying that a 
Stanley—Reisner ring is Cohen—Macaulay is to check that the corresponding 
simplicial complex is shellable. For utmost clarity, given a face F of a 
simplicial complex A, denote by F’ the (closed) simplex in A generated 
by F, so that F consists of all faces of F. 


Definition 13.44 A shelling of A is an ordered list Fi, F2,..., Fim of its 
facets such that U j<i Pj 1 Fi is a subcomplex generated by codimension 1 
faces of F; for alli < m. If A is pure and has a shelling then it is shellable. 


Theorem 13.45 The Stanley-Reisner ring of a shellable simplicial com- 
plex is Cohen—Macaulay. 


Proof. There are many proofs of this result, but given the definition of 
shellable, it seems they all have no choice but to proceed by induction on 
the number of facets. Suppose F\,...,Fm—1, Fm is a shelling of A, and 


268 CHAPTER 13. LOCAL COHOMOLOGY 


let A’ be the subcomplex generated by Fi,..., Fim—1. We will show that A 
is Cohen—Macaulay using the fact A’ is Cohen—Macaulay. 

Renumbering the variables if necessary, assume that the vertices of Fy, 
are 1,...,7 (so A has dimension r — 1). Renumbering the first r variables 
1,...,@, again if necessary, assume that the facets of F,, M A’ are pre- 
cisely those simplices obtained by deleting one element of the set {1,...,q} 
from F;,, where g <r. Then the simplex {1,...,q} is the unique minimal 
face in A \ A’. It follows that k[A’] = k[A]/(a1 --- 2 )k[A]. 

On the other hand, 2; - x,---aq is zero in k[A] whenever j > r, be- 
cause then {7} U {1,...,q} is not a face of A. Therefore the principal 
ideal generated by (x1 ---2q) is a free module over the polynomial subring 
k[a1,...,2,] of k[A]. In particular, this ideal is a Cohen—Macaulay module 
of Krull dimension r. 

Now we have an exact sequence 


0 — (x1 ---2q)k[x1,..., 27] —> k[A] — k[A’] — 0 


in which the first and third nonzero modules are Cohen—Macaulay of dimen- 
sion r. Apply Ext 4(k,_) to the above short exact sequence. Denoting the 
first nonzero module in the above sequence by N = (a --- %q)k[x1,..., x7], 
the long exact sequence for this application of Ext then has segments 


-— Ext 5(k, N) — Ext 5(k,k[A]) — Ext 5(k, k[A’]) — --- 


for all z > 0. Criterion 7 says that the left and right modules above are 
zero when i < r and nonzero when i = r. Therefore the same holds for the 
middle module above, and the result follows from the same criterion. 


Exercises 


13.1 Compute the associated primes of the local cohomology modules in Exam- 
ple 13.4. Locate the degrees of the elements whose annihilators are these primes. 
Which of the submodules annihilated by these primes are finitely generated? 


13.2 Use a Cech complex to recompute the local cohomology in Example 13.4. 
Was this easier or harder than the calculation in Example 13.4? What if you use 
Theorem 13.14 instead? 


13.3 Compute all of the local cohomology modules with support at m, and their 
Hilbert series, of the semigroup rings k[Q] and k[Qsat] from Example 13.27. 


13.4 The affine semigroup in part (a) of Exercise 12.12 is the saturation of the 
semigroups in parts (b) and (c). Show that the semigroup ring for part (b) is regu- 
lar in codimension one but not Cohen—Macaulay. Conversely, show that the semi- 
group ring for part (c) is Cohen—Macaulay but not regular in codimension one. 


13.5 Use part (b) of the previous exercise and Criterion 4 to get a quick solution 
to Exercise 7.6. (One sentence will do; see the end of the exercises in this chapter.) 


13.6 Prove directly, using Definition 13.1, that H?(M) = IyM. Do the same 
using the characterization of local cohomology in Theorem 13.7. 
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13.7 Assume that m1,...,m, are monomials in an affine semigroup ring k[Q]. 
Prove directly that k{ F — Q} @C*(m1,...,m,) has no i™ cohomology for i > 1. 


13.8 Verify that H}(M) does not depend on the injective resolution of M chosen 
in Definition 13.1. Hint: Exercise 11.6. 


13.9 Show that k[x,y]/(xy), with the usual grading by N? C Z?, does not admit 
a Z?-graded system of parameters. 


13.10 Given a € N” and a Z”-graded module M over S = k[N”], write Mxa for 
the quotient module @,_,, Mp. Prove that Alexander duality for ideals can be 
expressed using Matlis duality and the Cech hull as I! = (€(S/I) <a))Y (—a). Use 
this to define an Alexander duality functor on N"-graded S-modules and prove 
that it is exact. Verify that Exercise 11.2 is an instance of this exact functor. 


13.11 Fix a saturated semigroup Q, and let A be a union of codimension 1 
faces. Prove that k[Q]/Ia is Cohen—Macaulay if and only if the face ideal I, as 
a module over k[Q], is Cohen—Macaulay. 


13.12 A positively Z?-graded ring R is Gorenstein if R is Cohen—Macaulay, and 
the Matlis dual wz := Hgim™® (R)Y of the top local cohomology is isomorphic to a 
Z‘-graded translate of R. Show that the Stanley—Reisner ring of every simplicial 
sphere is Gorenstein. More generally, if Q = Qsat and A is a subcomplex of R>oQ 
such that A C P is a sphere, show that the face ring k[Q]/Ia is Gorenstein. 


13.13 Formulate what it means for a polyhedral (not necessarily simplicial) cell 
complex to be shellable. Prove that if Q is saturated and A C P isa shellable sub- 
complex of the transverse slice P, then the face ring k[Q]/Ia is Cohen—Macaulay. 


Answer to Exercise 13.5 Criterion 4 implies, by part (b) of Exercise 13.4, that 
the maximal ideal m of k[Q’] consists of zerodivisors modulo every nonunit prin- 
cipal monomial ideal of k[Q’], which is equivalent to saying that m is associated 
to every nonunit principal monomial ideal. 


Notes 


The presentation in Section 13.1 is standard, apart from its focus on Z4-gradings. 
These gradings have their origins in papers such as [Hoc77], [GW78], and [TH86]. 
Further reading on local cohomology in general contexts can be found in [BH98] 
and [BrS98]. Weibel’s book [Wei94] is a good reference on homological algebra, 
although a more leisurely introduction would be Mac Lane’s classic [MacL95]. 
The Hilbert series in Theorem 13.13 was an unpublished result of Hochster 
until it finally found its way into [Sta96, Theorem II.4.1]. The module structure of 
that local cohomology was described explicitly by Grabe [Gra84]. Corollary 13.16 
is due to Terai [Ter99b], inspired by Theorem 13.13 and its proof. Independently 
and simultaneously, Mustata computed the module structure [Mus00], motivated 
by sheaf cohomology on toric varieties [EMS00, Mus02]. The similarity of the 
Hilbert series in Theorem 13.13 and Corollary 13.16, for local cohomology of S/Ia 
supported at m and of S supported on Ia, can be explained as in [Mil00a] us- 
ing the strong form of Alexander duality in Exercise 13.10. Yanagawa proved 
Theorem 13.14 for canonical modules [Yan01] in response to Corollary 13.16. 
The result of Example 13.17 is due to Hartshorne [Har70]; it provided the 
first counterexample to Grothendieck’s conjecture that local cohomology always 
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has finite Bass numbers. Hartshorne’s method of calculating was different than 
the one presented here, which has been used by Helm and Miller to generalize 
Hartshorne’s result to arbitrary nonsimplicial semigroups [HM03]. 

The sector partitions in Theorem 13.20 can be calculated algorithmically 
[HM04]. The idea is to compute finitely many stages of an injective resolution 
of M using irreducible resolutions and then compute representatives for the maps 
required in part 3 of Definition 13.19. Complications arise for unsaturated semi- 
groups, and it is an open problem to produce an algorithm in that case. Even in 
the saturated case, it remains to find algorithms for associated primes and socle 
degrees (or more generally, Bass numbers) of local cohomology. 

The Ishida complex appears in work of Ishida [Ish80, Ish87], though similar 
constructions were made by Goto and Watanabe [GW78], Trung and Hoa [TH86], 
and Schafer and Schenzel [SS90]. Ishida began by proving that the dualizing com- 
plex in Definition 12.7 really is one, according to the general theory in [Har66b], 
and then he concluded using local duality that its Matlis dual computes local 
cohomology. Schafer and Schenzel used their combinatorially defined dualizing 
complex in [SS90] to prove useful results on Serre’s conditions S;, for semigroup 
rings (Cohen—Macaulay being “S; for all k”). 

The Cech hull was defined in [Mil98] as a constituent of Alexander dual- 
ity theory for monomial ideals. Its relation to local cohomology was realized 
[Mil00a] after Corollary 13.16 appeared in [Ter99b, Mus00]. The motivation for 
Theorem 13.31 was to prove local duality with monomial support [Mil00a]. This 
duality is a special case of Greenlees-May duality, which generalizes the usual 
local duality theorem [GM92] (see [Mil02a] for an introduction from a combina- 
torial point of view). This is where one really needs the fact that the canonical 
Cech complex has minimal length. Canonical Cech complexes have been further 
developed for semigroup rings by Yanagawa [Yan02, Section 6]. 

The long list of equivalent Cohen—Macaulay criteria in Theorem 13.37 is in- 
tended as an aid to the working combinatorialist. Our presentation of these cri- 
teria is an honest reflection of which ones are derived from others, starting from 
scratch. Thus, since our line of proof mainly follows [BH98], citations to that book 
essentially proceed forward as the proof progresses. We confined our mention of 
the Gorenstein condition to only one exercise because there is too much material 
from which to choose. The interested reader can begin with [BH98] and [Sta96]. 

The Cohen—Macaulayness of normal semigroup rings in Corollary 13.43 is due 
to Hochster [Hoc72]. Theorem 13.42, on the other hand, is a special case of a very 
general theorem of Grothendieck [Har66b], given Ishida’s result that the dualizing 
complex really is one. As we mentioned in the Notes to Chapter 5, Reisner’s 
criterion originated in [Rei76]. That shellability implies Cohen—Macaulayness 
was first shown by Kind and Kleinschmidt [KK79]. 


Part III 


Determinants 


Chapter 14 


Plucker coordinates 


Homogeneous coordinates, by which we mean lists (61,...,4n,) € k” up 
to scale and with not all 6; equaling zero, correspond to points in projec- 
tive space P”—!. Equivalently, such lists correspond to lines in the vector 
space k”. The notion of Grassmannian, a variety whose points are the vec- 
tor subspaces of a fixed dimension in k”, therefore encompasses projective 
space as a special case. More generally yet, the flag variety consists of all 
flags of vector subspaces, each one contained in the next. Grassmannians 
and flag varieties appear in many branches of mathematics and its applica- 
tions. Like projective spaces, these varieties come equipped with their own 
versions of homogeneous coordinates. This chapter gives an introduction 
from several perspectives within commutative algebra and combinatorics. 
The central result, Theorem 14.11, says that the homogeneous coordinates 
on flag varieties, called the Plucker coordinates, form a sagbi basis. 


14.1 The complete flag variety 


Assume throughout this chapter that k is an algebraically closed field. 
A complete flag in the vector space k” is a chain 


VY: Vo CYC: C Va-1 C Vn 


of vector subspaces of k” such that dimy,(Vq) = d. The flag variety Fe, is 
the set of all complete flags in k”. We will be concerned primarily with the 
commutative algebra of a certain ring associated to the flag variety. It may 
not be clear from the definition that the set F@,, is an algebraic variety, but 
we will derive it using the properties of this rng. Our main purpose in this 
section is to motivate Definition 14.5. 

Before tackling complete flags, let us begin with individual subspaces. 
Every d-dimensional subspace of k” can be expressed as the row span of 
some d xX n matrix O with entries 0;; in k. Such a matrix © must have 
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rank d, because its d rows span a vector space of dimension d. Hence there 
are d columns of © forming a square matrix with nonzero determinant. 


Definition 14.1 The determinant det(&) of a square r x r submatrix = 
inside of © is called a minor of size r. The r-minor det(=) is maximal if 
r = dis as large as possible. 


Maximal minors = in a d x n matrix O with d < n depend, up to sign, 
only on a choice of d column indices from [n] = {1,...,n}. We denote 
the submatrix with column indices a C [n] by 0,, so the corresponding 
maximal minor is det(9,). 


Proposition 14.2 The list (det(O,) | a C [n] and |o| = d) of maximal mi- 
nors up to scale identifies the row span of © uniquely. More precisely, a 
matrix ©’ has the same row span as © if and only if there exists a nonzero 
scalar y € k such that 


det(@,) = ydet(01) for all o C[n] and |o| =d. 


Proof. If the matrices 0’ and © have the same row span, then 0’ equals 
TO for some invertible d x d matrix T over k. It follows that det(04) = 
det (I) det(@,) for all o, so we take y = det(T)~'. 

Conversely, suppose that the desired identity holds for some y. Since O 
and ©’ have rank d, there exists o C [n] such that det(O,) = 7-det(@4) is 
nonzero. Replace © by O5!-O, and replace 0’ by (0/)~!- ©’. This leaves 
their row spans unchanged; moreover, © and O’ now contain a unit matrix 
in columns from o and have identical lists of maximal minors. Each entry 
of the matrix © can be expressed as a maximal minor det(O,) in which 
7 differs from o by one element (cf. Exercise 14.1). Since the same holds 
for 6’, we conclude that 0 = 0’, so they have the same row span. 


Given a subspace Vg C k”, the maximal minors of any d x n matrix O 
having row span Vy are called the Pliicker coordinates for Vg. Proposi- 
tion 14.2 says that the list of Pliicker coordinates for a fixed subspace 
is well-defined up to a global scalar, just like homogeneous coordinates 
for a point in projective space. In coordinate-free language, the subspace 
Va Ck” determines a point (unique up to scale) inside the d‘ exterior 
power /\4(k”). Choosing a basis e1,...,€n in which to write the rows 
61,...,04 of © yields automatically the basis {e,, A--- A €o,}\o|/=a for the 
d‘” exterior power of k”. The point in A¢k” corresponding to Vq is the 
wedge product 6, A --- A @a, which the Plucker coordinates express in the 
basis {€6, A+++ A €c,}\o|=a- Returning now to the case of the complete 
flags, we have to deal with subspaces of arbitrary dimension inside k” and 
therefore with Plticker coordinates that are minors of various sizes. 


Definition 14.3 For any subset o C [n] and any n x n matrix 0, let O, 
be the submatrix with rows 1,...,d and columns o1,...,0q, where d = |o}. 
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The Pliicker coordinates of an invertible n x n matrix O are the minors 
det(©,) for subsets o C [n]. 


The list of all 2” — 1 nonunit Pliicker coordinates of an invertible n x n 
matrix O should be parsed by separating out first the n minors of size 1, 
then the (5) minors of size 2, and so on. Each list of ("}) minors of size d 
represents a subspace Vz; C k” of dimension d, and it follows from the 
above discussion that 0 C Vj C Vo C:-: C Vz_1 C k” is a complete flag of 
vector subspaces. Taken together, therefore, the Plucker coordinates can 
be thought of as functions taking each invertible n x n matrix to a list of 


homogeneous coordinates for its associated flag. 


Definition 14.4 The subvariety Gg, of the projective space p(a)-1 con- 
sisting of all (Pliicker coordinate vectors representing) d-dimensional sub- 
spaces of k” is called the Grassmannian. Likewise, the flag variety 
Fe, is parametrically given by the Pliicker coordinate vectors representing 
complete flags in k”. It is a subvariety of the product of projective spaces 


pr-l y p(2)-1 x pG)-1 yx... x pln®2)-1 x pGt)-1, 


Returning to commutative algebra, we think of the Pliicker coordinate 
indexed by 0 = 01 <--- < oq as a function on matrices, or as the generic 
minor det(x,) of the n x n matrix x = (a;;) of variables. As in Defi- 
nition 14.3, the d x d submatrix x, has row indices 1,...,d and column 
indices o1,...,@q. The Pliicker coordinates are therefore elements inside 
the polynomial ring k[x] in the n? variables xj; for i,j =1,...,n. Here is 
the central algebraic object of this chapter. 


Definition 14.5 The subalgebra of k[x] generated by the 2” Pliicker co- 
ordinates det(x,) is called the Pliicker algebra. 


The remaining sections in this chapter explore combinatorial aspects of 
Pliicker coordinates and the algebraic relations they satisfy, as they pertain 
to Grobner bases, subalgebra bases, and the resulting semigroup rings. For 
a construction of Fé,, from the Pliicker algebra, see Exercise 14.16. 


14.2 Quadratic Pltcker relations 


As in the previous section, let x = (x;;) be an nxn matrix of indeterminates 
and let k[x] denote the polynomial ring over a field k generated by these 
indeterminates. Define a second polynomial ring k[p] by introducing a 
variable p, for each subset of [n] = {1,...,n}. Thus k[x] and k[p] are 
polynomial rings of dimensions n? and 2”, respectively, and the indexing 
on the variables in k[p] suggests that we define the ring homomorphism 


gn: k[p] > k[x] sending p, + det(x,). 
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The map @¢, gives a presentation for the Pliicker algebra as a quotient 
of k[p]. For convenience, we identify each subset o C [n] with the ordered 
string of its elements. Then we can allow arbitrary substrings as indices of 
the variables in k[p], subject to the usual sign conventions for permutations. 
For instance, 


po75 = —pes7 and =p725 = pos7 and po72=0 ink[p]. 


The same convention governs the change in sign on det(x,) after permuting 
the columns of x, or choosing some column twice, so this sign convention 
respects the map @n. 

Our object of study is the homogeneous prime ideal I, = ker(¢,,) of 
Pliicker relations. For n = 1 and n = 2, this ideal is zero. The first 
interesting case is n = 3. The ideal J3 is principal and generated by the 
quadric p23p1 —pi3p2+pi2p3. For n = 4, the ideal [,, is minimally generated 
by the following 10 quadrics: 


P23P1 — P13P2 + P12P3, P24P1 — P14Pp2 + Pi2P4, 
P34P1 — P14P3 T P1i3P4, P34P2 — P24P3 T P23P4, 
P14P23 — P13P24 + P12P34, P234P1 — P134p2 + P124P3 — P123P4, 


P134P12 — P124P13 7 P123P14, P234P12 — P124P23 T P123P24, 
P234P13 — P134P23 T P123P34, P234P14 — P134P24 1 P124)P34- 


These 10 quadrics form a Grobner basis for the ideal J, with respect to any 
term order that selects the underlined initial terms. We will generalize this 
quadratic Grobner basis to arbitrary n. 

First, introduce a poset P whose underlying set consists of the variables 
Pp = {po | o € [n]}. When o = {01 <---< os} andr={m <---< 7%} are 
two subsets of [n], set ps < p, in the poset P if s > t and o; < 7; for all 
i=1,...,t. (A weak chain po, <---< pz, is thus a semistandard tableau 
of length @; see Definition 14.12.) Here is the Hasse diagram of P for n = 4: 
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The 10 incomparable pairs in this poset are precisely the underlined initial 
terms in our Grobner basis for [4. This fact generalizes. 

Totally order the variables in k[p] by setting p, ~ p, if |o| > |r| or 
[Io] = |r| and o comes before 7 in the lexicographic order]. This total 
order is a linear extension of the poset P. Let ~< also denote the reverse 
lexicographic term order on k[p] induced by the variable ordering <. 


Theorem 14.6 The ideal I, of Pliicker relations has a Grobner basis un- 
der < consisting of homogeneous quadrics. More precisely, the products 
DoPr of incomparable pairs of the poset P generate the initial ideal in. (I,). 


Proof. We first show that each incomparable product pp; lies inside 
in(I,). Fix such a product. We may assume that p, < p, and hence 
s = |o| > |r| = t. Since p, and p, are incomparable, there exists an in- 
dex i € {1,...,¢} such that 7; < o;, and we take 7 to be the smallest index 
with this property. Consider the strictly increasing (s + 1)-chain of indices 


Ty St STOR St <5. (14.1) 


For any permutation 7 of these s+ 1 indices, let 7(7) be defined by m(7); = 
m(7;) if 7 < i, and m(r); = 7, otherwise. Similarly define 7(c). Use all of 
the (s + 1)! quadratic monomials p,(,)pz(,) to form the alternating sum 


S/ sign(7) Datas* Caley (14.2) 


and divide by a constant so that all of the terms have coefficient +1 or —1. 
By summing only over shuffles of the sequence (14.1), which by definition 
result in sequences that increase in the first i slots and (separately) increase 
in the remaining s +1 —: slots, this division can be avoided, so the con- 
struction is also valid in positive characteristic. The result is a homogeneous 
quadratic polynomial. 

We claim that the monomial p, - p, is the initial term of (14.2) with 
respect to the reverse lexicographic term order <. This follows from the 
fact that, for any nonidentity permutation 7z of (14.1), 


Pr(o) < Po < Pr X Pr(r) 


whenever these variables are nonzero. We next claim that 


S “sign(r) - det(xq(o)) -det(xm(r)) = 0 (14.3) 


Tv 


is a valid algebraic relation among the Pliicker coordinates of a generic 
matrix x. Let x,x, denote the s x n matrix consisting of the top s rows 
of x. The left-hand side of (14.3) is multilinear and alternating as a function 
of the s +1 columns of x,y, indexed by (14.1). As the columns of an s x n 
matrix over k span a vector space of dimension at most s, the polynomial on 
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the left-hand side of (14.3) vanishes whenever values in k are chosen for the 
variables in X,x,. Hence this polynomial is identically zero, proving (14.3). 

It follows from (14.3) that the quadratic polynomial (14.2) lies in the 
ideal I, = ker(¢,), so pop, lies inside in(I,) whenever p, and p, are 
incomparable in the poset P. It remains to be shown that in.(J,) has no 
other monomial generators. 

Introduce a term order on the other polynomial ring k[x], namely the 
purely lexicographic term order on k[x] induced by the row-wise order 


Uy. > WQS Un > VQ] > > Lan Se > Mny OS Inn 


on the n? variables. If o = {01 <---< os} then the initial term of the 


minor ¢n(po) = det(x,) is its diagonal term 


in(on(Po)) = 10,120, °°' Uso,- 


Every monomial in k[x] can be written uniquely as an ordered product 
Lin Tiga *** Lire, L2iv1 Live *** Tine, ** * LniniLning *** Enine, (14.4) 


of variables, with repetition allowed. Here, 2;,, < i;,,41 holds for all 7 and k. 
The monomial (14.4) is the initial term of ¢,(p*) for some monomial p? 
in k[p] if and only if 


li >blg >--- >, and Lik < Uj4A,k for all j,k. (14.5) 


In fact, if condition (14.5) is satisfied then there exists a unique monomial 
p® in k[p] such that the support of p® is a chain in P and ¢,,(p*) has the 
initial term (14.4). This monomial equals 


p* = Pizyiat... ‘ Pireiae... “ Piz3ia3... meee (14.6) 


In summary, we have shown that the x-monomials in(¢,,(p®)) are all distinct 
as p* runs over p-monomials that are supported on chains in the poset P. 

To complete the proof of the theorem, it remains to show that in.(J,) 
is contained in the ideal generated by the incomparable products. Suppose 
this is not the case. Then there exists a nonzero polynomial f in the ideal J;, 
whose initial term under ~ is not a multiple of any incomparable product. 
Thus the variables p, appearing in this initial term form a chain in the 
poset P. Assuming that the polynomial f is minimal with respect to the 
term order <, we can actually write 


f= Soca Bt, 


where every monomial p* appearing in f is supported on a chain in P. 
Consider the identity 


S ca: bn(P*) = 0 inkixl. 
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Let m denote the highest monomial appearing in any of the expressions 
¢n(p*) appearing in this identity. There exist at least two distinct terms 
p* and p? in f such that in(¢,(p2)) = in(¢,(p?)) = m. Since both p® 
and p® are supported on a chain of P, this contradicts the conclusion at 
the end of the last paragraph and completes the proof of Theorem 14.6. 


Corollary 14.7 The initial ideal inz(In) is the Stanley—Reisner ideal of 
the simplicial complex of chains in the poset P (the order complex of P). 


Example 14.8 We illustrate how the standard p-monomial in (14.6) is 
reconstructed from the initial x-term (14.4) in its expansion under ¢,,. Let 
n= 4. The following x-monomial satisfies condition (14.5): 


= 2 3 3 
MM = X41 X19%13%14%Q2% 93% 24133034. 


The corresponding standard p-monomial (14.6) is found to be 


a 


p = P123P134P23P24P3PA4- 


Indeed, this monomial lies outside of in.(14), and in(¢4(p*)) =m. Note 
that there are other p-monomials p? with in(¢4(p”)) = m, for instance 


p> =  P123P234P13P23P34P2P4, 


but these monomials necessarily lie inside in.(J4). © 


A monomial p® in k[p] is called semistandard if its support is a chain 
in the poset P. We have proved that p® is semistandard if and only if p? is 
standard—i.e., not in the initial ideal in. (J,,). Hence we get the following. 


Corollary 14.9 The set of semistandard monomials p* constitutes a basis 
for the Plucker algebra as a vector space over k. 


14.3. Minors form sagbi bases 


This section concerns objects of the following type consisting of minors. 


Definition 14.10 A set {f1,..., f,} of polynomials in a polynomial ring is 
a sagbi basis with respect to a given term order if every polynomial f in the 
subalgebra k[fi,..., f-] has the following property: the initial term in(f) is 
a monomial in(f)’! ---in(f,)’" in the initial terms in(fi),...,in(f,)- 


The term “sagbi” is an acronym for “subalgebra analogue of Grobner 
bases for ideals”. In contrast to the situation for ideals, the initial algebra 
of a finitely generated subalgebra of a polynomial ring need not be finitely 
generated. The existence of a finite sagbi basis is a special property for a 
subalgebra. It turns out that our Pliicker algebra enjoys this property. 
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Theorem 14.11 The 2” Pliicker coordinates of the nxn generic matrix x 
form a sagbi basis under any diagonal term order (meaning that the initial 
term of each minor det(x,) is its diagonal term 219,295 °''Xso,) OF any 
antidiagonal term order (meaning that the initial term of each minor 
det(x,) is its antidiagonal term X1¢,€2¢,_,°''Lso1)- 


Before getting to the proof, we need a definition and a lemma. 


Definition 14.12 A tableau with n rows is an array 


411 412 413 +7 Ne, 

221 122 223 224 *** 2265 
m — 

tnt In2 an Inly 


of nonnegative integers in which the rows need not have equal lengths 
f1,...,£n. A tableau is semistandard if 


e the rows get shorter as they go down (that is, 0; > 2 >--- > én), 
), and 


e the rows are weakly increasing (that is, 4,4 <%j,n41 for all j,k 
e the columns are strictly increasing (that is, i;,4 < ij+41,4 for all j,k). 


The point is that indices coming from a general monomial m as in (14.4) 
can be written in tableau form. For example, the semistandard tableau 


1/1/3/4]4]4 
2|4/5/7 


: é 2 3 2 
516 corresponds to L711 U13U 14022724095 LQ7L 35 VU 360 46- 


5 
6 


Using this form, we have the following. 


Lemma 14.13 A monomial m in k[x] is the initial term of a polynomial 
in the Pliicker algebra image(¢,,) if and only if the tableau corresponding 
to m is semistandard. 


Proof. We have seen in (14.4)—(14.6) that every semistandard tableau is 
associated to the initial term of ¢,,(p*) for some monomial p® supported 
on a chain in P. On the other hand, Corollary 14.9 implies that every 
polynomial f(x) in the Pliicker algebra image(¢,,) is a k-linear combination 
of the images of such p-monomials. Hence the tableau corresponding to the 
initial term in(f) is semistandard. 


Proof of Theorem 14.11. By symmetry, we need only prove the diagonal 
term order case. Lemma 14.13 says that the initial algebra of the Pliicker 
algebra is the vector space over k spanned by all semistandard tableaux. 
Each monomial corresponding to a semistandard tableau is the product of 
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the monomials corresponding to its columns, so the initial algebra is the 
k-algebra generated by the semistandard tableaux with only one column. 
These one-column tableaux are precisely the diagonal term monomials 


O71 
02 


= B10,€20,°°'Lsc, = in(det(x,)). 


Os 


Hence the minors det(x,) form a sagbi basis. 


If R is any subalgebra of a polynomial ring that possesses a finite sagbi 
basis, then this sagbi basis defines a flat degeneration from R to its initial 
algebra in(R). The initial algebra is generated by monomials, so it corre- 
sponds to a toric variety. Hence, geometrically, a finite sagbi basis provides 
a flat family connecting the given variety Spec(R) to the affine toric variety 
Spec(in(R)). Of course, we can replace “Spec” by “Proj” in the presence 
of a Z-grading (or even SpecTor in the presence of a multigrading; see Ex- 
ercise 14.16). Hence Theorem 14.11 states that the flag variety and the 
Grassmannian can be sagbi-degenerated to toric varieties. In what follows, 
we make this degeneration explicit at the level of presentation ideals. 


Example 14.14 Consider the special case of the Grassmannian G24. Its 
homogeneous coordinate ring is generated by the six 2 x 2 minors of a 2 x 4 
matrix of indeterminates, and its presentation ideal is 


ker(¢4) = (piapo3 — Pi3Pe4 + P12p34)- 


The presentation ideal of the sagbi degeneration of G2\4 is 


ker({4) = (P1aP23 — P13P24), 


with 7, as defined below. This is the ideal of algebraic relations on the 
initial terms 711 %22,711%23,...,013%24 of the 2 x 2 minors. © 


Let us examine the toric variety corresponding to the initial algebra of 
the Plucker algebra in general. Consider the monomial map 


Yn: k[p] — k[x] sending p, + in(det(x,)). 


Our toric variety is the zero set of the toric ideal J, = ker(y,). We will 
prove that the quadratic Grébner basis for J,, in Theorem 14.6 factors 
through a Grobner basis for J, the latter being obtained by setting to zero 
all but the two highest terms in the quadrics from Theorem 14.6. 

To express this Grobner basis in the most succinct form, first observe 
that P is a distributive lattice. The lattice operations meet A and join V 
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are defined as follows: If o = {01 <---< os} andt = {11 <--- < 7%} with 
s >t, then 


oAT = {a1,...,05} and oV7 = {i,...,4}; 


where a; = min{o;,7;} and @; = max{o;,7;} for i = 1,...,¢, and we set 
a, = 0; fori=t+1,...,s. The lattice being distributive means that 
p\(oVT) = (pAa)V (pr), 
pV(oAT) = (pVa)A(pVr). 


The diagonal term order on k[x] induces a partial term order < on k[p]. 
This partial term order is defined as follows: 


p? <p? if and only if in(¢n(p*)) < in(¢n(p”)). (14.7) 


We note that the reverse lexicographic order < is not a refinement of the 
partial order <. It is this fact that makes our next theorem subtle. 


Example 14.15 Consider the 10 quadratic monomials on G36 that involve 
all 6 indices. In the reverse lexicographic order < used in Theorem 14.6, 
they are ordered 


P123P456 ~ P124P356 < *** < P134P256 < *** < P146P235 < P156P234- 


In the partial term order (14.7), we have 


P123P456 < P124P356 < ++ * < P134P256 = P1i56P234 < P146P235- 


The first order is not a refinement of the second order. © 


Theorem 14.16 The toric ideal Jn = ker(») equals the initial ideal for 
the ideal I,, of Plucker relations with respect to the partial term order <. 
The reduced Grobner basis of J, under the reverse lexicographic term order 
on k|p] defined above consists of all nonzero binomials 


PoPr — PovrPoar: 


Proof. The Grobner basis constructed in the proof of Theorem 14.6 is mini- 
mal (meaning that no element in the Grobner basis can be omitted) but not 
reduced. For the following argument we replace it by the reduced Grobner 
basis. Consider any quadratic polynomial in the reduced Grébner basis 
of I, with respect to the reverse lexicographic order <. It has the form 


g9 = PoPr + semistandard tableaux strictly lower in ~ . 


We claim that each term p,p, appearing in g is also less than or equal 
to pp, in the order <. At most one such semistandard tableau equals p,p, 
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in the partial order <. That term is pgv7Poa7, and since diagonal initial 
terms cancel in ¢,(g) = 0, the term pgyrPonr Must have coefficient —1 in g. 
All other tableaux p,p, in g are semistandard; hence the corresponding x- 
monomials in(¢,(ppp7)) are all distinct. Since @n(g) = 0, the initial terms 
with respect to < must be attained twice, and hence all tableaux ppp, lie 
strictly below pop, in the partial order < as well. 

We conclude that the initial form of the quadric g with respect to the 
partial term order < is precisely the desired binomial pop; — PevrPenr: 


Q = PoPr — PovrPorr + Strictly lower terms in <. 


Now let K,, be the ideal generated by all the binomials p,p;—PovrPonr- 
Then K,, is contained in J, by the definition of w,,. The definition of the 
partial term order < implies that J;, is contained inside in<(I,,). Hence 

Kn GC Jn C ingen). (14.8) 
The initial monomial ideal of in<(J,,) with respect to the reverse lexico- 
graphic term order ~ is generated by the incomparable products p,p,. But 
these products lie in the initial monomial ideal of K,,, by the observations 
in the previous paragraph. We conclude that all three ideals in (14.8) have 
the same initial monomial ideal, and hence they are equal. This implies 
both assertions in the statement of the theorem. 


Example 14.17 In the above proof, it was essential that we used the re- 
duced Grébner basis of [,, instead of the Grdbner basis of Theorem 14.6. 
We illustrate the distinction for n = 8. For the ideal of the Grassmannian 
G43, both Grobner bases consist of 721 quadrics in 70 unknowns pj;jxi. A 
typical element in the Grobner basis of Theorem 14.6 looks like 


P1278P3456 + P1258P3467 — P1257P3468 — P1248P3567 + P1247P3568 
+ P1245P3678 — P1238P4576 — P1237P4568 — P1235P4678 + P1234P5678- 


This quadric is not in the reduced Grébner basis since the four underlined 
monomials are not semistandard. The element of the reduced Grobner basis 
with the same initial term is 


P1278P3456 — P1256P3478 1 P1246P3578 — P1245P3678 
— P1236P4578 1 P1235P4678 — P1234P5678- 


Not every coefficient in the reduced Grobner basis of Ig is +1 or —1. The 
following quadric lies the reduced Grobner basis and has a coefficient +2: 


P1567P2348 — P1347P2568 + P1346P2578 — P1345P2678 + P1247P3568 — P1246P3578 
+ 12453678 — P1237P4568 + P1236P4578 — P1235P4678 + 2P1234P5678- 


Note that the first two terms constitute a binomial in the toric ideal Jg. © 
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14.4 Gelfand—Tsetlin semigroups 


Theorem 14.11 degenerates the Pliicker algebra of Definition 14.5 to the 
affine semigroup ring generated by the diagonal or antidiagonal terms of the 
2” — 1 Phicker coordinates. In this section, we consider the corresponding 
antidiagonal semigroup A,, whose Hilbert basis consists of the exponent 
matrices of the antidiagonal terms of the 2”—1 nonunit Pliicker coordinates. 
We denote this Hilbert basis by Hy. 


Example 14.18 When n = 3, the 2? — 1 = 7 Hilbert basis elements lie in 
Z3*3 = 7°, and we draw vectors as 3 x 3 square grids of integers. Thus 


HEEB a BE 


When n = 4, the 24 — 1 = 15 Hilbert basis elements lie in Z*** = Z!®, so 
1 LETT ICLEEL CL Ey 
| fee gee ge 
1 1 1 1 1: 
gn an aT) 
LTT TI CLIT) CLETI LLE OI LTT | iT TT 4 


In these square grids, the empty boxes denote entries equal to zero. © 


4 


Hl 


The semigroup A, turns out to be isomorphic (although not equal) 
to another semigroup, the integer points in the cone of so-called Gelfand— 
Tsetlin patterns. The importance of this cone and its integer points stem 
from their connections to representation theory and symplectic geometry. 


Definition 14.19 An array A = ()j,;)?;=1 of real numbers is a Gelfand— 
Tsetlin pattern if Ajj; > Ajo. = Aiv1,; 2 0 for i,j = 1,...,n, and 
Xi,j = 0 whenever i+ 7 > n+ 1 (so Aj,; lies strictly below the main antidi- 
agonal). Denote the semigroup of integer Gelfand—Tsetlin patterns by G7,,. 


Equivalently, the entries in Gelfand—Tsetlin patterns A are nonnegative, 
decrease in the directions indicated by the arrows in diagram 


a fae es 

A2,1 > A2,2 > 2s 

1 (14.9) 
AB. te 
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and vanish outside the upper left triangle. As suggested by the diagram, the 
array should be thought of as triangular rather than square. Nonetheless, 
for convenience, we consider G7,, as a semigroup inside Z”*”. 

In the language of Part I, integer Gelfand—Tsetlin patterns correspond to 
certain special kinds of monomial ideals in three variables. Indeed, stacking 
Xi,j three-dimensional blocks on the square (i,j) yields the staircase of 
standard monomials for an ideal because of the rightward and downward 
pointing arrows in (14.9). The staircase decreases “diagonally” from the 
x-axis to the y-axis. There is another way to biject integer Gelfand—Tsetlin 
patterns with a class of monomial ideals in three variables (Exercise 14.11). 

To identify the Hilbert basis of GT7;,, we need to introduce partitions. 


Definition 14.20 A partition is a sequence A = (Aq, A2,...) of weakly 
decreasing nonnegative integers ;, called the parts of X. 


Partitions can be drawn in a number of ways using Ferrers diagrams or 
shapes. Each of these is a collection of boxes lined up in rows or columns 
whose lengths correspond to the parts of A. Here, we use the “English” 
style, where the i** row from the top has ; boxes, justified at the left. 


Note that the parts are distinct if and only if the rows get strictly shorter. 


Example 14.21 The partitions having distinct parts of size at most 3 are 


= | ere , PI. 


while those having distinct parts of size at most 4 are 


O | ee 
M = Qeooo poo pA EP ooo FHP coo soe 
Compare these to the antidiagonal Hilbert bases in Example 14.18. © 


A partition \ with distinct parts of size at most n can be viewed as a 
matrix in Z”*”, by placing a 1 in each box of the shape of A and setting 
the other entries equal to zero. 


Proposition 14.22 The semigroup GT, has Hilbert basis H}, consisting of 
partitions with distinct parts of size at most n. 


Proof. Each such partition clearly lies inside G7,. Furthermore, given 
a Gelfand—Tsetlin pattern (Ai,;)i+;<n, drawn in the manner of (14.9), its 
set A of nonzero entries lies in H/,. Subtracting the partition A from the 
Gelfand-Tsetlin pattern (A;,;):+j;<n yields another Gelfand—Tsetlin pattern 
(Ai,5 — Ditjen by definition. Now we can continue subtracting partitions 
taken from H/, until we get the zero Gelfand—Tsetlin pattern. 
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Theorem 14.23 There is an automorphism of Z”*” taking the antidiago- 
nal semigroup to the Gelfand-Tsetlin semigroup. In particular, An = GT. 


Proof. It is enough to demonstrate an automorphism of Z”"*” that induces 
a bijection between the Hilbert bases of A, and GT, (Exercise 7.2). In 
our case, the automorphism of Z"*" that takes an array (Ai,;)7,;~1 to the 
array (Ai,j — Aij+1)j;<1 induces a bijection from H;, to Hn. To check that 
this automorphism really is invertible, note either that it is unitriangular 
with respect to an ordering of the basis elements of Z”*” starting at the 
northwest corner and snaking its way to the southeast, or that the homo- 
morphism taking the array (A;,;) to the array ()7 4/5; ij’) is its inverse. 


Corollary 14.24 The initial algebra of the Pliicker algebra resulting from 
either term order in Theorem 14.11 is isomorphic (as a semigroup ring) to 
the Gelfand-Tsetlin semigroup ring. 


Theorem 14.16 specifies a flat (sagbi) degeneration from the Pliicker 
algebra k[p]/I, to the Gelfand—Tsetlin semigroup ring k[G7,,] = k[p]/Jn.- 
The latter algebra is a normal affine semigroup ring: G7, is saturated by 
definition, although it can be proved via A, (Exercise 14.14), and it also 
holds by [Stu96, Chapter 13] because J, has the squarefree initial monomial 
ideal given by Theorem 14.16. Hochster’s result in Corollary 13.43 tells us 
that k|GT,,] is therefore Cohen—Macaulay. From Corollary 8.31 we conclude 
that the same result holds for the Plticker algebra. 


Corollary 14.25 The Phicker algebra k|[p]/I, is Cohen—Macaulay. 


Proving Cohen—Macaulayness by Grobner degeneration is a staple of 
combinatorial commutative algebra. This technique will be applied again, 
to Schubert determinantal rings, in Corollary 16.44. Flat degenerations also 
provide quantitative information such as multidegrees, K-polynomials, and 
Hilbert series. For the Plucker algebra, these invariants can be determined 
from the Gelfand—Tsetlin semigroup or the distributive lattice P, and we 
invite the reader to carry out such a calculation in Exercise 14.12. Even if 
the multidegree is known, Grobner degeneration can provide a new combi- 
natorial formula, as we will see for Schubert polynomials in Corollary 16.30. 


Exercises 


14.1 Let X bead x (n—d) matrix, and let 1 denote the d x d unit matrix, and 
concatenate them to form the d x n matrix © = [X 1]. Show that every minor 
(of any size) of the matrix X equals det(©,) for some o C [n] with |o| = d. 


14.2 Let n = 8, o = {1,5,6,7}, and 7 = {2,3,4,8}. Write the quadric (14.2) 
and compare it to the quadric with the same initial term in Example 14.17. 


14.3 Find an (s+t) x (s+t) matrix such that its nonzero entries are from the top s 
rows of x, its determinant equals the left side of (14.3), and it has a submatrix of 
size (s +t) x (s +1) with only s distinct rows. Conclude again that (14.3) holds. 
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14.4 List the minimal generators of the ideal Is. 


14.5 The squarefree monomial ideal in. (J;) determines a simplicial complex on 
31 vertices. Find the f-vector of this simplicial complex. 


14.6 Is there a nice formula for the number of minimal generators of the ideal [,? 
What about the number of first syzygies? 


14.7 Express the monomials p167p258p349 and p14589P2367 as linear combinations 
of semistandard tableaux modulo Ig. 


14.8 Let J be the Alexander dual of the squarefree monomial ideal in. (In). How 
many minimal generators does J have? Is k[p]/J a Cohen—Macaulay ring? 


14.9 The ideal of the Grassmannian G'3,¢ is homogeneous with respect to a 
natural Z°-grading. Determine the multidegree of this ideal. 


14.10 There exist term orders such that the 3 x 3 minors of a generic 3 x 6 matrix 
do not constitute a sagbi basis. Find such a term order. 


14.11 Construct a bijection from integer Gelfand—Tsetlin patterns to monomial 
ideals in three variables that are symmetric under switching x and y. Hint: Shear 
every |” triangle into a \! triangle. 


14.12 Determine the K-polynomial of the Gelfand—Tsetlin semigroup G7;. 


14.13 Describe the singular locus of the projective toric variety defined by the 
toric ideal J,. Hint: Apply the results in [Wag96] to the distributive lattice P. 


14.14 Prove directly that the antidiagonal semigroup A, is saturated. 


14.15 For Corollary 14.25 we were able to apply Corollary 8.31 because we real- 
ized the sagbi degeneration of Theorem 14.11 as a Grobner degeneration in Theo- 
rem 14.16. Show that this always works: State and prove an upper-semicontinuity 
result that is analogous to Theorem 8.29 but holds for sagbi degenerations. 


14.16 In this exercise we describe how to get the flag variety F£, directly from 
the Pliicker algebra. Consider the Z”-grading on k[x] in which the variables from 
row 7 have degree e;, the i*® standard basis vector in Z”. 


(a) Prove that there is an induced Z”-grading on k[p] in which deg(p.) = 
e; +---+eq whenever |o| = d. 

(b) Let m; be the ideal in the Pliicker algebra that is generated by the elements 
of degree e;+---+e;, and set B= m,N---Nm,. Explain why B is the image 
in the Plicker algebra under ¢, of a squarefree monomial ideal in k[p]. 

(c) Prove that the flag variety Ff, is isomorphic to the spector of the Pliicker 
algebra with the irrelevant ideal B (Definition 10.25). 

(d) How does this construction of F£n as a spector reflect the embedding of 
Fé, into a product of projective spaces? 


Notes 


The multigraded commutative algebra of determinants, the theme of Part III, 
is partly motivated by representation theory. The occurring ideals and their 
quotients are representations of the general linear group GL,, or other semisimple 
algebraic groups. The occurring varieties are orbits and homogeneous spaces, 
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such as the Grassmannian and flag variety. Whereas Hilbert series in Part II can 
be interpreted as generating functions for weight spaces of torus representations, 
Hilbert series in Part III, under larger group actions, become character formulas. 
Furthermore, Grdbner and sagbi bases yield decompositions of representations 
into weight spaces indexed by classical combinatorial objects, as in Corollary 14.9. 

The Grébner basis in Section 14.2 is known classically as the straightening 
law for minors of a matrix. The proof presented here follows Doubilet, Rota, 
and Stein [DRS74]. The interpretation of the straightening law as a statement 
about Grdbner bases was given by Sturmfels and White [SW89]. Similar results 
appear in greater generality in the standard monomial theory of Lakshmibai, 
Littelmann, Seshadri, and others (see [Ses95, Lak03, Mus03] for some accounts). 
Hibi introduced the binomial ideal in Theorem 14.16 for an arbitrary finite lattice 
and showed that they generate a prime ideal if and only if the lattice is distributive 
[Hib87]. Hence the ring k[p]/J,, is also known as the Hibi ring of the lattice P. 

Sagbi bases for subrings of a polynomial ring were introduced by Robbiano 
and Sweedler [RS90]. These two authors also coined the acronym “sagbi”. The 
sagbi basis analogous to Section 14.3 for Grassmannians was published in [Stu93, 
Theorem 3.2.9], whereas the case here for flag varieties appeared implicitly in 
work of Gonciulea and Lakshmibai [GL96]. In the meantime, generalizations, 
refinements, and variations on this construction have been produced by numer- 
ous authors, including Chirivi [Chi00], Caldero [Cal02], and Kogan and Miller 
[KoM04] (this last reference contains an explicit sagbi statement for flag vari- 
eties). A very general result to the effect that every spherical variety degenerates 
flatly to a toric variety was recently proved by Alexeev and Brion [ABO04]. 

Gelfand—Tsetlin patterns were originally constructed in [GT50] to elucidate 
polyhedral structures in representations of the general linear group GL,. From 
there, Gelfand—Tsetlin patterns lead to symplectic geometry via the Borel—Weil 
Theorem [Bot57] (see [DK00] for an exposition) and moment maps [GS83]. Recent 
work by Kogan and others has explored more intricate geometric and combinato- 
rial aspects of Gelfand—Tsetlin patterns that relate to the Schubert polynomials we 
will study in Chapters 15 and 16 [Kog00, KoM04]. In particular, certain faces of 
the Gelfand—Tsetlin cone correspond to the reduced pipe dreams in Definition 16.2. 
There are non-type A analogues of Gelfand—Tsetlin patterns [Lit98a, AB04]. 

Of all the combinatorial objects appearing in this chapter, partitions are the 
most ubiquitous across the mathematical sciences. Among their appearances that 
relate to Pliicker coordinates, the most prominent include the fact that partitions 
index Schubert varieties in Grassmannians as well as irreducible representations 
of S, and GL,. The tableaux in Definition 14.12 are often called semistan- 
dard Young tableaux, after Alfred Young [You77]. The multiplication of Young 
tableaux, codified in the Littlewood—Richardson rule, is fundamental for the coho- 
mology ring of Grassmannians and for the multiplicities of irreducibles in tensor 
products of representations [Ful97]. Connections to quiver polynomials, via the 
Buch-Fulton formula in [BF 99], will be discussed in the Notes to Chapter 17. 

The “French” style of drawing Ferrers shapes is obtained from the English 
style by reflecting through a horizontal line. The “Russian” style is obtained by 
rotating the English style counterclockwise through 135°; the upward corners on 
the top edge of the shape can be interpreted as a function on the half-integers 42. 

In the literature on flag manifolds, the spector construction in Exercise 14.16 
has sometimes been called the “multiple Proj” of the Pliicker algebra. 


Chapter 15 


Matrix Schubert varieties 


In the previous chapter, we saw how Pliicker coordinates parametrize flags 
in vector spaces. We found that the list of Pliicker coordinates is, up 
to scale, invariant on the set of invertible matrices mapping to a single 
flag. Here, we focus on larger sets of matrices, called matrix Schubert 
varieties, that map not to single points in the flag variety, but to subvarieties 
called Schubert varieties. Matrix Schubert varieties are sets of rectangular 
matrices satisfying certain constraints on the ranks of their submatrices. 
Commutative algebra enters the picture through their defining ideals, which 
are generated by minors in the generic rectangular matrix of variables. 
This chapter and the two after it offer a self-contained introduction to 
determinantal ideals. Our presentation complements the existing extensive 
literature (see the Notes to Chapter 16) concerning both quantitative and 
qualitative attributes, such as dimension, degree, primality, and Cohen— 
Macaulayness, of varieties of matrices with rank constraints. We con- 
sider the finest possible multigrading, which demands the refined toolkit 
of a new generation of combinatorialists. Besides primality and Cohen— 
Macaulayness, the main results are that the essential minors form a Grobner 
basis and that the multidegree equals a double Schubert polynomial. 
Harvesting combinatorics from algebraic fields of study requires sowing 
combinatorial seeds. In our case, the seed is a partial permutation matrix 
from which the submatrix ranks are determined. Partial permutations lead 
us naturally in this chapter to the Bruhat and weak orders on the symmet- 
ric group. Part of this story is the notion of length for partial permutations, 
which is characterized in our algebraic context in terms of operations inter- 
changing pairs of rows in matrices. These combinatorial considerations are 
fertilized by the geometry of Borel group orbits, on which the rank condi- 
tions are fixed. This geometry under row exchanges allows us to reap our 
reward: the multidegrees of matrix Schubert varieties satisfy the divided 
difference recurrence, characterizing them as double Schubert polynomials. 
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15.1 Schubert determinantal ideals 


Throughout this chapter, My¢ will denote the vector space of matrices with 
k rows and & columns over the field k, which we assume is algebraically 
closed, for convenience. Denote the coordinate ring of My¢ by k[x], where 


xX = (tag|a=1,...,k and B=1,...,2) 


is a set of variables filling the generic kx€ matrix. Our interests in this 
chapter lie with the following loci inside k™*’. 


Definition 15.1 Let w € Mxe be a partial permutation, meaning that 
wisakxé matrix having all entries equal to 0 except for at most one entry 
equal to 1 in each row and column. The matrix Schubert variety X,, 
inside My, is the subvariety 


Xw = {Ze Mee | rank(Zpxq) < rank(wpxq) for all p and gq}, 


where Zpxq is the upper left pxq rectangular submatrix of Z. Let r(w) be 
the kx @ rank array whose entry at (p,q) is Mq(w) = rank(wpxq)- 


Example 15.2 The classical determinantal variety is the set of all 
kx matrices over k of rank at most r. This variety is the matrix Schubert 
variety X,, for the partial permutation matrix w with r nonzero entries 


W111 W22 ari Wrr 1 


along the diagonal, and all other entries wag equal to zero. The classical 
determinantal ideal, generated by the set of all (r + 1) x (r+ 1) minors 
of the kx @ matrix of variables, vanishes on this variety. In Definition 15.5 
this ideal will be called the Schubert determinantal ideal I,, for the special 
partial permutation w above. We will see in Corollary 16.29 that in fact I,, 
is the prime ideal of X,,. In Example 15.39 we show that the multidegree 
of this classical determinantal ideal is a Schur polynomial. Our results in 
Chapter 16 imply that the set of all (r +1) x (r +1) minors is a Grobner 
basis and its determinantal variety is Cohen—Macaulay. 

Some readers may wonder whether the machinery developed below is 
really the right way to prove the Grobner basis property in this classical 
case. Our answer to this question is “yes”: the weak order transitions in 
Sections 15.3-15.5 provide the steps for an elementary and self-contained 
proof by an induction involving all matrix Schubert varieties (starting from 
the case of a coordinate subspace in Example 15.3), and it is this induc- 
tion that captures the combinatorics of determinantal ideals so richly. The 
combinatorics is inherent in the multigrading that is universal among those 
making all minors homogeneous (see Exercise 15.1), and the induction relies 
crucially on having a multigrading beyond the standard Z-grading. 

For the classical determinantal ideal of maximal minors, where r = 
min(k, @), the induction is particularly simple and explicit, as is the combi- 
natorial multidegree formula; see Exercises 15.4, 15.5, and 15.12. © 
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Partial permutation matrices w are sometimes called rook placements, 
because rooks placed on the 1 entries in w are not attacking one another. 
The number rank(w, 4) appearing in Definition 15.1 is simply the number 
of 1 entries (rooks) in the northwest pxq submatrix of w. A partial permu- 
tation can be viewed as a correspondence that takes some of the integers 
1,...,k to distinct integers from {1,...,2}. We write w(t) = 7 if the partial 
permutation w has a 1 in row i and column j. This convention results from 
viewing matrices in My, as acting on row vectors from the right; it is there- 
fore transposed from the more common convention for writing permutation 
matrices using columns. 

When w is an honest square permutation matrix of size n,sok=n= 
and there are exactly n entries of w equal to 1, then we can express w 
in one-line notation: the permutation w= wy1...w, of {1,...,n} sends 
it> w;. This is not to be confused with cycle notation, where (for instance) 
the permutation o; = (7,1 + 1) is the adjacent transposition switching i 
and i+ 1. The number rank(w,x,) can alternatively be expressed as 


Tpq(w) = rank(wpxq) = #{(4,3) < (p,q) | wl) =7} 
for permutations w. The symmetric group of permutations of {1,...,n} is 
denoted by S,. There is a special permutation wo = n...321 called the 
long word inside S,,, which reverses the order of 1,...,n. 


Example 15.3 The variety X,,, inside M,,, for the long word wo € Sy 
is just the linear subspace of lower-right-triangular matrices; its ideal is 
(viz |t +7 <n). As we will see in Section 15.3, this is the smallest matrix 
Schubert variety indexed by an honest permutation in S). © 


Example 15.4 Five of the six 3x3 matrix Schubert varieties for honest 
permutations are linear subspaces: 


Iy23 = O X123 = M33 

In13 = (£11) Xa13 = {Z € M33 | 211 = OF 

Tn31 = (115 £12) X31 = {Z € M33 | e11 = 212 = OF 

Io31 = (£11, 21) X32 = {Z € M33 | e111 = La1 = O} 

I391 = (©11, 12,221) X321 = {Z € M33 | 1 = T12 = 21 = O} 


The remaining permutation, w = 132, has matrix Er so that 
LE 


Tigo = (11829 — @12%21) X132 = {Z © Msg | rank(Zox2) < 1}. 
Thus Xj32 is the set of matrices whose upper left 2 x 2 block is singular. © 


Since a matrix has rank at most r if and only if its minors of size r + 1 


all vanish, the matrix Schubert variety X,, is the (reduced) subvariety of 
k*x cut out by the ideal I, defined as follows. 
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Definition 15.5 Let w € Me be a partial permutation. The Schubert 
determinantal ideal [,, C k[x] is generated by all minors in x,yq of size 
1+ t%q(w) for all p and q, where x = (%q@) is the kx ¢ matrix of variables. 


It is a nontrivial fact that Schubert determinantal ideals are prime, but 
we will not need it in this chapter, where we work exclusively with the zero 
set X of I,,. We therefore write [(X,,) instead of I,, when we mean the 
radical of I. Chapter 16 gives a combinatorial algebraic primality proof. 


Example 15.6 Let w = 13865742, so that the matrix for w is given by 
replacing each x by 1 in the left matrix below. 


BEBE 
Gorrrt 


Each 8x8 matrix in X,, has the property that every rectangular submatrix 
contained in the region filled with 1’s has rank < 1, and every rectangular 
submatrix contained in the region filled with 2’s has rank < 2, and so on. 
The ideal [,, contains the 21 minors of size 2 x2 in the first region and 
the 144 minors of size 3x3 in the second region. These 165 minors in fact 
generate [,,; see Theorem 15.15. © 


Example 15.7 Let w be the 3x3 partial permutation matrix HH. The 
LTT} 


matrix Schubert variety X,, is the set of 3x3 matrices whose upper left 
entry is 0, and whose determinant vanishes. The ideal I, is 


T11 %12 113 
£11, det|%2o1 ©22 £23] ). 
@31 L32 L133 
The generators of I, are the same as those of the ideal [5,43 for the per- 
mutation in S4 sending 1h 2,2h+1,3' 4 and 43. © 


It might seem a bit unhelpful of us to have ignored partial permutations 
until the very last example above, but in fact there is a general principle 
illustrated by Example 15.7 that gets us off the hook. Let us say that a 
partial permutation w extends w if the matrix w has northwest corner w. 


Proposition 15.8 Every partial permutation matriz w can be extended 
canonically to a square permutation matriz w whose Schubert determinantal 
ideal Ig has the same minimal generating minors as Iy. 


Proof. Suppose that w is not already a permutation and that by symmetry 
there is a row (as opposed to a column) of w that has no 1 entries. Define w’ 
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by adding a new column and placing a 1 entry in its highest possible row. 
Define w by continuing until there is a 1 entry in every row and column. 
The Schubert determinantal ideal of any partial permutation matrix 
extending w contains the generators of I, by definition. Therefore it is 
enough—by induction on the number of rows and columns added to get w— 
to show that the Schubert determinantal ideal [,,, is contained inside I. 
The only generators of I, that are not obviously in I, are the minors of 
size 1+rank(w,, 41) in the generic matrix x,,(¢41) forp =1,...,k. Now 
use the next lemma. 


Lemma 15.9 The ideal generated by all minors of size r in Xpxq contains 
every minor of size r+1 in Xpx(qt1) OF M X(p41)xq- 


Proof. Laplace expand each minor of size r+ 1 along its rightmost column 
or bottom row, respectively. 


The canonical extension w in Proposition 15.8 has the properties that 


e no 1 entry in columns @+1,2+2,... of w is northeast of another, and 
e no 1 entry in rows k+1,k+2,... of w is northeast of another. 


Although w has size n for some fixed n, any size n + n’ permutation ma- 
trix extending w with these properties is a matrix for w, viewed as lying 
in Spin’. Thus this size n +n’ permutation matrix is w plus some ex- 
tra 1 entries on the main diagonal in the southeast corner. Fortunately, 
Schubert determinantal ideals are insensitive to the choice of n’. 


Proposition 15.10 [f w € S, and w extends w to an element of Spin 
fizingn+1,...,n+n’, then I, and Ig have the same minimal generators. 


Proof. Add an extra column to w containing no 1 entries to get a partial 
permutation matrix w’. Since every row of w contains a 1, the “new” minors 
generating I, are of size 1+ p inside xpx(n41) for each p. These minors 
are all zero, because they do not fit inside xpy(n41). (If this last statement 
is unconvincing, think rankwise: the rank conditions coming from the last 
column of w’ say that the first p rows of matrices in X, have rank at 
most p; but this is a vacuous condition, since it is always satisfied.) Now 
apply Proposition 15.8 to w’ and repeat n’ times to get w. 


Remark 15.11 Geometrically, Propositions 15.8 and 15.10 both say that 
Xg = Xw xk™, where m is the area of the matrix @ minus the area of w. 


As a final note on definitions, let us say what matrix Schubert varieties 
have to do with flag varieties. Recall from Section 14.1 that every invertible 
matrix O € GL,, determines a flag in k” by its Pliicker coordinates. 


Definition 15.12 Let w € S;, be a permutation. The Schubert vari- 
ety X,, in the flag variety F@,, consists of the flags determined by invertible 
matrices lying in the matrix Schubert variety Xw. 
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15.2 Essential sets 


As we have seen in Example 15.2, some of the most classical ideals in 
commutative algebra are certain types of Schubert determinantal ideals. 
To identify other special types and to reduce the number of generating 
minors from the set given in Definition 15.5, we use the following tools. 


Definition 15.13 The diagram D(w) of a partial permutation matrix w 
consists of all locations (called “boxes”) in the kx @ grid neither due south 
nor due east of a nonzero entry in w. The length of w is the cardinality I(w) 
of its diagram D(w). The essential set €ss(w) consists of the boxes (p, q) 
in D(w) such that neither (p,q+1) nor (p+ 1,q) lies in D(w). 


The diagram of w determines w up to extension as in Propositions 15.8 
and 15.10. The length of w is a fundamental combinatorial invariant that 
will be used repeatedly, starting in the next section. The diagram can be 
described more graphically by crossing out all the locations due south and 
east of nonzero entries in w; this leaves precisely the diagram D(w) remain- 
ing. The essential set Ess(w) consists of the “southeast corners” in D(w). 


Example 15.14 Consider the 8x8 square matrix for the permutation w = 
48627315, whose 1 entries are indicated by x in the following array: 


TrRWNXNtnoaown 


Locations in the diagram of w are indicated by boxes, and its essential set 
consists of the subset of boxes with numbers in them. The number in the 
box (p,q) € Ess(w) is rank(w,xq)- © 


Theorem 15.15 The Schubert determinantal ideal I, C k[x] is generated 
by minors coming from ranks in the essential set of w: 


Iy = (minors of size 1+ rank(wpxq) in Xpxq | (p,¢g) € Ess(w)). 


Proof. Suppose (p, gq) does not lie in €ss(w). Either (p,q) lies outside D(w), 
or one of the two locations (p,q +1) and (p+ 1,q) lies in D(w). 

In the former case, we demonstrate that the ideal generated by the 
minors of size 1 + 7q(w) in Xpxq is contained either in the ideal generated 
by the minors in I, from X(p_1)xq or in the ideal generated by the minors 
in I from Xp x(q—1)- Suppose by symmetry that a nonzero entry of w lies 
due north of (p,q). Using Lemma 15.9, the minors of size 1+ 1% (w) in Xpxq 
are stipulated by the rank condition at (p,q—1). Continuing in this way, we 


15.3. BRUHAT AND WEAK ORDERS 295 


can move north and/or west until we get to a box in D(w), or to a location 
outside the matrix. The first possibility reduces to the case (p,q) € D(w). 
For the other possibility, we find that 7,,(w) = min{p,q}, so there are no 
minors of size 1 + mq(w) in Xpxq. 

Now we treat the case (p,q) € D(w), where we assume by symmetry that 
D(w) has a box at (p,q+1). The rank at (p,q) equals the rank at (p,q+1) 
in this case, so the minors of size 1+ rank(wpxq) in Xpxq are contained (as 
a set) inside the set of minors of size 1 + rank(wpx(q+1)) iN Xpx(q+1)- Now 
continue east and/or south until a box in €ss(w) is reached. 


Example 15.16 Let w be the partial permutation of Example 15.2, so X,, 
is the variety of all matrices of rank < r. Then the essential set Ess(w) is 
the singleton {(k, 2)} consisting of a box in the southeast corner of w. © 


Example 15.17 Suppose the (partial) permutation w has essential set 


Ess(w) = Res en ere herrgred Coree 6278 De 
in which the a’s weakly decrease and the (’s weakly increase: 
a, 2°°*2Am and fy S++» < Bm. 


Thus €ss(w) lies along a path snaking its way east and north. Such (partial) 
permutations are called vexillary. Various classes of vexillary Schubert 
determinantal ideals have been objects of study in recent years, under the 
name “ladder determinantal ideals” (usually with prepended adjectives). © 


15.3. Bruhat and weak orders 


Given a determinantal ideal J, one can analyze I by examining the relations 
between its generating minors. On the other hand, a main theme of this 
chapter is that one can also learn a great deal by examining the relations 
between ideals in a combinatorially structured family containing J as a 
member. In our case, the set of matrix Schubert varieties inside My, forms 
a poset under inclusion. The first goal of this section is to analyze this 
poset, to get a criterion on a permutation v and a partial permutation w 
for when X, contains X,, (Proposition 15.23). Then we define a related but 
weaker order on the partial permutations in My¢ (Definition 15.24). These 
partial orders will result in our being able (in Section 15.4) to calculate 
the dimensions of matrix Schubert varieties and to show that they are 
irreducible, meaning that the radical of I is a prime ideal. 


Definition 15.18 For kx partial permutations v and w, write v < w and 
say that v precedes w in Bruhat order if X,, contains X,,. 


Thus the Bruhat partial order reverses the partial order by containment. 
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Ti,i/U 
Figure 15.1: Change in length under switching rows 


Lemma 15.19 Jn Bruhat order, v < w if and only if w lies in Xy. In 
other words, v < w if and only if rank(vpxq) > rank(Wpxq) for all p,q. 


Proof. Clearly v < w implies w € X,. For the other direction, note that 
w € Xy implies rank(Z,x¢) < rank(wpxq) < rank(vpxq) for all Z € Xw. 


Remark 15.20 Lemma 15.19 can be taken as motivation to consider the 
difference r(v) — r(w) of the rank arrays of v and w: the entry of r(v)—r(w) 
at (p,q) is the integer mq(v)—Tq(w), which is nonnegative precisely if v < w. 
Some simple observations about r(v) —r(w) will form the basis of the proof 
of Proposition 15.23, using the next two lemmas. 


Let 7;,;7 be the operator switching rows 7 and 7’ in partial permutations. 


Lemma 15.21 Fiz a kx partial permutation matriz v with nonzero en- 
tries u(t) = j and v(t’) = 7’. Tf (¢,7) < (“,9'), then the following hold. 


1. Um aru) = l(v) + 1+ twice the number of nonzero entries of v strictly 
inside the rectangle enclosed by (i,j) and (i,j). 

2. Tq(Ti,'¥) = Tpq(v) unless (p,q) lies inside the rectangle enclosed by 
(i,j) and (t’ — 1,7’ — 1), in which case Tpq(Ti,iV) = Tpq(v) — 1. 


Proof. Outside the mentioned rectangle, the diagram stays the same after 
the row switch. Inside the rectangle, nothing changes except that before 
the switch, no boxes in the diagram lie across the top edge or down the left 
edge, whereas after the switch, no boxes in the diagram lie on the bottom 
or right edges. In the process, new boxes appear at the upper left corner, 
as well as above the top of and to the left of every nonzero entry inside 
the rectangle. Boxes already along the bottom row or right column of the 
rectangle before the switch move instead to the top or left. See Fig. 15.1 for 
an illustrative example, where the notation follows that of Example 15.14. 

The claim concerning ™,(v) is easier and is left as an exercise. 


Lemma 15.22 Fiz a kx partial permutation matriz w with a nonzero 
entry w(t) = 7 and a zero row i’. Ifi <i’ then the following hold. 
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1. Uj 4rw) = (w)+14+2e+ f, where e is the number of nonzero entries 
of w inside the rectangle enclosed by (i+1,j+1) and (2-1, 0), whereas 
f is the number of zero rows of w indexed byi+1,...,i’—1. 

2. Tq(Ti,'W) = Tpq(w) unless (p,q) lies inside the rectangle enclosed by 
(i,j) and (t’ — 1,2), in which case Tpq(Ti,iW) = Mq(w) — 1. 


Proof. Essentially the same as that of Lemma 15.21, except that the zero 
rows have no boxes in column £+ 1 to move back to column j. 


The following characterization of Bruhat order will be applied in the 
proof of Theorem 15.31. 


Proposition 15.23 Fix an nxn permutation v and an nxn partial permu- 
tation w. If v <w in Bruhat order, then there is a partial permutation w' 
such that v < w’ < w and such that one of the following is satisfied: 


1. w= Ti," for some transposition 7,47. 
2. w' is obtained by changing a zero entry of w into a nonzero entry. 


Proof. Suppose that v agrees with w in rows 1,...,72—1 but not in row 2. 
Set v; = v(t). Either row i of w is zero, in which case set 7 = £+1, or else let 
j = w(t). By comparing rank conditions along row i, we find in both cases 
that v; <j. Let R be the rectangle whose northwest corner is (i+1,v;) and 
whose southeast corner is (n,j — 1). There are two possibilities: (a) the 
array r(v) — r(w) has an entry t%»q(v) — %pq(w) = 0 in the rectangle R, 
or (b) the entries of r(v) — r(w) in R are all strictly positive. 

Case (a): Among all of the zero entries of r(v) — r(w) in R, pick the 
one in the topmost possible row (with smallest row index p) and as far left 
in that row of R as possible (with smallest column index q). Then R must 
contain a nonzero entry of w due north of (p,q). In particular, R contains 
a nonzero entry of w in the rectangle with southwest and northeast corners 
(p,q) and (i,7 — 1). Let i’ be the row index of any maximally northeast 
nonzero entry of w in this rectangle, and set w’ = 7;,;;w. By Lemmas 15.21 
and 15.22, r(w’) — r(w) is zero except in a rectangle R’, which is filled 
with 1’s. The corresponding rectangle R’ is strictly positive in r(v) — r(w) 
by construction. Hence r(v) — r(w’) is nonnegative, sou < w! < w. 

Case (b): If R contains a nonzero entry of w, then choose one maximally 
northeast within R and argue as in the previous paragraph. Thus we 
assume that w is zero in the rectangle R. There are two possibilities: either 
j=l+4+1orj < ¢é. In the case j = €+1, define w’ by changing the zero 
in w at (4, v;) to a nonzero entry; this creates r(v) — r(w’) by subtracting 1 
from the entire part of r(v) — r(w) that is southeast of (i,v;). The array 
r(v) —r(w’) is nonnegative because the entire part of r(v) — r(w) southeast 
of (and including) the entry at (i,v;) is strictly positive. 

In the case 7 < @, there must be a nonzero entry of v that is due south of 
(i, 7), say at (p, 7), since v agrees with w in rows < i and v is a permutation. 
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If v has a nonzero entry in R northwest of (p,7), then let i’ be the row of 
any maximally northwest such entry; otherwise, set i’ = p. Lemmas 15.21 
and 15.22 imply that v < 7,0 < w. Now argue with 7; ,v in place of v. 
This process of replacing v with tv must halt—either when v = w’ and 
Tv = wu, or when w’ is found as above—because I(Tv) > I(v). 


Proposition 15.23 says that if v is a permutation and v < w in Bruhat 
order, then w can be obtained from v by some mixture of performing length- 
increasing transpositions and setting nonzero entries to zero. 

The Bruhat order is important in combinatorics, geometry, and repre- 
sentation theory. Usually, it is applied only when both partial permutations 
are honest square permutations. Restricting to that case would have made 
the characterization of Bruhat order in Proposition 15.23 substantially sim- 
pler, as only the possibility w’ = 7;,;;w could occur. However, the extra 
generality will come in handy in the process of calculating the dimensions 
of matrix Schubert varieties, particularly in Lemma 15.29. 

That being said, in Section 15.5 and Chapter 16 we will be even more 
concerned with an equally important partial order that has fewer relations 
than Bruhat order. 


Definition 15.24 Let v and w be kx? partial permutations. The adja- 
cent transposition o; for 1 < k takes w to the result o;w of switching 
rows i and i+1 of w. If l(v) = I(w) — 1 and either v = ojw or v differs 
from w only in row k, then v is covered by w in weak order. 


More generally, if v = v9 < vy < +++ < Up_1 < Up = w is a Sequence of 
covers, then v precedes w in weak order; in particular, I(v) = 1(w)—r. The 
operator o; should be thought of as simply the k x k permutation matrix 
for o;, whose only off-diagonal unit entries are at (i,i + 1) and (+ 1,7). As 
such, o; acts on all of Mye, as well as on its coordinate ring k[x] = k[Mye]. 
Lemmas 15.21 and 15.22 imply that I(o;w) must equal either I(w) + 1 or 
i(w) — 1, as long as rows i and i+ 1 of w are not both zero (in which case 
o;w = w). When rows i and i+1 of w are both nonzero, the hypothesis 
o;w <w means that w and o;w look heuristically like 


w(t) w(i+l) 
i os i a ee 
a sl lela ot eer ee) Ao 
a7 = j 
w(i+l1) w(t) 
w o;w 


between columns w(i+ 1) and w(i) in rows i andi+ 1. 


Remark 15.25 Weak order is usually considered only as a partial order 
on honest n x n permutation matrices, where the only covers are given by 
transposition of adjacent rows. Indeed, distinct permutation matrices must 
differ in at least two rows. 
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The other kind of cover, that of altering only row k, also has a concrete 
(although longer) description, through operators written with suggestive 
symbols “;, and @;. Roughly, these move nonzero entries in row k to the 
left and right, respectively, as little as possible. More precisely, they act on 
kx partial permutations w with the convention that 


e if w has zero last row, then @, has no effect, while , adds a nonzero 
entry in the last zero column (if there is one); otherwise, 

e 3; moves the nonzero entry in row k of w to the next column (to 
the right) in which w has a zero column, unless there is no such next 
column, in which case @; sets the last row to zero; and 

e &;, moves the nonzero entry of w in its last row to the bottom of the 
previous zero column (if it has one). 


When parenthesized “if” clauses are not satisfied, ‘o;, and @;, have no effect. 
Note that o; for 7 < k can also have no effect if rows 7 and i+ 1 are zero. 


Example 15.26 The operators @7 and G7 move the bottom x as follows: 


If we had chosen a tall and thin ambient rectangle, then it would be possible 
to have a blank last row and no blank columns (this would fail to satisfy 
the first of the two parenthesized “if” clauses). To understand why these 
operators must work the way they have been defined, draw the diagrams of 
these partial permutations and compare the numbers of boxes in them. © 


We have written v < w for covers in weak order because these are also 
relations in Bruhat order; this follows from Lemmas 15.21 and 15.22 along 
with an easy calculation for row k covers (by ‘@%, or @x). 


15.4 Borel group orbits 


Matrix Schubert varieties are clearly stable under separate rescaling of each 
row or column. Moreover, since they only impose rank conditions on sub- 
matrices that are as far north and west as possible, any operation that adds 
a multiple of some row to a row below it (“sweeping downward”) or that 
adds a multiple of some column to another column to its right (“sweeping 
to the right”) preserves every matrix Schubert variety. 

In terms of group theory, let B denote the Borel group of invertible 
lower triangular kxk matrices and By the invertible upper triangular ¢x @ 
matrices. (Borel groups appeared briefly in Chapter 2.) The previous 
paragraph says exactly that matrix Schubert varieties X,, are preserved by 
the action of B x By on Mye in which (b,b4)-Z = bZb;'. This is a left 
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group action, in the sense that(b, b,.)-((b’, b!.)-Z) equals ((b, b,)-(0', b.))-Z 
instead of ((b’, b!,.) - (b,b4))- Z, even though—in fact, because—the b, acts 
via its inverse on the right. We will get a lot of mileage out of the following 
fact, which implies that B x By has finitely many orbits on Mye. 


Proposition 15.27 In each orbit of B x By on Mye lies a unique partial 
permutation w, and the orbit Ow through w is contained inside X w. 


Proof. Row and column operations that sweep down and to the right can 
get us from an arbitrary matrix Z to a partial permutation matrix w. Such 
sweeping preserves the ranks of northwest pxq submatrices. This proves 
uniqueness of the partial permutation w in its orbit and also shows that 
the minors cutting out X,, vanish on Q,,. 


Lemma 15.28 Set w’ = %,;w, where i <i’. If w < w’, then the closure 
Ow: of the orbit through w' in Mye is properly contained inside Ow. The 
same proper inclusion of orbit closures holds for weak order covers w < w'. 


Proof. Let t be an invertible parameter. View each of the following equa- 
tions as a possible scenario occurring in the two rows {i,i’} and two columns 
{j, j’} of an equation b(t) - w-b,(t)~' = w(t), by inserting appropriate ex- 
tra identity rows and columns into b(t) and b;(t)~! while completing the 
middle matrices to w: 


fe a}toollo 4 | 
fet} foi} lo a] = [1 of: 


Each equation yields a l-parameter family of matrices in O, = BwB4. 
The limit at ¢ = 0 is w’ in both cases, as seen from the right-hand sides. 

For weak order covers w < w’ = G;,w moving a nonzero entry in col- 
umn j of row k to column 7’, simply “sweep w to the right” by first adding 
column j to column j’ and then multiplying column j by t. Again, taking 
the limit at t = 0 yields w’. 

By the previous paragraphs, w’ lies in O,,. Hence we get Ou C Ow 
because ©,, is stable under the action of B x B, and closed inside Mye. 
The containment O,,, C O,, is proper because tyq(w’) < Mq(w) for some 
pair (p,q), so the corresponding minors vanish on Q,,, but not on Ow. 


II 
Fr ———_ 4 
as 
feamn es >} 
———— ee 


Lemma 15.29 Given a kx partial permutation w, there exists a chain 
vo < vy < vg < +++ < Uge-1 < Uge of covers in the weak order, in which 
I(u;) = 4 for alli, and vj(w) = w. 


Proof. It is enough to show that if 0 < /(w) then there exists a cover v < w, 
and if l(w) < ké then there exists a cover w < v. In the former case, choose 
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aes for the row index i on any box in the essential set Ess(w), using 
v= G,w ift =k. In the latter case we have w # 0; either w(t) < w(t + 1) 
for some 7 < k, in which case take v = o;w, or dhiGoce v = 0;w for the row 
index 7 on the lowest nonzero entry of w, using v = O,w ifi=k. 


Proposition 15.30 If w is akxé partial permutation, then the orbit clo- 
sure Oy is an irreducible variety of dimension dim(O,,) = ké — I(w). 


Proof. The map B x By — O, that expresses O, as an orbit of B x By 
takes (b,b,) ++ bwbj'. This map of varieties induces a homomorphism 
k[Mxe] — k[B x BG in which the target is a domain and the kernel is the 
ideal of O,,. Hence the ideal of ©, is prime so O,, is irreducible. 

A weak order chain as in Lemma 15.29 gives a corresponding chain of 
prime ideals of orbits, properly containing one another, as in the second sen- 
tence of Lemma 15.28. Since the polynomial ring k[4;.] itself has dimen- 
sion k@, the part of this chain of primes consisting of those containing I(O,,) 
must have maximal length among all chains of primes containing [(O,,). 
Lemma 15.29 therefore implies that O,, has Krull dimension ké — I(w). 


Next comes the result toward which we have been building for the last 
two sections. To say that w is a smooth point means that localizing at 


My = (Lap | wa) # 8) + (Lag —1| w(a) = §), (15.2) 
its maximal ideal, yields a regular local ring [Eis95, Section 10.3). 


Theorem 15.31 Let w be akx€ partial permutation. The matrix Schubert 
variety X» 1s the closure Ow of the B x By orbit through w € Me and is 
irreducible of dimension k€—I(w). The matrix w is a smooth point of X w.- 


Proof. Every point on an orbit O of an algebraic group is a smooth point 
of O, because O has a smooth point [Har77, Theorem I.5.3], and the group 
action is transitive on O. Hence the smoothness at w follows from the rest. 

Let w be the extension of w to a permutation as in Proposition 15.8. If 
the theorem holds for w, then the irreducibility and dimension count hold 
for X,, by Remark 15.11; moreover, as the orbit closure ©,, is closed and 
has dimension ké—1(w) by Proposition 15.30, the containment in Proposi- 
tion 15.27 implies the whole theorem for w. Hence we assume w = W. 

The irreducibility and dimension count follow from Proposition 15.30 
as soon as we show that X,, = Oy. For this, Proposition 15.27 plus the 
stability of X,, under B x B, imply that X,, is the union of the orbits O,,. 
through the partial permutations w’ € X,,, so we need only show that these 
partial permutations all lie in ©,,. Indeed, then we can conclude that X,, 
is contained in O,,, whence it equals O,, because O, C Xy» C Ow. 

Since w’ € X,, if and only if w < w’ by Lemma 15.19, we must show that 
w <w’ implies w’ € O,,. Proposition 15.23 says that w’ is obtained from w 
by sequentially applying some length-increasing transpositions and setting 
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entries to zero. The transpositions stay inside O,, by Lemma 15.28. Setting 
entries of partial permutation matrices to zero stays inside O,, because O,, 
is stable under independent scaling of each row or column. 


Corollary 15.32 [fv < w in Bruhat order, then I(v) < I(w). 


This section concludes with some results about boundary components 
of matrix Schubert varieties X,, meaning components of X,\ Oy, to be 
used in the proof of Proposition 15.37 (which is crucial for Theorem 15.40). 
Once we see that are for o;w < w is fixed under multiplication by the 
permutation matrix o;, the subsequent lemmas say that all of its boundary 
components except X,, are fixed by o; and that the variable Litt w(i+1) 
maps to a generator of the maximal ideal in the local ring of o;w in eas 


Corollary 15.33 Let w be a kx partial permutation and fix i < k. If 
ojw <w, then o;(Xo,w) = Xow: 


Proof. Let B x By, act on o;(Xo,.) and take the closure. As o;(Xo,w) is 
irreducible, its image under the morphism pp: B x By x oi(Xo,w) > Mee 
is irreducible. Since B x By has only finitely many orbits in Mj,¢ and the 
image of yu is stable under the B x By action, the closure of the image of yw 
is a matrix Schubert variety. By Theorem 15.31 we need only check that 
its codimension is I(a;w), because o;w € 0;Xo,w (apply a; to w € Xo,w)- 
Every partial permutation w’ € X,, other than o;w has length greater 
than I(o;w). Since I(a;,w’) is at least [(w’)—1, and I(o;o;w) = l(w) > (ojw), 
every partial permutation in 0;X,,. has length at least I(o;w). 


Remark 15.34 Corollary 15.33 is really a combinatorial statement about 
weak order, as the second paragraph of its proof indicates. It is equivalent 
to the following statement: If w < o;w, then w < v if and only if w < qv. 


Lemma 15.35 Let v be an nxn partial permutation and w annxn 
permutation with ojw < w and gw < v. If lv) = l(w), then X, has 
codimension 1 inside Xo,w, and X, is mapped to itself by o; unless v = w. 


Proof. The codimension statement comes from Theorem 15.31. Using 
Proposition 15.23, we find that v is obtained from o,w either by switching 
a pair of rows or deleting a single nonzero entry from o,w. 

Any 1 that we delete from o;w must have no 1’s southeast of it, else the 
length increases by more than one. Thus the 1 in row 7 of o;w cannot be 
deleted, by (15.1), leaving us in the situation of Corollary 15.33 with v = w 
and completing the case where an entry of o;w has been set to zero. 

Suppose now that v is obtained by switching rows p and p’ of o;w, and 
assume that o;(X v) # X,. Then v(i) > v(i+1) by Corollary 15. 33, At 
least one of p and p’ must lie in {7,i+ 1} because moving neither row p nor 
row p’ of o;w leaves u(i) < v(é+1). On the other hand, it is impossible for 
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exactly one of p and p’ to lie in {i,¢ + 1}; indeed, since switching rows p 
and p’ increases length, either the 1 at (i, w(i+1)) or the 1 at (i +1, w(d)) 
would lie in the rectangle formed by the switched 1’s, making I(v) too big by 
Lemma 15.21. Thus {p, p’} = {i,t +1} and v = w, completing the proof. 


Lemma 15.36 Let w be an nxn permutation with ow <w. If m= Mo,w 
is the maximal ideal of o;w © Xo,w, then the variable X41 w(i41) Maps to 
m\ m? under the natural map k[x] — (k[x]/I(Xo,w))m 


Proof. Let v be the permutation o;w, and consider the map Bx By — Mny 
sending (b, b+) + bub+. The image of this map is the orbit O, C X,, and 
the identity id := (idg,idg,) maps to v. The induced map of local rings 
the other way thus takes m, to the maximal ideal 


Mid = (by —1,bh —1]1<i<n)+ + (biz, bf |i > 7) 


in the local ring at the identity id ¢ B x B,. It is enough to demonstrate 
that the image of 241 (+1) lies in mig \ mz). 
Direct calculation shows that 241, +41) maps to the entry 


bi41 0b (i41),wi-t1) + S- bi41,p05 w(i+1) 
pEeP 


at (i+ 1,w(i+1)) in bvb,, where P = {p <i| w(p) < w(i+1)} consists of 
the row indices of 1’s in o;w northwest of (2, w(¢+1)). In particular, all of 
the summands bj41,pb},w(i41) lie in m2). On the other hand, bt,(:41) w(i+1) 
is a unit in the local ring at id, so bj41,:b%(i41),w(i+1) lies in mia \ m3). 


Certain functions on matrix Schubert varieties are obviously nonzero. 
For instance, if v has its nonzero entries in rows 71,...,7, and columns 
ji,--+;Jr, then the minor A of the generic matrix x using those rows and 
columns is nowhere zero on O,. Therefore the zero set of A inside X, is a 
union of its boundary components, although the multiplicities may be more 
than 1. The transposition o; acts on the coordinate ring k[x] by switching 
rowsiandi+1. Therefore, if A uses row i, then o;A uses row i + 1 instead. 


Proposition 15.37 Assume ow < w, set j = w(i)—1, and define A as the 
minor in x using all rows and columns in which (o;w);x; 1s nonzero. The 
images of A and o;A in k[x|/I(Xo,w) have equal multiplicity along every 
boundary component of Xo,w other than Xyw, and A has multiplicity 1 
along the component X. In particular, o,A is not the zero function on X . 


Proof. Lemma 15.35 says t. that o; induces an automorphism of the local 
ring at the prime ideal of X, inside X4,~, for every boundary component 
X, of Xo,w other than X,,. This automorphism takes A to a;A, so these 
two functions have the same multiplicity along X,. The only remaining 
codimension 1 boundary component of X,,~ is X, and we shall now verify 
that A has multiplicity 1 there. 


304 CHAPTER 15. MATRIX SCHUBERT VARIETIES 


By Theorem 15.31, the local ring of o;w in Xia is regular. Since a; is 
an automorphism of X,,~ (Corollary 15.33), we find that the localization 
of k[x]/I(X,.) at the maximal ideal m,, (15.2) of w is also regular. In this 
localization, the variables xg corresponding to the locations of nonzero 
entries in w;xj; are units. This implies that the coefficient of 2; (341) in A 
is a unit in the local ring of w € Doi On the other hand, the variables in 
spots where w has zeros generate m,,. Therefore, all terms of A lie in the 
square of m, in the localization, except for the unit times 2;,,,(;41) term 
produced earlier. Hence, to prove multiplicity 1, it is enough to prove that 
Liw(it1) itself lies in my \ m2,, or equivalently (after applying o;), that 


Li+1,w(i+1) lies in Mo,w \ m2.,,. This is Lemma 15.36. 


15.5 Schubert polynomials 


Having proved that matrix Schubert varieties are reduced and irreducible, 
let us begin to unravel their homologically hidden combinatorics. Working 
with multigradings here instead of the usual Z-grading means that the ho- 
mological invariants we seek possess algebraic structure themselves: they 
are polynomials, as opposed to the integers resulting in the Z-graded case. 
The forthcoming definition will let us mine this algebraic structure to com- 
pare the multidegrees of all of the different matrix Schubert varieties by 
downward induction on weak order. 


Definition 15.38 Let R be a commutative ring, and t = t1,t2,... an infi- 
nite set of independent variables. The i*® divided difference operator 0; 
takes each polynomial f € R[t] to 


ty, bays 5) —S a ios Bary teas ty Mie 
O;f (tr, ta, :) = f( 1,42; =) ( 1; 9 44-1) Lt415 4, 81425 ) 
ty — tia 
Letting s be another set of variables and R = Z[s], the double Schubert 
polynomial for a permutation matrix w is defined recursively by 


Gow(t—s) = O;6,(t—s) 


whenever o;w < w, and the initial conditions 


Gu (t—s) = J] (&--s;) 


t+j<n 


for all n, where wo = n---321 is the long word in S,. The (ordinary) 
Schubert polynomial G,,(t) is defined by setting s = 0 everywhere. For 
partial permutations w, define G,, = Gg as the Schubert polynomial for 
the minimal extension of w to a permutation (Proposition 15.8). 
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Example 15.39 Let w be the partial permutation matrix in Example 15.2 
with k < @. In this classical case, the double Schubert polynomial G,, is 
the Schur polynomial associated to the partition with rectangular Ferrers 
shape (k—r) x (€—r). The Jacobi-Trudi formula expresses 6,,(t—s) as the 
determinant of a Hankel matrix of size (k — r) x (k — r). The (a, ()-entry 
in this matrix is the coefficient of q’~"+?-% in the generating function 


gemma — $59) 
barra a tiq) 


This formula appears in any book on symmetric functions, e.g. [Macd95]. © 


(15.3) 


In the definition of G,,(t—s), the operator 0; acts only on the t variables 
and not on the s variables. Checking monomial by monomial verifies that 
t; — ti41 divides the numerator of 0;(f), so 0;(f) is again a polynomial, 
homogeneous of degree d— 1 if f is homogeneous of degree d. Note that 
only finitely many variables from t and s are ever used at once. Also, 
setting all s variables to zero commutes with divided differences. 

In the literature, double Schubert polynomials are usually written with 
x and y instead of t and s; but we have used x throughout this book to 
mean coordinates on affine space, whereas t has been used for multidegrees. 

Every n X n permutation matrix w can be expressed as a product 
W = 0;,.°+*0;,Wo of matrices, where the n x n matrix wo is the long word 
in S, and I(wo)—l(w) = r. The condition I(wo9)—I(w) = r implies by defini- 
tion that ris minimal, so wwo = o;,.--- 0%, is what is known as a reduced ex- 
pression for the permutation matrix wwo. The recursion for both single and 
double Schubert polynomials can be summarized as G,, = 0j,.- ++ 0;, Guo. 
More generally, if w = o;,.---o;,v and I(w) = I(v) — r, then it holds that 


Gy = 0:,.-+-0,6p. (15.4) 


Indeed, this reduces to the case where v = wo by writing G, = 0;, --- 0;, wo. 

It is not immediately obvious from Definition 15.38 that G,, is well- 
defined, because we could have used any downward chain of covers in weak 
order to define G,, from G,,,. However, the well-definedness will follow from 
our main theorem in this chapter, Theorem 15.40. It is also a consequence of 
the fact that divided differences satisfy the braid relations in Exercise 15.3, 
which the reader is encouraged to check directly. 

We are interested in a multigrading of k[x] by Z**+*, which we take to 
have basis t Us, where t = t),...,t, and s = s1,..., 8¢. 


Theorem 15.40 [fw isakx partial permutation and k[x] is Z*+_graded 
with deg(x;;) = t;—s,;, then the matriz Schubert variety X » has multidegree 


C(Xw;t,s) = Gy(t—s) 


equal to the double Schubert polynomial for w. 
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Example 15.41 The multidegree of the classical determinantal variety X 
in Example 15.2 equals the Schur polynomial in Example 15.39. Replacing 
every t; by ¢ and every s; by 0 yields the classical deere of that projective 
variety. This substitution replaces (15.3) by 1/(1—tq)*, and the (a, 3)-entry 
of the Jacobi matrix specializes to (ee pees ye r48 °. The determi- 
nant of this matrix (and hence the classical degree of X,,) equals the num- 
ber of semistandard Young tableaux of rectangular shape (k — r) x (€—r). 
This statement holds more generally for the matrix Schubert varieties as- 
sociated with Grassmannians; see Exercise 16.9. © 


The proof of Theorem 15.40 will compare the zero sets of two functions 
on Xe x k with equal degrees. The zeros of the first function consist 
of X,, x k plus some boundary components, whereas the second function 
has zeros (0;Xy x k) U(Xo,w x {0}) plus the same boundary components. 
When the (equal) multidegrees of the zero sets of our two functions are 
decomposed by additivity and compared, the extra components cancel. 


Proof of Theorem 15.40. As the matrix Schubert varieties for w and its 
minimal completion to a permutation have equal multidegrees by Proposi- 
tion 15.8, we assume that w is a permutation. The result for G,,, follows 
immediately from Proposition 8.49 and Example 15.3. For other permuta- 
tions w we shall use downward induction on weak order. 

Consider the polynomials A and o;A from Proposition 15.37 not as 
elements in k[x], but as elements in the polynomial ring k[x, y] with k¢+1 
variables. Setting the degree of the new variable y equal to deg(y) = t;—-tj41 
makes A and the product yo;A in k[x,y] have the same degree 6 € Zee, 
Since the affine coordinate ring k[x]/I(Xo,w) of Xo,w is a domain, neither A 
nor o;A vanishes on Lee so we get ao short exact sequences 


0 > kfx, 9](-5)/T(Xew) > k[x,y]/I(Xow) — Q(8) > 0 


in which © equals either A or yo;A. The quotients Q(A) and Q(yo;A) 
have equal Z*+’-graded K-polynomials and hence equal multidegrees. 

Note that k[x, y] is the coordinate e ring of Mxe x k. The minimal primes 
of Q(A) all correspond to varieties X,, x k for boundary components X, 
of Xo,w- Similarly, almost all minimal primes of Q(yo;A) correspond by 
Proposition 15.37 to varieties X, xk. The only exceptions are Xeay R108, 
because of the factor y, and the image o;X~ x k of Xy x k under the 
automorphism o;. As a consequence of Proposition 15.37, the multiplicity 
of yo;A along o;Xy x k equals 1, just as A has multiplicity 1 along X, xk. 

Now break the multidegrees of Q(A) and Q(yo;A) into sums over top- 
dimension components by additivity (Theorem 8.53). Proposition 15.37 im- 
plies that almost all terms in the equation C(Q(A);t,s) = C(Q(ya;A);t,s) 
cancel; the only terms that remain yield the equation 


C(Xy, x k;t,s) = C(oj;Xy xk;t,s)+C(Xo,w x {0}; t,s) (15.5) 
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on multidegrees. Since the equations in k[x, y] for X,, x k are the same as 
those for X, in k[x], the K-polynomials of X,, and X,, x k agree. Hence 
the multidegree on the left-hand side of (15.5) equals C(X,,;t,s). For the 
same reason, the first multidegree on the right-hand side of (15.5) equals 
the result o;C(X1;t,s) of switching t; and t,,; in the multidegree of Xy. 
The equations defining X,,. x {0}, on the other hand, are those defin- 
ing X.,w along with the equation y = 0. The K-polynomial of Xo,u x {0} 
therefore equals (t;/ti+1)K(Xo,w;t,8), which is the “exponential weight” 
t;/ti41 of y times the K-polynomial of Kesies Therefore the second multi- 
degree on the right-hand side of (15.5) equals (t; — ti41)C(Xo,w; t,8). 
Substituting these multidegree calculations into (15.5), we find that 


C(Xwit,s) = oC(Xw5t,s) + (te — tits )C(Xowit,s) 


as polynomials in t and s. Subtracting o;C(X;t,s) from both sides and 
dividing through by t; — t;41 yields 0;C(X;t,s) = C(Xo,w;t,8). 


Example 15.42 The first five of the six 3 x 3 matrix Schubert varieties in 
Example 15.4 have Z°+3-graded multidegrees that are products of expres- 
sions having the form t; — s; by Proposition 8.49. They are, in the order 
they appear in Example 15.4: 1, t; — 1, (t1 —$1)(t1 — 82), (t1 — 51) (t2— 81), 
and (t; — s1)(ty — $2)(t2 — 81). This last one is C(X321;t,s), and applying 
O20, to it yields the multidegree 


C(Xi32;t,s) = ti +t2-—51— 59 
of X 32, as the reader should check. © 


Example 15.43 The ideal [5143 from Example 15.7 equals I(X 2143), since 
it has a squarefree initial ideal (@11,£13%22%31) and is therefore a radical 
ideal. The multidegree of X 2143 is the double Schubert polynomial 


G2143(t —s) 

= 92010302 ((tr 83)(t1 — 82)(t1 — $1) (t2 — $2) (te — $1)(ts s1)) 
= 020;03((t1 — 83)(ti — $2)(t1 — 81)(t2 — 81) (ts — $1)) 

= 020; ((ti — $3)(t1 — $2)(t1 — $1)(t2 — 51)) 

Oo ((ti — $1)(t2 — $1)(ti + te — 82 — 83)) 

= (t, —s1)(t1 + te + t3 — 81 — 82 — $3). 


Compare this to the multidegree of k[x4x,.4]/(@11, %13%22%31). © 


I 


Setting s = 0 in Theorem 15.40 yields the “ordinary” version. 


Corollary 15.44 If w is akxé partial permutation and k{x] is Z*-graded 
with deg(xj;) = ti, then the multidegree of the matrix Schubert variety Der 
equals the ordinary Schubert polynomial for w: C(Xw;t) = 6, (t). 


Remark 15.45 The K-polynomials of matrix Schubert varieties satisfy 
similarly nice recursions under the so-called isobaric divided differences (or 
Demazure operators) f + —O0;(ti41f); see the Notes to this chapter. 
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Exercises 


15.1 Prove that the unique finest multigrading on k[x] in which all Schubert 
determinantal ideals I, are homogeneous is the Z**'-grading here. Prove that 
this multigrading is also universal for the set of classical determinantal ideals. 


15.2 Express the ideal J in Exercise 8.5 as an ideal of the form [(X,,). Compute 
the multidegree of k[x]/I for the Z**+*-grading deg(x:;) = t; — s;, and show that 
it specializes to the Z‘-graded multidegrees you computed in Exercise 8.5. 


15.3 Verify that divided difference operators 0; satisfy the relations 0;0; = 0,0; 
for |t — j| > 2 and the braid relations, which say that 0;0:410; = 0:410:0:41. 


15.4 Using cycle notation, let v = (n---321) be the permutation cycling n,..., 1. 


(a) Write down generators for the Schubert determinantal ideal J,. 
(b) Calculate that G,(t) =t7~'. Hint: Don’t use divided differences. 


15.5 Let I be the ideal of maximal minors in the generic k x @ matrix, where k < @, 
and let X be the zero set of J in Mxe, so X consists of the singular k x @ matrices. 


(a) Prove that J has the same minimal generators as [,, for the (€+1) x (€+1) 
permutation w = ox,---02010, for v as in Exercise 15.4 with n = 4+ 1. 

(b) Deduce using Eq. (15.4) that C(X;t) = he+i—k(ti,...,tx) is the complete 
homogeneous symmetric function of degree + 1 —k in k variables. 

(c) Conclude that X has ordinary Z-graded degree Gp 


15.6 Annxn permutation w is Grassmannian if it has at most one descent— 
that is, if w(k) > w(k+1) for at most one value of k < n. Show that a permutation 
is Grassmannian with descent at k if and only if its essential set lies along row k. 
Describe the Schubert determinantal ideals for Grassmannian permutations. 


15.7 Consider positive integers 11 <--- <im <k and ji <-:- < jm < @, and 
let x be the kx @ matrix of variables. Find a partial permutation w such that ly 
is generated by the size m+1 minors of x along with the union over r = 1,...,m 
of the minors of size r in the top 7, — 1 rows of x and the minors of size r in the 
left 7, — 1 columns of x. Compute the extension of w to a permutation in Sz+¢. 


15.8 Prove that the Bruhat poset is a graded poset, with rank function w +> I(w). 
15.9 Write down explicitly the degree 6 in the proof of Theorem 15.40. 


15.10 Let w be a permutation matrix. Show that G,,-1(s—t) can be expressed as 
(—1))6,,((—t) —(—s)). In other words, 6,,-1(s—t) is obtained by substituting 
each variable with its negative in the argument of (—1)'’)G,,(t — s). Hint: 
Consider the rank conditions transpose to those determined by w. 


15.11 Consider divided difference operators 0; that act only ons variables instead 
of on t variables. Deduce from Theorem 15.40 applied to the transpose of w that 
6 (t—s) can be obtained (with a global sign factor of (—1)!“”)) from 6, (t —s) 
by using the divided differences 0; in the s variables. 


15.12 As in Exercise 15.5, let X be the variety of singular k x @ matrices, where 
we assume k < ¢. This time, though, use the multigrading of k[x] by Z in 
which deg(x;;) = s;. Prove that C(X;s) = ee+1—-x(s1,...,8¢) is an elementary 
symmetric function, and conclude again that X has Z-graded degree ale 
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15.13 Let f and g be polynomials in R(ti,...,tn) over a commutative ring R. 


(a) Prove that if f is symmetric in t; and ti41, then 0;(fg) = f0;(g). 
(b) Deduce that f is symmetric in ¢; and t;4, if and only if 0, f = 0. 

(c) Show that 0;f is symmetric in ¢; and ti41. 

(d) Conclude that 0? = 0; 0 0; is the zero operator, so 07 f = 0 for all f. 


15.14 For a permutation w, let m+w be the result of letting w act in the obvious 


way on m+1,m+2,m+3,... instead of 1,2,3,...,so0 m-+w fixes 1,...,m. Show 
that Gm+w(t—s) is symmetric in t1,...,tm as well as (separately) in s1,...,5m. 
Notes 


The class of determinantal ideals in Definition 15.1 was identified by Fulton in 
[Ful92], which is also where the essential set, Example 15.14, and the characteri- 
zation of vexillary permutations in Example 15.17 come from. A permutation is 
vexillary precisely when it is “2143-avoiding”. Treatments of various aspects of 
vexillary (a.k.a. ladder determinantal) ideals include [Mul89, HT92, Ful92, Con95, 
MS96, CH97, GL97, KP99, BLOO, GLO0O, GM00], and much more can be found 
by looking at the articles cited in the references to these. 

Proposition 15.23, applied in the case where both v and w are permutations, is 
a characterization of Bruhat order on the symmetric group. As in Remark 15.25, 
our weak order on partial permutations restricts to the standard definition of 
weak order on the symmetric group. For readers wishing to see the various 
characterizations of Bruhat and weak order, their generalizations to other Coxeter 
groups, and further areas where they arise, we suggest [Hum90] and [BB04]. 

Schubert polynomials were invented by Lascoux and Schiitzenberger [LS82al], 
based on general notions of divided differences developed by Bernstein—Gelfand— 
Gelfand [BGG73] and Demazure [Dem74]. Their purpose was to isolate represen- 
tatives for the cohomology classes of Schubert varieties (Definition 15.12) that are 
polynomials with desirable algebraic and combinatorial properties, some of which 
we will see in Chapter 16. Our indexing of Schubert polynomials is standard, but 
paradoxically, it is common practice to index Schubert varieties backward from 
Definition 15.12, replacing w with wow. For an introduction (beyond Chapter 16) 
to the algebra, combinatorics, and geometry of Schubert polynomials related to 
flag varieties, we recommend [Man01]. Other sources include [Macd91] for a more 
algebraic perspective and [FP98] for a more global geometric perspective. 

The characterization of Schubert polynomials as multidegrees of matrix Schu- 
bert varieties in Theorem 15.40 is due to Knutson and Miller [KnM04b, Theo- 
rem A]. The original motivation was to geometrically explain the desirable alge- 
braic and combinatorial properties of Schubert polynomials. Theorem 15.40 can 
be viewed as a statement in the equivariant Chow group of Mxe [Tot99, EG98]. It 
is essentially equivalent to the main theorem of [Ful92] expressing double Schubert 
polynomials as classes of certain degeneracy loci for vector bundle morphisms. 

Remark 15.45 means that the K-polynomials of matrix Schubert varieties are 
the Grothendieck polynomials of Lascoux and Schiitzenberger [LS82b]. The proof 
of this statement in [KnM04b] does not rely on theory more general than what ap- 
pears in Chapters 15 and 16, though it does require more intricate combinatorics. 
Viewing the K-polynomial statement as taking place in the equivariant K-theory 
of Mxe, it is essentially equivalent to a theorem of Buch [Buc02, Theorem 2.1]. 
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The Z-graded result of Exercises 15.5 and 15.12, which follows from work 
of Giambelli [Gia04], is the most classical of all. The method of starting from 
Exercise 15.4 and using divided differences to prove Exercise 15.5 by induction 
on k demonstrates the utility of replacing the integer Z-graded degree with a 
polynomial multidegree. The more finely graded statements in both of these two 
exercises are special cases of Exercise 16.9 in Chapter 16. The determinantal 
ideals described in Exercise 15.7 constitute the class of ideals cogenerated by a 
minor discussed in [HT92]. 

We have more references and comments to make on Schubert polynomials 
and determinantal ideals, but we postpone them until the Notes to Chapter 16. 


Chapter 16 


Antidiagonal initial ideals 


Schubert polynomials have integer coefficients. This, at least, is clear from 
the algebraic recursion via divided differences in Section 15.5, where we 
also saw the geometric expression of Schubert polynomials as multidegrees. 
In contrast, this chapter explores the combinatorial properties of Schubert 
polynomials, particularly why their integer coefficients are positive. 

One of our main goals is to illustrate the combinatorial importance of 
Grobner bases and their geometric interpretation. Suppose a polynomial is 
expressed as the multidegree of some variety. Grobner degeneration of that 
variety yields pieces whose multidegrees add up to the given polynomial. 
This process can provide geometric explanations for positive combinatorial 
formulas. The example pervading this chapter comes from Theorem 15.40: 


Corollary 16.1 Schubert polynomials have nonnegative coefficients. 


Proof. Write G,,(t) = C(X;t) as in Theorem 15.40. Choosing a term 
order on k[x], Corollary 8.47 implies that G6,,(t) = C(k[x]/in(I(X..));t). 
Now use Theorem 8.53 to write G,,(t) as a positive sum of multidegrees 
of quotients k[x]/(x:,,;,,.--,2%,,j,) by monomial primes. Proposition 8.49 
says that the multidegree of this quotient of k[x] is the monomial f;,--- t;,. 


The existence of a Grobner basis proves the positivity in Corollary 16.1. 
After choosing an especially nice term order, our efforts in this chapter will 
identify the prime components of the initial ideal explicitly as combina- 
torial diagrams called reduced pipe dreams. Hence adding up monomials 
corresponding to reduced pipe dreams yields Schubert polynomials. 


This positive formula will be our motivation for a combinatorial study 
of reduced pipe dreams, in terms of reduced expressions in the permutation 
group $,,. Applications include the primality of Schubert determinantal 
ideals, and the fact that matrix Schubert varieties are Cohen—Macaulay. 
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16.1 Pipe dreams 


Combinatorics of Schubert polynomials—and as it will turn out in Sec- 
tion 16.4, of Schubert determinantal ideals—is governed by certain “draw- 
ings” of (partial) permutations. Consider a kx grid of squares, with the 
box in row i and column j labeled (i,j), as ina kx matrix. If each box in 
the grid is covered with a square tile containing either + or ~-, then the 
tiled grid looks like a network of pipes. Each such tiling corresponds to a 
subset of the kx rectangle, namely the set of its crossing tiles: 


We omit the square tile boundaries in the right-hand versions. 


Definition 16.2 A kx pipe dream is a tiling of the kx? rectangle by 
crosses + and elbow joints ~-. A pipe dream is reduced if each pair 
of pipes crosses at most once. The set RP(w) of reduced pipe dreams for 
a kxé partial permutation w consists of those pipe dreams D with I(w) 
crossing tiles such that the pipe entering row # exits from column wi(i). 


Example 16.3 The long permutation wo = n...321 in S;, has a unique 
n x n reduced pipe dream Dy, whose + tiles fill the region strictly above 
the main antidiagonal, in spots (7,7) with i+ 7 <n. The right-hand pipe 
dream displayed before Definition 16.2 is Do for n = 5. © 


Example 16.4 The permutation w = 2143 has three reduced pipe dreams: 


123 4 123 4 123 4 

2 2 2 
wry = EP te 

4 4 4 

3 3 3 


The permutation is written down the left edge of each pipe dream; thus 
each row is labeled with the destination of its pipe. Reduced pipe dreams 
for permutations are contained in Do (Exercise 16.1), so the crossing tiles 
only occur strictly above the main antidiagonal. Therefore we omit the 
wavy “sea” of elbow pipes below the main antidiagonal. © 


If w is the minimal-length extension of a kx @ partial permutation w to 
an m2 X n permutation, then RP(w) is the set of kx pipe dreams to which 
adding elbow tiles in the region (n x n) \ (kx £) yields a reduced pipe dream 
for w. In other words, RP(w) = RP(W)kxe consists of the restrictions to 
the northwest x rectangle of reduced pipe dreams for w (Exercise 16.2). 
Pipes can exit out of the east side of a pipe dream D € RP(w), rather than 
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out the top; when w is zero in row 72, for example, this holds for the pipe 
entering row 7. 

Although we always draw crossing tiles as some sort of cross (either “+” 
or “++”, the former with square tile boundary and the latter without), we 
often leave elbow tiles blank or denote them by dots, to minimize clutter. 

Here is an easy criterion, to be used in Theorem 16.11, for when remov- 
ing a + from a pipe dream D € RP(w) leaves a pipe dream in RP(a;w). 


Lemma 16.5 Suppose that D€ RP(w), and let j be a fixed column index 
with (t+1,7) ¢ D, but (i,p) € D for all p < j, and (i+ 1,p) € D for all 
p<j. Then l(ojw) < i(w), and if D’ = D ~ (i,j), then D’ © RP(o;w). 
The hypotheses of the lemma say precisely that D looks like 

1 be j 


1 fe j 
3 SSS iaIs lala ot 2 Re 
i+ e i EERE 


at the left end of rows i and i+1 in D, and the + to be deleted sits at (i, 7). 


Proof. Removing (7,7) only switches the exit points of the two pipes start- 
ing in rows 7 andi+1. Thus the pipe starting in row p of D’ exits out of 
column o;w(p) for every row index p. No pair of pipes can cross twice in D’ 
because there are I(a;w) = I(w) — 1 crossings. 


Definition 16.6 A chutable rectangle is a 2 x r block C of + and ~- 
tiles such that r > 2, and the only elbows in C’ are its northwest, south- 
west, and southeast corners. Applying a chute move to a pipe dream D is 
accomplished by placing a ++ in the southwest corner of a chutable rectan- 
gle C C D and removing the + from the northeast corner of the same C. 


Heuristically, chuting looks like the following: 
be [| fe) oo! [Sree [| — EES ko ee ee ed 
BRAG Biba cana Py calcein ce el 

‘a ‘a 


Lemma 16.7 Chuting DE RP(w) yields another reduced pipe dream for w. 


Proof. If two pipes intersect at the + in the northeast corner of a chutable 
rectangle C, then chuting that ++ only relocates the crossing point of those 
two pipes to the southwest corner of C’. No other pipes are affected. 
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The rest of this section is devoted to a procedure generating all reduced 
pipe dreams. Given a kx ¢ pipe dream D, row i of D is filled solidly with + 
tiles until the first elbow tile (or until the end of the row). In what follows, 
we need a notation for the column index of this first elbow: 


start;(D) = min ({j | (i,j) is an elbow tile in D} U {k + 1}). 


Definition 16.8 Let D be a pipe dream, and fix a row index 7. Suppose 
there is a smallest column index j such that (4+ 1,7) is an elbow tile but 
(i,p) is a + tile in D for all p < j. Construct the m" offspring of D by 


1. removing (i, 7), and then 

2. performing m—1 chute moves west of start;(D) from row 7 to row i+1. 
The it* mitosis operator sends a pipe dream D € RP(w) to the set 
mitosis;(D) of its offspring. Write mitosis;(P) = Upep mitosis;(D) when- 
ever P is a set of pipe dreams. 


The total number of offspring is the number of 4 configurations in rows 


i and i+1 that are west of start;(D). This number, which is allowed to 
equal zero (so D is “barren” ), equals 3 in the next example. 


Example 16.9 The pipe dream D at left is a reduced pipe dream for 
w = 13865742. Applying mitosis3 yields the indicated set of pipe dreams: 


The three offspring on the right are listed in the order they are produced 
by successive chute moves. © 


Mitosis can be reversed. Equivalently, “Parentage can be determined.” 


Lemma 16.10 Fit a kx partial permutation w, and suppose that i < k 
satisfies o,w <w. Then every pipe dream D'! € RP(o;w) lies in mitosis; (D) 
for some pipe dream D € RP(w). 


Proof. In column start;;,(D’), rows 7 and i+ 1 in D’ look like H, because 
otherwise one of two illegal things must happen: the pipes passing through 
the row 7 of column start;,; in D’ intersect again at the closest () column 
to the left in rows 7 and i+1 of D’, or the pipe entering row i+ 1 of D’ 
crosses the pipe entering row 7 of D’. This latter occurrence is illegal 
because o;w < w, so o;w has no descent at 7. 

Consequently, we can perform a sequence of inverse chute moves on D’, 
the first one with its northeast corner at (i, start;,1(D’)), and the last with 
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its west end immediately east of the solid | part of rows i andi+1. These 
chute moves preserve the property of being in RP(o;w) by Lemma 16.7. 
Now adding the + into row i of the last vacated column yields a pipe 
dream D whose pipes go to the correct destinations to be in RP(w) (see 
Lemma 16.5). That D is reduced follows because it has [(w) crossing tiles. 
That D’ € mitosis;(D) is by construction. 


Theorem 16.11 Jf w is a kx partial permutation andi < k is a row 
index that satisfies o,w < w, then the set of reduced pipe dreams for o;w is 
the disjoint union Unerp(w) mitosis;(D). 


Proof. Lemmas 16.5 and 16.7 imply that mitosis;(D) C RP(o;w) whenever 
D € RP(w), and Lemma 16.10 gives the reverse containment. That the 
union is disjoint (i.e., that mitosis;(D)M mitosis;(D’) = @ if D # D’ are 
reduced pipe dreams for w) is easy to deduce directly from Definition 16.8. 


Corollary 16.12 Let w be ann x n permutation. If w = oj, +++ 0i,, Wo 
with m = I(wo) — I(w), then RP(w) = mitosis;,, ---mitosis;, (Do). 


The previous corollary says that mitosis (irredundantly) generates all 
reduced pipe dreams for honest permutations. By replacing a partial per- 
mutation w with an extension w to a permutation, this implies that mitosis 
generates all reduced pipe dreams for w, with no restriction on w. 


16.2. A combinatorial formula 


The manner in which mitosis generates reduced pipe dreams has substan- 
tial algebraic structure, to be exploited in this section. In particular, we 
shall prove the following positive combinatorial formula for Schubert poly- 
nomials. (The corresponding formula for double Schubert polynomials will 
appear in Corollary 16.30.) Recall that kx ¢ pipe dreams are identified with 
their sets of + tiles in the kx @ grid. 


Theorem 16.13 G,,(t) = S- t?, where t? = II tj. 
DERP(w) (i,j)ED 


The proof, at the end of this section, comes down to an attempt at 
calculating 0;(t?) directly. Fixing the loose ends in this method requires 
the involution in Proposition 16.16, to gather terms together in pairs. The 
involution is defined by first partitioning rows 7 and 7+ 1. 


Definition 16.14 Let D be a pipe dream and i a fixed row index. Order 
the tiles in rows i and 7+1 of D as in the following diagram: 

1 2 3 4 

1/3/5]7 


a 
is [2T4T OTR] 
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An intron in these two adjacent rows is a height 2 rectangle C’ such that 
the following two conditions hold: 


1. The first and last tiles in C' (the northwest and southeast corners) are 
elbow tiles. 

2. No elbow tile in C is strictly northeast or strictly southwest of another 
elbow (so due north, due south, due east, or due west are all okay). 


Ignoring all {columns in rows 7 and 7+ 1, an intron is thus just a sequence 
of EJ columns in rows i and i+1, followed by a sequence of {| columns, 


possibly with one H column in between. (Columns —] with two crosses can 


be ignored for the purpose of the proof of the next result.) 
An intron C is maximal if it satisfies the following extra condition: 


3. The elbow with largest index before C (if there is one) lies in row 7 + 1, 
and the elbow with smallest index after C (if there is one) lies in row i. 


Lemma 16.15 Let C be an intron in a reduced pipe dream. There is a 
unique intron T(C) satisfying the following two conditions. 
1. The sets of Fj columns are the same in C and r(C). 


2. The number c; of + tiles in row i of C equals the number of + tiles 
in rowit1 of r(C), and the same holds with i and i+ 1 switched. 


The involution T, called intron mutation, can always be accomplished by 
a sequence of chute moves or inverse chute moves. 


Proof. First assume c; > cj41 and work by induction on c = c¢; — cj41. If 
c = 0, then 7(C) = C and the lemma is obvious. If c > 0, then consider 
the leftmost }] column. Moving to the left from this column, there must be 


a column not equal to A. since the northwest entry of C' is an elbow. The 


rightmost such column must be A, because its row i entry is an elbow (by 


construction) and its row i+1 entry cannot be a + (for then the pipes 
crossing there would also cross in the column). This means that we can 
chute the ++ in § into the § column and proceed by induction. 

Flip the argument 180° if c; < cj41, so the chute move becomes an 
inverse chute move. 


For example, here is an intron mutation accomplished by chuting the 
crossing tiles in columns 4, 6, and then 7 of row 7. The zigzag shapes formed 
by the dots in these introns are typical. 


4 6 7 4 6 7 
io = Be 2. [18 [ta tar | Sa 
i+] c bh De |e [ee [ae foil  | 

TI T 


i i a : -|- 
Peele: S Sa Peer 
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Proposition 16.16 For each i there is an involution 7; : RP(w) >= RP(w) 
such that 7? = 1, and for all D€ RP(w), the following hold: 


1. ™%D agrees with D outside rows i andi+1. 

2. start;(7;D) = start;(D), and7;D equals D strictly west of this column. 

3. The number of + tiles in 7D from row i in columns > start;(7;D) 
equals the number of + tiles in D from row i+ 1 in these columns. 


Proof. Let D € RP(w). Consider the union of all columns in rows i and i+1 
of D that are east of or coincide with column start;(D). Since the first and 
last tiles in this region (numbered as in Definition 16.14) are elbows, this 
region breaks uniquely into a disjoint union of height 2 rectangles, each of 
which is either a maximal intron or completely filled with + tiles. Indeed, 
this follows from the definition of start; and Definition 16.14. Applying 
intron mutation to each maximal intron therein leaves a pipe dream that 
breaks up uniquely into maximal introns and solid regions of + tiles in the 
same way. Therefore the proposition comes down to verifying that intron 
mutation preserves the property of being in RP(w). This is an immediate 
consequence of Lemmas 16.7 and 16.15. 


Proof of Theorem 16.13. Tt suffices to prove the result for honest permuta- 
tions, so we use downward induction on weak order in S,,. The result for the 
long permutation w = wo holds because RP(wo) = {Do} (Example 16.3). 
Fix D € RP(w), write t? = [](,,,ep ti, and let m = |mitosis;(D)| be 

the number of mitosis offspring of D. This number m equals the number of 
+ tiles in A configurations located west of start;(D) in rows i andi + 1 of D. 


Let D’ be the pipe dream (not reduced) that results after deleting these -+ 
tiles from D. The monomial t” is then the product t”"t? . Definition 16.8 
immediately implies that 


SS. tS ae oe. . er 
E€mitosis;(D) d=1 
If 7;D = D, then t?’ is symmetric in ¢; and t;,, by Proposition 16.16, so 
A(t)? = O(tP-t?) = A(t?) 


in this case (see Exercise 15.13). On the other hand, if 7;D 4 D, then letting 
the transposition o; act on polynomials by switching ¢; and t;41, Proposi- 
tion 16.16 implies that adding the sums in (16.1) for D and 7D yields 


d:(t™) - (t?” + ot’) = a;(t™(t?” + o:t”")) = A(t? +t), 


Pairing off the elements of RP(w) not fixed by 7;, we conclude that 


o( oP) = 
DERP(w) E€mitosis;(RP(w)) 
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The left-hand side is Go,(t) by induction and the recursion for G,,(t) in 
Definition 15.38, while the right side is DU EERP (ow) t” by Theorem 16.11. 


16.3. Antidiagonal simplicial complexes 


It should come as no surprise that we wish to reduce questions about de- 
terminantal ideals to computations with monomials, since this is a major 
theme in combinatorial commutative algebra. The rest of this chapter is 
devoted to deriving facts about sets of minors defined by the rank condi- 
tions Tpq(w) = rank(wpxq) by exploring (and exploiting) the combinatorics 
of their antidiagonal terms. 

As in the previous chapter, let Z).q be the northwest p x q subarray of 
any rectangular array Z (such as a matrix or a pipe dream). 


Definition 16.17 Let x = (rag) be the kxé matrix of variables. An 
antidiagonal of size r in k[x] is the antidiagonal term of a minor of size r, 
i.e., the product of entries along the antidiagonal of an r x r submatrix of x. 
For a kx partial permutation w, the antidiagonal ideal J,, C k[x] is 
generated by all antidiagonals in x,y of size 1+%q(w) for all p and g. Write 
Ly for the antidiagonal complex, the Stanley—Reisner complex of Jy. 


Observe that J, is indeed a squarefree monomial ideal. This section 
is essentially a complicated verification that two Stanley—Reisner ideals 
are Alexander dual. These ideals are the antidiagonal ideal J,, and the 
ideal whose generators are the monomials x? for reduced pipe dreams 
D€ERP(w). Here is an equivalent, more geometric statement. 


Theorem 16.18 The facets of the antidiagonal complex Ly are the com- 
plements of the reduced pipe dreams for w, yielding the prime decomposition 


Jy. = () (xij | (i, 9) is a crossing tile in D). 
DERP(w) 


It is convenient to identify each antidiagonal a € k[x] with the subset of 
the kx @ array of variables dividing a, just as we identify pipe dreams with 
their sets of + tiles. Then Theorem 16.18 can be equivalently rephrased as 
saying that a pipe dream D meets every antidiagonal in J,, and is minimal 
with this property if and only if D lies in RP(w). This is the statement 
that we will actually be thinking of in our proofs. 


Example 16.19 The antidiagonal ideal J2143 for the 4 x 4 permutation 
2143 equals (#11, 713%22%3 1). The antidiagonal complex £2143 is the union 
of three coordinate subspaces L11,13, L11,22, and Ly41,31, with ideals 


T(L11,13) = (€11, 413), I(Li122) = (@11, £22), and I(L11,31) = (#11, 31) 


whose intersection yields the prime decomposition of J2143. Pictorially, 
represent the subspaces £11.13, L41,22, and £11.31 by pipe dreams 
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inside the 4 x 4 grid that have + entries wherever the corresponding sub- 
space is required to be zero. These three pipe dreams coincide with the 
reduced pipe dreams in RP(2143) from Example 16.4. © 


The next lemma is a key combinatorial observation. Its proof (in each 
case, check that each rank condition is still satisfied) is omitted. 


Lemma 16.20 Ifa and a’ are antidiagonals in k[x], with a € Jw, then a’ 
also lies in Jy if it is obtained from a by one of the following operations: 


(W) moving west one or more of the variables in a 

(E) moving east any variable except the northeast one in a 
(N) moving north one or more of the variables in a 

(S) moving south any variable except the southwest one in a 


For each subset L of the kx @ grid, let Dz be its complement. Thus the 
subspace of the k x @ matrices corresponding to L is (x;; | (i,7) € Dr). 


Lemma 16.21 The set of complements Dy of faces L € Ly is closed under 
chute moves and inverse chute moves. 


Proof. A pipe dream D is equal to Dy; for some face L € L,, if and only if 
D meets every antidiagonal in J,,. Suppose that C’ is a chutable rectangle 
in Dz, for L € Ly. For chutes, it is enough to show that the intersection 
aM Dy of any antidiagonal a € J, with Dz does not consist entirely of the 
single + in the northeast corner of C, unless a also contains the southwest 
corner of C. So assume that a contains the + in the northeast corner (p, q) 
of C, but not the + in the southwest corner, and split into cases: 


(i) @ does not continue south of row p. 

(ii) @ continues south of row p but skips row p + 1. 
(iii) @ intersects row p+ 1, but strictly east of the southwest corner of C. 
(iv) a intersects row p+ 1, but strictly west of the southwest corner of C. 


Letting (p + 1,t) be the southwest corner of C, construct antidiagonals a’ 
that are in J,, and hence intersect Dz, by moving the + at (p,q) in a to: 


(i) (p,t), using Lemma 16.20(W); 
(ii) (p + 1,q), using Lemma 16.20(S); 
(iii) (p,q), so a =a’ trivially; or 
(iv) (p,t), using Lemma 16.20(W). 


Observe that in case (iii), a@ already shares a box in row p+1 where Dy has 
a --. Each of the other antidiagonals a’ intersects both a and Dz in some 
box that is not (p,q), since the location of a’ \ a has been constructed not 
to be a crossing tile in Dy. 

The proof for inverse chutes is just as easy and is left to the reader. 
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Call a pipe dream top-justified if no + tile is due south of a 7- tile—in 
other words, if the configuration 4 does not occur. 


Lemma 16.22 Given a face L € Ly, there is a sequence Lo,...,Lm of 
faces of Ly in which Lo = L, the face Lm is top-justified and Le+1 is 
obtained from Le by either deleting a-+ tile or performing an inverse chute. 


Proof. Suppose that D; for some face L € L, is not top-justified, and 
has no inverse-chutable rectangles. Consider a configuration ] in the most 
eastern column containing one. To the east of this configuration, the first 
2 x 1 configuration that is not F] must be —| because of the absence of 


inverse-chutable rectangles. The union of the original configuration along 
with this §] configuration and all intervening / configurations is a chutable 


rectangle with an extra crossing tile in its southwest corner. Reasoning 
exactly as in the proof of Lemma 16.21 shows that we may delete the 
crossing tile at the northeast corner of this rectangle. 


Given a kx pipe dream D, denote by Lp the coordinate subspace 
inside the kx £ matrices whose ideal in k[x] is (xj; | (¢,7) is a tile in D). 


Proposition 16.23 Let D and E be pipe dreams, with E obtained from D 
by a chute move. Then Lp is a facet of Ly if and only if Ly ts. 


Proof. Suppose that Lp is not a facet. This means that deleting from D 
some ++, let us call it FH, yields a pipe dream D’ whose subspace Lp: is still 
a face of Ly. We will show that some ++ may be deleted from E to yield a 
pipe dream whose face still lies in £,,. Let C be the chutable rectangle on 
which the chute move acts. 

If lies outside of the rectangle C’, then deleting it from E yields the 
result E’ of chuting C in D’; that Lz still lies in £,, is by Lemma 16.21. 
If is the northeast corner of C’, then deleting the southwest corner of C 
from FE again yields D’. Thus we may assume & lies in C, and not at either 
end. Every antidiagonal a € J,, contains a + in D in some row other than 
that of 1. If & lies in the top row of C, then this other + lies in EF, as 
well; hence deleting H from F has the desired effect. Finally, if H lies in the 
bottom row of C, then let i’ be the crossing tile immediately due north of 
it in D. Chuting H’ and subsequently the northeast corner of C in D~\ 
yields D’ \ B’, and Lp: lies in Ly by Lemma 16.21 again. 

We have shown that Lp is a facet if Dg is; the converse is similar. 


The previous result implies that the facets of £,, constitute the nodes 
of a graph whose edges connect pairs of facets related by chute moves. The 
main hurdle to jump before the proof of Theorem 16.18 is the connectedness 
of this graph. By Lemma 16.22, this amounts to the uniqueness of a top- 
justified facet complement for £,,, which we will show in Proposition 16.26. 
In general, top-justified pipe dreams enjoy some desirable properties. 
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Proposition 16.24 Every top-justified pipe dream is reduced, and RP(w) 
contains a unique one, called the top reduced pipe dream top(w). Every 
pipe dream D € RP(w) can be reached by a sequence of chutes from top(w). 


Proof. Replacing w with w if necessary, it suffices to consider honest. per- 
mutations, as usual. Next we show that reduced pipe dreams that are not 
top-justified always admit inverse chute moves. Consider a configuration 
in the most eastern column containing one. To the east of this configura- 
tion, the first 2 x 1 configuration that is not FJ must either be F or H. The 


former is impossible because the pipes passing through the -+ in H would 


also intersect at the ++ in A Hence the union of the original H along with 


this H and all intervening 4 configurations is an inverse-chutable rectangle. 

Now simply count: there are n! top pipe dreams contained in the long 
permutation pipe dream Do for S,, and we have just finished showing 
that there must be at least n! distinct top-justified reduced pipe dreams 
inside Do. The result follows immediately. 


Let us say that a rank condition mm, <r causes an antidiagonal a of 
the generic matrix x if xp,q contains a and a has size at least r+ 1. For 
instance, when the rank condition comes from r(w), the antidiagonals it 
causes include those antidiagonals a € J, that are contained in xpxq but 
not in any smaller northwest rectangular submatrix of x. 


Lemma 16.25 Antidiagonals in Jy \ Jo,w are contained in Xjxw(i)-1 and 
intersect row 1. 


Proof. If an antidiagonal in J, is either contained in xX;_1xw(s) or not 
contained in x;y. (i), then some rank condition causing it is in both r(w) 
and r(o;w). Indeed, it is easy to check that the rank matrices r(o;w) and 
r(w) differ only in row 7 between columns w(i+1) and w(2) —1, inclusive. 


Proposition 16.26 For each partial permutation w, there is a unique facet 
L€ Ly whose complementary pipe dream Dry is top-justified, and in fact 
Dy, = top(w) is the top reduced pipe dream for w. 


Proof. This is clearly true for w = wo. Assuming it for all n x n permuta- 
tions of length at least J, we prove it for n x n permutations of length | — 1. 
Let v € S,\wo be a permutation. Then v has an ascent, v(t) < v(i + 1). 
Choose 7 minimal with this property, and set j = v(z). Then let w = jv, 
so that v = o;w < w, as usual. Since 7 is minimal, the northwest 7+ 1 x j 
rectangle r(o;w)i+1x7 of the rank matrix of o;w is zero except at (7,7) and 
(i+1,7), where r(a;w) takes the value 1. Every variable zpq sitting on one 
of these zero entries is an antidiagonal of size 1 in Jo,~. Therefore every 
pipe dream D;, that is the complement of a facet L € L,,., has + tiles in 
these locations. See the following figure for a medium-sized example. 
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a 
i+] 


ow zeros in r(o;w) top(a;w) 
The same statements hold with w in place of o;w, except that the only 
nonzero entry of r(w)i+1x7 iS Ti41,;(w) = 1. We will need the consequence 
Jw 2 Jo,w of the componentwise inequality r(w) < r(ojw). 

Let D be a top-justified facet complement for £Lo,~. These exist by 
Lemma 16.22. If a is an antidiagonal in Jy \ Jo,w, then either a intersects D 
or a contains 2;;. Indeed, suppose that a misses D and that also x;; does 
not lie in a. Since a lies in Jw \ Jo,w, Lemma 16.25 implies that @ is caused 
by a row 7 rank condition r;,(w) in some column q between w(i+ 1) and 
w(i) — 1. This rank matrix entry is one less than the entry due south of it 
by (15.1): rigig(w) = riq(w) +1. Hence x;41,;a is an antidiagonal in Jo,., 
that misses D, which is impossible. Therefore adding a-+ tile at (7,7) to D 
yields a pipe dream D’ whose complement is a face L € L,,. 

It remains to show that L is a facet and that D = D’ ~ (i,j). Indeed, 
using the former we deduce that D’ must be the top reduced pipe dream 
for w by induction, and using the latter we conclude that D = top(o;w) by 
Lemma 16.5 and Proposition 16.24. First we show that L is a facet. 

Every variable in x,;,1,; except for x41; itself is actually an antidiag- 
onal in J,,, so no + tile in Dj, ,,.; can be deleted. Suppose H is one of the 
remaining + tiles in D’. Then equals the unique intersection of some 
antidiagonal a € Jo,~ with D. If @ misses x;;, then {BH} = aM D’, so 
cannot be deleted from D’. 

On the other hand, suppose a contains x,;. If @ continues south- 
west of 2;;, then @ skips row i+ 1 because we assumed does not lie 
in Dj41.,;- Hence we can replace @ with (aj41,;/xij)@, which misses 2x;;, 
using Lemma 16.20(S). Finally, if a has its southwest end at (i, 7), suppose 
the northeast end of a lies in column q. Using (15.1) as a guide, calculate 
that rj—1,q(a;w) = riq(aw) — 1. Thus a/2;; lies in Jz, and misses 2;;. 

Finally, note that the arguments in the previous two paragraphs can 
also be used to show that deleting (7,7) from D’ yields a face complement 
for £Lo,w. Hence D = D’ ~ (1,97), as required. 


Proof of Theorem 16.18.The set RP(w) of reduced pipe dreams for w is 
characterized by Proposition 16.24 as the set of pipe dreams obtained from 
top(w) by applying chute moves. Lemma 16.22, Proposition 16.23, and 
Proposition 16.26 imply that the set of complements Dy of facets L € Ly, 
is characterized by the same property. 
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16.4 Minors form Grobner bases 


Theorem 16.18 immediately implies some useful statements about Schubert 
determinantal ideals. As we will see, the next result will be enough to 
conclude that the minors generating Schubert determinantal ideals [,, form 
Grobner bases and therefore that the ideals [,, are prime. 


Corollary 16.27 The antidiagonal simplicial compler L., is pure. In the 
multigrading with deg(x;;) = ti, it has multidegree C(k[x|]/Jw;t) = G,,(t). 


Proof. Purity of £. is immediate from Theorem 16.18 and the fact that all 
reduced pipe dreams for w have the same number of + tiles. Using purity, 
Theorem 8.53 and Proposition 8.49 together imply that C(k[x]/Jy;t) is 
the sum of monomials t?+ for complements Dz, of facets L € Ly. As 
these facet complements are precisely the reduced pipe dreams for w by 
Theorem 16.18, the result follows from the formula in Theorem 16.13. 


A term order on k[x] is called antidiagonal if the initial term of every 
minor of x is its antidiagonal term. Thus, if [¢1 ---¢,|j1--- jr] is the deter- 
minant of the square submatrix of the generic matrix x whose rows and 
columns are indexed by i; <--- <i, and j; <--- < j,, respectively, then 


in([éa == tra ++ - dr]) = Ping Vip aga Pingn 1 Pin jn 
There are numerous antidiagonal term orders (Exercise 16.11). 


Theorem 16.28 The minors inside the Schubert determinantal ideal I, 
constitute a Grobner basis under any antidiagonal term order: 


in(Iy) = Jy. 


Proof. The multidegree C(k[x]/in(I,);t) equals the Schubert polynomial 
6,,(t) by Corollary 15.44 and Corollary 8.47. As J, is obviously contained 
inside the initial ideal in(,,) under any antidiagonal term order, and more- 
over in(I,,) C in(I(X.,)), we can apply Exercise 8.13 with I = in(I(Xw)) 
and J = Jw, by Corollary 16.27. Hence J, = in(I,) = in(I(Xw)). 


Geometrically, Theorem 16.28 exhibits a Grobner degeneration of each 
matrix Schubert variety: the fiber at 1 is X,,, and the fiber at 0 is £,, (real- 
ized as a union of coordinate subspaces). Actually, Grobner degenerations 
are only defined once suitable weight vectors are chosen; see Definition 8.25 
and do Exercise 16.11. 

Here is the first important consequence of the Grobner basis statement. 


Corollary 16.29 Schubert determinantal ideals I, are prime. 


Proof. The zero set of I, is the matrix Schubert variety Kins which is 
irreducible by Theorem 15.31. Hence the radical of [,, is prime. However, 
Theorem 16.28 says that [,, has a squarefree initial ideal, which automati- 
cally implies that [,, is a radical ideal. 
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The primality of Schubert determinantal ideals means that I, equals 
the radical ideal [(X,,) of polynomials vanishing on the matrix Schubert 
variety for w. Therefore the multidegree calculation for matrix Schubert 
varieties in Theorem 15.40 holds for k[x]/Z,,. This enables us to deduce the 
double version of Theorem 16.13. 


Corollary 16.30 The double Schubert polynomial for w satisfies 


Gy(t-s)= S° (t—s)?, where (t-s)?= |] (4-5). 


DERP(w) (i,j)ED 


Proof. The multidegree C(k[x]/Jw;t,s) equals the double Schubert polyno- 
mial by Theorem 15.40, Corollary 8.47, and Theorem 16.28, using the fact 
that I, = I(Xw) (Corollary 16.29). Now apply additivity of multidegrees 
on components (Theorem 8.53) and the explicit calculation of multidegrees 
for coordinate subspaces (Proposition 8.49), using Theorem 16.18 to get 


the sum to be over reduced pipe dreams. 


Generally speaking, the minors generating I, fail to be Grobner bases 
for other term orders, although these can still be used to get formulas for 
double Schubert polynomials. 


Example 16.31 Consider the Schubert determinantal ideal J2,43 for the 
4x 4 permutation 2143. This ideal has the same generators as the ideal I, 
in Example 15.7, although in a bigger polynomial ring. We discussed the 
antidiagonal ideal J, = in(I,,) in Example 16.19. Note that the two minors 
generating Jg143 never form a Grobner basis for a diagonal term order, 
because x1, divides the diagonal term 211222733. 

In the multigrading where deg(a,;;) = t;—s,, the multidegree of Lj, 5, i,j, 
equals (t;, — 8;,)(ti, — $;,). The formula in Corollary 16.30 says that 


Goia3(t—s) = (t1—81)(t1—53) + (t1—81)(te—s2) + (t1—51)(t3—81), 


which agrees with the calculation of this double Schubert polynomial in 
Example 15.43. On the other hand, there is a diagonal term order under 
which (v1, 13021232) = (w11, 213) N (f11, va1)M (fi, 232) is the initial ideal 
of [9143. Thus we can also calculate 


Gara3(t-—s) = (t1-81)(t1—83) + (1-81) (t2—$1) + (1-81) (t3 — 82), 
using additivity and the explicit calculation for subspaces. © 


The title of this section alludes to that of Section 14.3, where antidi- 
agonals are initial terms of Pliicker coordinates. The differences are that 
Theorem 14.11 works in a sagbi (subalgebra) context and speaks only of top- 
justified minors, whereas Theorem 16.28 works in a Grobner basis (ideal) 
context and allows certain more general collections of minors. 
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16.5 Subword complexes 


Our goal in this section is to prove that Schubert determinantal rings 
k|x]/Z,, are Cohen—Macaulay. We shall in fact show that antidiagonal 
complexes are Cohen—Macaulay. The argument involves some satisfying 
combinatorics of reduced expressions in symmetric groups. 

Every n X n permutation matrix can be expressed as a product of ele- 
ments in the set {o1,...,n-1} of simple nx n reflection matrices—that is, 
permutation matrices for adjacent transpositions (see Definition 15.24 and 
the paragraph after it). Simple reflections o; are allowed to appear more 
than once in such an expression. 


Definition 16.32 A reduced expression for a permutation matrix w is 
an expression w = 0j,,°++0;, aS a product of m = I(w) simple reflections. 


Lemma 16.33 The minimal number of matrices required to express a per- 
mutation matrix w as a product of simple reflections is I(w). 


Proof. For the identity matrix this is obvious, since it has length zero. 
Multiplying an arbitrary permutation matrix on the left by a simple reflec- 
tion either increases length by 1 or decreases it by 1; this is a special case of 
Lemma 15.21. Ascending in weak order from the identity to a permutation 
matrix w therefore requires at least J(w) many simple reflections. 


It is easy to see that reduced expressions exist—in other words, that the 
minimum I(w) in Lemma 16.33 is actually attained. In fact, we are about 
to produce a number of reduced expressions explicitly, using pipe dreams. 
For notation, let us say that a + tile at (p,q) in a pipe dream D sits on 
the i*® antidiagonal if p+q—1=i. 

Let Q(D) be the ordered sequence of simple reflections 0; correspond- 
ing to the antidiagonals on which the + tiles of D sit, starting from the 
southwest corner of D and reading left to right in each row, snaking up to 
the northeast corner. For a random example, the pipe dream 


yields the ordered sequence 0405010304. We should mention that compared 
to conventions in the literature (see the Notes), this convention looks like 
the sequence is read backward; but this is only because our permutation ma- 
trices here have corresponding abstract permutations obtained by reading 
the column indices of the nonzero entries instead of the rows. Transposing 
matrices inverts the permutations and reverses the reduced expressions. 
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Example 16.34 The unique pipe dream Do for the nxn long permutation 
(antidiagonal matrix) wo corresponds to the ordered sequence 


Q(Do) = On—-19n—-20n-1 «-.----- 0203..-On—10102..-On-1, 
Ye —_—_——— Ne eee! cen, poten” 


the reverse triangular reduced expression for wo. The part of Q(Do) arising 
from each row of Do has its own underbrace. When n = 4, the above 
expression simplifies to Qo = 030203010203. © 


Example 16.35 The ordered sequence constructed from the pipe dream 
whose crossing tiles entirely fill the n x n grid is the reverse square word 


Qnxn = OnOnt1++-Fan—202n-1 +++ 0203---OnOn41 9102---On—-10n- 
a a ee Ne ee 

bottom row second row top row 
This sequence necessarily involves reflections 01, ...,02n—1, which lie in S2,, 
even though reduced expressions for permutation matrices w € S, never 
involve reflections o; with i > n. © 


Lemma 16.36 Suppose that the pipe entering row i of an n x n pipe 
dream D exits column w(i) for some n x n permutation w. Multiplying 
the reflections in Q(D) yields the permutation matriz w. Thus Q(D) is a 
reduced expression for w if and only if DE RP(w). 


Proof. Use induction on the number of crossing tiles: adding a+ in the i*” 


antidiagonal at the start of the list switches the destinations of the pipes 
entering through rows 7 and 7+ 1. 


In other words, pipe dreams in the n x n grid are naturally “subwords” 
of the reverse square word, while reduced pipe dreams are naturally reduced 
subwords. This explains the adjective “reduced” for pipe dreams. 


Definition 16.37 A word of size m is a sequence Q = (0;,,...,0%,) of 
simple reflections. An ordered subsequence P of Q is a subword of Q. 


1. P represents an n x n permutation matrix w if the ordered product 
of the simple reflections in P is a reduced expression for w. 
2. P contains w if some subsequence of P represents w. 


The subword complex A(Q, w) is the set of subwords whose complements 
contain w: A(Q,w) = {Q~ P | P contains w}. 


In other words, deleting a face of A(Q, w) from Q leaves a reduced expres- 
sion for w as a subword of what remains. If Q\ D is a facet of the subword 
complex A(Q, w), then the reflections in D constitute a reduced expression 
for w. Note that subwords of Q come with their embeddings into Q, so 
two subwords P and P’ involving reflections at different positions in Q are 
unequal, even if the sequences of reflections in P and P’ are equal. 
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Usually we write Q as a string without parentheses or commas, and we 
abuse notation by saying that Q is a word in S,,, without explicit reference 
to the set of simple reflections. Note that Q need not itself be a reduced 
expression. The following lemma is immediate from the definitions and the 
fact that all reduced expressions for w € S;, have the same length. 


Lemma 16.38 A(Q,w) is a pure simplicial complex whose facets are the 
subwords Q \ P such that P C Q represents w. 


Example 16.39 Consider the subword complex A = A(0302030203, 1432) 
for the 4 x 4 permutation w = 1432. This permutation has two reduced 
expressions, namely 030203 and 020302. Labeling the vertices of a pentagon 
with the reflections in Q = 0302030203 (in cyclic order), the facets of A are 
the pairs of adjacent vertices. Thus A is the boundary of the pentagon. © 


Proposition 16.40 Antidiagonal complexes L,, are subword complezes. 
Proof. When w is a permutation matrix, the fact that 
Ly = A(Qnxn,W) 


is a subword complex for the n x n reverse square word is immediate from 
Theorem 16.18 and Lemma 16.33. When w is an arbitrary kx? partial 
permutation, simply replace w by a minimal extension to a permutation w, 
and replace Qnxn by the word corresponding to tiles in a kx £ rectangle. 


We will show that subword complexes are Cohen—Macaulay via The- 
orem 13.45 by proving that they are shellable. In fact, we shall verify a 
substantially stronger, but less widely known criterion. Recall from Defini- 
tion 1.38 the notion of the link of a face in a simplicial complex. 


Definition 16.41 Let A be a simplicial complex and F' € A a face. 


1. The deletion of F from A is dela(F’) = {GE A| FNG= B}. 

2. The simplicial complex A is vertex-decomposable if A is pure and 
either (i) A = {@}, or (ii) for some vertex v € A, both dela(v) and 
linka(v) are vertex-decomposable. 


The definition of vertex-decomposability is not circular; rather, it is 
inductive on the number of vertices in A. Here is a typical example of how 
this inductive structure can be mined. 


Proposition 16.42 Vertez-decomposable complexes are shellable. 


Proof. Use induction on the number of vertices by first shelling dela (v) 
and then shelling the cone from v over linka(v) to get a shelling of A. 


Theorem 16.43 Antidiagonal complexes are shellable and hence Cohen- 
Macaulay. More generally, subword complexes are vertex-decomposable. 
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Proof. By Proposition 16.40 and Proposition 16.42, it is enough to prove 
the second sentence. With Q = (0;,,, Ji, _1,-++>Ci,); it suffices by induction 
on the number of vertices to demonstrate that both the link and the deletion 
of o;,, from A(Q,w) are subword complexes. By definition, both consist 
of subwords of Q’ = (0;,,_,,---,0%,). The link is naturally identified with 
the subword complex A(Q’,w). For the deletion, there are two cases. If 
o;,,w is longer than w, then the deletion of o;,, equals its link because no 
reduced expression for w has o;,, at its left end. On the other hand, when 
0;,,W is shorter than w, the deletion is A(Q’, o;,, w). 


Corollary 16.44 Schubert determinantal rings are Cohen—Macaulay. 


Proof. Apply Theorems 16.43 and 8.31 to Theorem 16.28. 


Exercises 


16.1 Use the length condition in Definition 16.2 to show that crossing tiles in re- 
duced pipe dreams for permutations all occur strictly above the main antidiagonal. 


16.2 Suppose that a kx partial permutation matrix w is given, and that w is a 
permutation matrix extending w. Prove that the crossing tiles in every reduced 
pipe dream for W all fit inside the northwest kx @ rectangle. 


16.3 What permutation in S41 has the most reduced pipe dreams? In $5? In S,,? 


16.4 Prove directly, using the algebra of antidiagonals and without using The- 
orem 16.11 or Theorem 16.18, that if L is a facet of Ly and oxw < w, then 
mitosis;(Dz) consists of pipe dreams D_, for facets L’ of Lea. 


16.5 Change each box in the diagram of w (Definition 15.13) into a + tile and 
then push all of these tiles due north as far as possible. Show that the resulting 
top-justified pipe dream is top(w). 


16.6 Given a + tile in the top reduced pipe dream top(w), construct an explicit 
antidiagonal in J,, whose intersection with top(w) is precisely the given + tile. 
Hint: Consider the 4 tiles along the pipe passing vertically through the + tile. 


16.7 Show that each partial permutation has a unique bottom reduced pipe 
dream in which no + - is due west of a + in the same row. 


16.8 Prove that the bottom reduced pipe dream for a Grassmannian permutation 
(Exercise 15.6) forms the Ferrers shape (in “French” position) of a partition. Ver- 
ify that the resulting map from the set of n x n Grassmannian permutations with 
descent at k to the set of partitions that fit into the k x (n — k) grid is bijective. 


16.9 A semistandard tableau T (Definition 14.12) determines a monomial t™ 
whose degree in t; is the number of entries of T equal to i. Given a Grassmannian 
permutation w, let A(w) be the partition from Exercise 16.8. Exhibit a monomial- 
preserving bijection from reduced pipe dreams for w to semistandard Young 
tableaux of shape \(w), meaning that t? = t7 when D+> T. Conclude that 
Schubert polynomials for Grassmannian permutations are Schur polynomials. 
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16.10 Under the bijection of the previous exercise, characterize intron mutation 
on Grassmannian reduced pipe dreams directly in terms of semistandard Young 
tableaux. (Note: Readers who know tableaux will recognize that intron mutation 
thus specializes to the Bender—Knuth involution on semistandard tableaux.) 


16.11 Find a total ordering of the variables in the kx array x = (#;;) whose 
reverse lexicographic term order is antidiagonal. Do the same for lexicographic 
order. Find an explicit weight vector inducing an antidiagonal partial term order. 


16.12 Let P be obtained from a pipe dream in RP(w) by adding a single extra 
+ tile. Explain why there is at most one other + tile that can be deleted from P 
to get a reduced pipe dream for w. 


16.13 By a general theorem, shellable complexes whose ridges (codimension 1 
faces) each lie in at most 2 facets is a ball or sphere [BLSWZ99, Proposition 4.7.22]. 
Use Exercise 16.12 to deduce that antidiagonal complexes are balls or spheres. 


16.14 (For those who know about Coxeter groups) Define subword complexes for 
arbitrary Coxeter groups. Show they are pure and vertex-decomposable. Prove 
that if A is a subword complex for a Coxeter group, then no ridge is contained 
in more than two facets. Conclude that A is homeomorphic to a ball or sphere. 


16.15 What conditions on a word @ and an element w guarantee that A(Q, w) 
is (i) Gorenstein or (ii) spherical? 


16.16 Recall the notation from Exercise 15.14. If w is a permutation of length 
l(w) < m, prove that the coefficient on titg---tm in the Schubert polynomial 
Gm-+w(t) equals the number of reduced expressions for w. 


Notes 


There are many important ways of extracting combinatorics from determinantal 
ideals other than via pipe dreams. For example, there are vast literatures on 
this topic concerned with straightening laws [DRS74, DEP82, Hib86] and the 
Robinson-Schensted—Knuth correspondence [Stu90, HT92, BCO1]. The former 
is treated in [BV88], as well as more briefly in [BH98, Chapter 7] and [Hib92, 
Part III], and the state of the art in RSK methods is explained in the excellent 
expository article [BC03]. 

Reduced pipe dreams are special cases of the curve diagrams invented by 
Fomin and Kirillov [FK96]. Our notation follows Bergeron and Billey [BB93], who 
called them rc-graphs; the corresponding objects in [FK96] are rotated by 135°. 
The definition of chute move comes from [BB93], as does the characterization of 
reduced pipe dreams in Proposition 16.24, which is [BB93, Theorem 3.7]. 

The mitosis recursion in Theorem 16.11 is [KnM04b, Theorem C]. Our proof 
here is approximately the one in [Mil03a], although Lemma 16.10 is new, as is 
the resulting argument proving the formula in Theorem 16.13. This result was 
first proved by Billey, Jockusch, and Stanley [BJS93], although independently(!) 
and almost simultaneously, Fomin and Stanley gave a shorter, more elegant com- 
binatorial proof [FS94]. Corollary 16.30 is due to Fomin and Kirillov [FK96]. 

Theorem 16.18 and Theorem 16.28 together with the shellability of antidiag- 
onal simplicial complexes is due to Knutson and Miller [KnM04b, Theorem B]. 
Our proof here is much simplified, because we avoid proving any K-polynomial 
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statements along the way, focusing instead on multidegrees. Mitosis is a shadow 
of the combinatorial transitions in the weak order on S;, that govern the standard 
monomials of Schubert determinantal ideals and antidiagonal ideals, which are 
necessary for proving Hilbert series formulas, as in Remark 15.45. The use of Ex- 
ercise 8.13 in Theorem 16.28 is the same as in [KnM04b] and similar to [Mar03]. 
Martin’s applications are to picture spaces [Mar03], which parametrize drawings 
of graphs in the projective plane, and particularly to slope varieties, which record 
the edge slopes. 

The appearances of antidiagonal initial terms in Theorem 14.11 and Theo- 
rem 16.28 are not coincidentally similar: there is a direct geometric connection 
[KoM04], in which each reduced pipe dream subspace from the Grébner degener- 
ation maps to a face of the Gelfand—Tsetlin toric variety. 

Primality and Cohen—Macaulayness of Schubert determinantal ideals is due 
to Fulton [Ful92], who originally defined them. His elegant proof relied on related 
statements for Schubert varieties in flag varieties [Ram85] that use positive char- 
acteristic methods and vanishing theorems for sheaf cohomology. These Schubert 
variety statements follow from Corollary 16.29 and Corollary 16.44. 

Subword complexes were introduced in [KnM04b] for the same purpose as they 
appear in this chapter; their vertex-decomposability is Theorem E of that arti- 
cle. The notion of vertex-decomposability was introduced by Billera and Provan, 
who proved that it implies shellability [BP79]. Further treatment of subword 
complexes, in the Coxeter group generality of Exercise 16.14, can be found in 
[KnM04a]. Included there are Hilbert series calculations and explicit characteri- 
zations of when balls and spheres occur. In addition, several down-to-earth open 
problems on combinatorics of reduced expressions in Coxeter groups appear there. 

Exercise 16.3 is inspired by a computation due to Woo [Woo04a, Woo04b]. 
We learned the bijection in Exercise 16.9 from Kogan [Kog00]. The last sentence 
of Exercise 16.9 is essentially the statement that the Schubert classes on Grass- 
mannians are represented by the Schur polynomials. The result of Exercise 16.9 
holds more generally for double Schubert polynomials and supersymmetric Schur 
polynomials. Explicit weight orders as in Exercise 16.11 are crucial in some ap- 
plications of Schubert determinantal ideals and the closely related quiver ideals 
of Chapter 17 [KoM04, KMS04]. Exercise 16.16 leads into the theory of stable 
Schubert polynomials, which are also known as Stanley symmetric functions. This 
important part of the theory surrounding Schubert polynomials is due to Stanley 
[Sta84], along with subsequent positivity results and connections to combinatorics 
contributed by [LS85, EG87, LS89, Hai92, RS95], among others. See [BB04] for 
an introductory account of this story. 


Chapter 17 


Minors in matrix products 


Chapters 14-16 dealt with minors inside a single matrix. In this chapter, 
we consider quiver ideals, which are generated by minors in products of 
matrices. The zero sets of these ideals are called quiver loci. Surprisingly, 
we can reduce questions about quiver ideals and quiver loci to questions 
about Schubert determinantal ideals, by using the Zelevinsky map, which 
embeds a sequence of matrices as blocks in a single larger matrix. As a 
consequence, we deduce that quiver ideals are prime and that quiver loci are 
Cohen—Macaulay. In addition, we get a glimpse of how the combinatorics 
of quivers, pipe dreams, and Schubert polynomials are reflected in formulas 
for quiver polynomials, which are the multidegrees of quiver loci. 


17.1 Quiver ideals and quiver loci 


The questions we asked about ideals generated by minors in a matrix of 
variables—concerning primality, Cohen—Macaulayness, and explicit formu- 
las for multidegrees—also make sense for ideals generated by minors in 
products of two or more such matrices. Whereas the former correspond 
geometrically to varieties of linear maps with specified ranks between two 
fixed vector spaces, the latter correspond to varieties of sequences of linear 
maps. Naturally, if we hope to get combinatorics out of this situation, then 
we should first isolate the combinatorics that goes into it: what kinds of 
conditions on the ranks of composite maps is it reasonable for us to request? 


Example 17.1 The sequence of three matrices in Fig. 17.1 constitutes an 
element in the vector space M23 x M34 x M43 of sequences of linear maps 
k? — k? — k*+ — k? (so k” consists of row vectors for each r). Note that 
these matrices—call them w 1, w2, and w3—can be multiplied in the order 
they are given. Since they are all partial permutations (Definition 15.1), we 
can represent the sequence w = (w 1, W2,w3) by the graph above it, called 
its lacing diagram. When w; has a 1 entry in row a and column £, the 
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Figure 17.1: A sequence of partial permutations and its lacing diagram 


lacing diagram has a segment directly above w; joining the dot at height a 
to the dot in the next column to the right at height (. 

Let k[f] denote the coordinate ring of Mz3 x M34 x Ma3. Thus k[f] is 
a polynomial ring 6 + 12 + 12 = 30 variables f = {fg}, arranged in three 
rectangular generic matrices ©; = (fag), ®2 = (fae), and ®3 = (fag). 
We would like to think of the sequence w as lying in the zero set of an ideal 
generated by minors in the products of these generic matrices ®;. 

What size minors should we take? The ranks of the three maps wy, we, 
and wg are all 2, as this is the number of nonzero entries in each matrix. 
Hence w lies in the zero set of the ideal generated by all 3x3 minors ®,, ®2, 
and ®3. However, w satisfies additional conditions: the composite maps 
kk? “2 k* and k? ““"S k® both have rank 1. One way to see this without 
multiplying the matrices is to count the number of length 2 laces (one each) 
spanning the first three or the last three columns of dots. Therefore w also 
lies in the ideal generated by the 2x2 minors of 6; ®2 and ®23. Finally, the 
composite map k? “!“?""8, k3 is zero, since no laces span all of the columns, 
so w lies in the zero set of the entries of the product ®,®23. Hence the 
rank conditions that best describe w are the bounds determined by w on 
the ranks of the 6 = 3+2+1 consecutive products of generic matrices ®;. © 


Sequences of partial permutations given by lacing diagrams are in many 
ways fundamental. In particular, our goal in this section is to show in 
Proposition 17.9 that they are the only examples of matrix lists, up to 
changes of basis. Therefore, let us formalize the notion of lacing diagram. 


Definition 17.2 Fix ro,...,7n € N. Let w = (wi,...,wWn) be a list of 
partial permutations, with w; of size r;_; x r;. The lacing diagram of w is 
a graph having r; vertices in column 7 for 7 = 0,...,n, and an edge from the 
a‘ dot in column i — 1 to the 6“ dot in column i whenever w;(a) = 3. We 
identify w with its lacing diagram and call its connected components laces. 


To describe the general framework for ideals in products of matrices, fix 


nonnegative integers r9,...,1%. Denote by Mat = Mor, X +++ x Mr, arp, 
the variety of quiver representations over the field k with dimension vector 
(ro,---,1n); that is, Mat equals the vector space of sequences 


og: kre g1 k™ g2 ee gn-1 kr-? On, kr’ 
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of linear transformations. By convention, set ¢9 = 0 = @n+41. As the above 
notation suggests, we have fixed a basis for each of the vector spaces k”, 
and we express elements of k™ as row vectors of length r;. Each map ¢; 
in the quiver representation ¢ therefore becomes identified with a matrix 
over k of size r;_1 x rj. The coordinate ring of Mat is a polynomial ring k[f] 
in variables f = {fig} = (fde),..-,(f%e), where the i*® index @ and the 
(i+1)** index a run from 1 to r;. Let ® be the generic quiver representation, 
in which the entries in the matrices ®; are the variables fia: 


Definition 17.3 For an array r = (rij)o<i<j<n of nonnegative integers 
with rj; = 7;, the quiver ideal J, C k/f] is generated by the union over 
i <j of the size 1+1;; minors in the product ®;,1; ---@; of generic matrices: 


I, = (minors of size 1+ 7,; in ®,41---®, for i < j). 
The quiver locus 2, C Mat is the zero set of the quiver ideal I,. 


The quiver locus 2, consists exactly of those ¢ satisfying r:;(¢) < rij 
for all i < j, where r;;(¢) is the rank of the composite map k™ — k’): 


rig (9) = rank(dj41 aor 3) fori < j. (17.1) 
Example 17.4 Whenever 0 <k < <n, there is a quiver representation 


w(k, £) : Dens 0 eS al =f 0 
having copies of the field k in spots between k and ¢, with identity maps 
between them and zeros elsewhere. The array r = r(w(k,@)) in this case 
has entry rn; = lifk <i <7 < 4, and rj; = 0 otherwise. Quiver 
representations of this form are called indecomposable. The matrices in 
w(k, €) are all 1 x 1, filled with either 0 or 1, so w(k, £) is a lacing diagram 
with one lace stretching from the dot in column & to the dot in column £. © 


It was particularly simple to determine the array r for the lacing dia- 
grams w(k, 2). As it turns out, it is not much harder to do so for arbitrary 
lacing diagrams. The (easy) proof of the following is left to Exercise 17.2. 


Lemma 17.5 If w © Mat is a lacing diagram with precisely qze laces be- 
ginning in column k and ending in column é, for each k < @, then rj;(w) 
equals the number of laces passing through both column i and column 7: 


Tig (w) = Se, S- qke- 


k=0 = 


Definition 17.6 Let q = (q;) be a lace array filled with arbitrary non- 
negative integers for 0 <7 <j <n. The associated rank array is the non- 
negative integer array r = (r;;) for 0 <i < 7 <n defined by Lemma 17.5. 
The rectangle array of r (or of q) is the array R = (R,;) of rectangles for 
0 <i <j <n such that Rij has height Ti,j-1 — Vig and width Titi — liz: 
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The point is that for a lacing diagram, we could just as well specify the 
ranks r by giving the lace array q. We defined the rectangle array here be- 
cause it fits naturally with r and q, but we will not use it until Lemma 17.13. 


Example 17.7 The lacing diagram from Example 17.1 has rank array 
r = (rjj), lace array q = (q;), and rectangle array R = (R,;) as follows: 


3°02 1 


0 
2 
2 
1 
0 


Lemma 17.5 says that each entry of r is the sum of the entries in q weakly 
southeast of the corresponding location. The height of R;; is obtained by 
subtracting the entry r;; from the one above it, whereas the width of R,; is 
obtained by subtracting the entry r;; from the one to its left. The reason 
for writing the arrays in this orientation will come from the Zelevinsky map; 
compare q and R here to the illustration in Example 17.14. © 


The reason why the ranks of lacing diagrams decompose as sums is be- 
cause the lacing diagrams themselves decompose into sums. In general, if 
@ and w are two quiver representations with dimension vectors (70,..., Tn) 


and (r6,...,7%,), then the direct sum of ¢ and % is the quiver representation 


mn 

60 =(¢16 1,...,¢n © Un), whose i*® vector space is k”! @k™. Every 
direct sum of indecomposables is represented by a sequence of partial per- 
mutations and hence is a lacing diagram; but not every lacing diagram is 
equal to a such a direct sum (try the lacing diagram in Example 17.1). On 
the other hand, with the right notion of isomorphism, every lacing diagram 
is isomorphic to such a direct sum, after permuting the dots (basis vectors) 
in each column. To make a precise statement, two quiver representations @ 
and w are called isomorphic if there are invertible r; x r; matrices 7; for 
i = 0,...,n such that ¢:7; = m-14;. In other words, 7 gives invertible 
maps k’ — k" making every square in the diagram ¢ —5 w commute. 


Lemma 17.8 Every lacing diagram w € Mat is isomorphic to the direct 
sum of the indecomposable lacing diagrams corresponding to its laces. Two 
lacing diagrams are isomorphic if and only if they have the same lace array. 


The (easy) proof is left to Exercise 17.2; note that the second sentence 
is a consequence of the first. The lemma brings us to the main result of the 
section. It is the sequences-of-maps analogue of the fact that every linear 
map between two vector spaces can be written as a diagonal matrix with 
only zeros and ones, after changing bases in both the source and target. 


Proposition 17.9 Every quiver representation 6 € Mat is isomorphic to 
a lacing diagram w, whose lace array q is independent of the choice of w. 
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Proof. It suffices by Lemma 17.8 to show that ¢ is isomorphic to a direct 
sum of indecomposables. We may as well assume that ro # 0 and let 7 be 
the largest index for which the composite k”® — ks is nonzero. Choose a 
linearly independent set By C k"™® whose span maps isomorphically to the 
image of k"™® in k’? under the composite k™® — k"™). The image B; C k™ 
of Bo under k”® — k™ for 7 < 7 is independent. Setting B; = @ for i > j, 
let w be the induced quiver representation on (span(Bo),...,span(B,)). 

Choose a splitting k"» = V/ @span(B;). This induces, for each i < j, 
a splitting k"" = V/ @ span(B;), where V/ is the preimage of V} under the 
composite map k™* — ks). Set V/ = k"™ for i > j, so we get a quiver 
representation ¢’ on V’ = (Vj,...,V;,.) by restriction of ¢. 

By construction, ¢ = w @ ¢’. Since w is isomorphic to a direct sum of 
#Bo copies of w(0, 7), induction on r9 +---+ 7, completes the proof. 


Definition 17.3 made no assumptions about the array r of nonnega- 
tive integers, and the ranks r;; there are only upper bounds. Unless every 
rank rj; equals zero, there will always be matrix lists @ € Q, whose compos- 
ite maps have strictly smaller rank than r; and if some rank 7r;; for i < j is 
very big, then all matrix lists @ € Q, will have strictly smaller rank r;;(@). 
The point is that only certain arrays r can actually occur as ranks of quiver 
representations: nontrivial restrictions on the array r(é) are imposed by 
Proposition 17.9. In more detail, after choosing an isomorphism ¢ = w 
with a lacing diagram w, inverting Lemma 17.5 yields 


Gig = Tig — Ti-1g — Tijt1 + Ti-1,541 


for 7 < j, where rj; = 0 if 7 and 7 do not both lie between 0 and n. Therefore 
the array r can occur as in (17.1) if and only if r;, = r; for? = 0,...,n, and 


Tig Mig —Tagi FTiagti 2 0 (17.2) 


for 7 < j, since the left-hand side is simply q;;. Here, finally, is the answer 
to what kinds of rank conditions can we reasonably request. 


Convention 17.10 Starting in Section 17.2, we consider only rank ar- 
rays x that occur as in (17.1), and we call these rank arrays irreducible if 
we need to emphasize this point. Thus we can interchangeably use a lace 
array q or its corresponding rank array r to specify a quiver ideal or locus. 


We close this section with an example to demonstrate how the irre- 
ducibility of a rank array r can detect good properties of the quiver ideal I... 


Example 17.11 (Minors of fixed size in a product of two matrices) 
Consider two matrices of variables, ®; and ®2, where ®,; has size rp x rj; 
and ®5 has size rj x rg. We are interested in the ideal J generated by 
all of the minors of size p+ 1 in the product ®,®, so the quiver locus 2 
consists of the pairs (¢,, 2) such that ¢:¢2 has rank at most p. This rank 
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condition is automatically satisfied unless p < min{ro, 71,172}, so we assume 
this inequality. The question is whether I is prime. Suppose that J = J, 
for some rank array r. In order for the only equations generating I to be 
the minors in ®,®2, there must be no rank conditions on ®, individually, 
and also none on ®2 individually. In other words, we must stipulate that 
ro. = min(70,71) and ry2 = min(ri,1r2) are as large as possible. Suppose 
this is the case, and consider a quiver representation ¢ € Q,. 

In terms of elementary linear algebra, 6; and ¢2 are matrices of maximal 
rank, and We want rank(¢,¢2) < p. However, if the middle vector space in 
k7™ => o1 k": 2% kr2 is the smallest of the three, so rg > ry and ry < re, then 
¢1 is surjective and ¢ is injective. Hence ¢;¢2 has rank precisely r; in this 
case, and we require that p < r;. We conclude that r, cannot be too small. 

How large must r; be? Answering this question from first principles is 
possible, but with lacing diagrams, it becomes easy. So suppose our ¢ is 
actually a lacing diagram w. Then w has p laces spanning all three columns 
of dots because ro2 = p, SO Go2 = p. Next, to make w, of maximal rank 791, 
we must have ro; —p laces from column 0 to column 1; that is, go1 = ro1—p, 
where we recall that ro, = min(ro,1r1). Similarly, qi2 = rig — p. Graph- 
theoretically, we must find a matching on the set of dots above height p that 
saturates the two outside columns of dots, because no endpoint of the qo1 
laces can be shared with one of the q12 laces. In the diagrams 


ee Se ene ee 


eee eee eee ee —O@ @—OeO8@ e—e—O 
eee e—@—e@ e—@08© @e@—@ @—@@ oe —e—0 


eee 
eee 
(v9, 71,172) = (4,5,3) and p = 2. We conclude that the array r is irreducible 
if and only if ry > p+qo1tqdi2e =T01+T12—p. We will see in Theorem 17.23 
that in this case Q, is an irreducible variety and in fact J, is prime. 
What happens if r is not irreducible? Take the lacing diagrams below: 
: ; ° =5 ° os ° 2 ar on" 


eee = + «eee oe 8 oe @O@ eo © 8 eo © 8 o—e—8 
eoe—_o  #o—e—e@ e080 @O@O@ @@—0@ oe O8© oe e—O 


Here, (ro, 71,72) = (4,4,3) and p = 2. In contrast to (17.3), the six choices 
of matchings (edges of length 1) in this case give rise to lacing diagrams 
with two different rank arrays. It follows that Q, contains the quiver loci 
for both, so Q, is reducible as a variety. Therefore J, is not prime. © 


17.2 Zelevinsky map 


The rank conditions given by arrays in Definition 17.3 are essentially forced 
upon us by naturality: they are the only rank conditions that are invariant 
under arbitrary changes of basis, by Proposition 17.9. In this section we 
will see how the irreducible rank conditions in Convention 17.10 can be 
transformed into the rank conditions for a Schubert determinantal ideal. 
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Given a rank array r, or equivalently, a lace array q, we shall construct 
a permutation u(r) in the symmetric group Sa, where d = r9 + +--+ Tn. 
In general, any matrix in the space Mg of dxd matrices comes with a 
decomposition into block rows of heights r9,...,1n (block rows listed from 
top to bottom) and block columns of widths rz, ..., 79 (block columns listed 
from left to right). Note that our indexing convention may be unexpected, 
with the square blocks lying along the main block antidiagonal rather than 
on the diagonal as usual. With these conventions, the it? block column 
refers to the block column of width r;, which sits 2 blocks from the right. 

Draw the matrix for each permutation v € Sq by placing a symbol x 
(instead of a 1) at each position (k,v(k)), and zeros elsewhere. 


Proposition—Definition 17.12 Given a rank array r, there is a unique 
Zelevinsky permutation v(Q,) = u(r) in Sa, satisfying the following 
conditions. Consider the block in the i” column andj" row. 


1. Ifi <9 (that is, the block sits on or below the main block antidiagonal), 
then the number of x entries in that block equals qj. 

2. Ift = j+1 (that is, the block sits on the main block superantidiagonal), 
then the number of x entries in that block equals rj 541. 

3. Ift > 742 (that is, the block lies strictly above the main block super- 
antidiagonal), then there are no x entries in that block. 

4. Within every block row or block column, the x entries proceed from 
northwest to southeast; that is, no x entry is northeast of another. 


Proof. We need the number of x entries in any block row, as dictated 
by conditions 1-3, to equal the height of that block row (and transposed 
for columns), since condition 4 then stipulates uniquely how to arrange 
the x entries within each block. In other words, the height r; = 1;; of the jth 
block row must equal the number 7;,;41 of x entries in the superantidiagonal 
block in that block row, plus the sum 57, 5 is of the number of x entries 
in the rest of the blocks in that block row (and a similar statement must 
hold for block columns). These statements follow from Lemma 17.5. 


The diagram (Definition 15.13) of a Zelevinsky permutation refines the 
data contained in the rectangle array R for the corresponding ranks (Def- 
inition 17.6). The next lemma is a straightforward consequence of the 
definition of Zelevinsky permutation, and we leave it to Exercise 17.2. 


Lemma 17.13 In each block of the diagram of a Zelevinsky permutation 
u(r) that is on or below the superantidiagonal, the boxes form a rectangle 
justified in the southeast corner of the block. Moreover, the rectangle in the 
i” block column and j“ block row is the rectangle Ri-1,;+41 in the array R. 


Example 17.14 Let r, q, and R be as in Example 17.7. The Zelevinsky 
permutation for this data is 


123 4 5 6 7 
5 1 2 


are 9 10 11 12 
Pee Se ay ea 11 


8 
6 12 3 7 10 }’ 
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whose permutation matrix is indicated by the x entries in the array 


& |x & 

9 |x x 

4 |x x* 

5 |x * 

11]* x 

1 |x . 

2).x 

6 . 

12 

3 2 
7]. x 
10] . : x 


and whose diagram D(v(r)) is indicated by the set of all * and O entries. © 


The locations in the diagram of u(r) strictly above the block superantidi- 
agonal are drawn as * entries instead of boxes because they are contained 
in the diagram of the Zelevinsky permutation u(r) for every rank array r 
with fixed dimension vector (19,...,7). In fact, the « entries form the 
diagram of the Zelevinsky permutation v(Mat) corresponding to the quiver 
locus that equals the entire quiver space Mat. We henceforth denote this 
unique Zelevinsky permutation of minimal length by v, = v(Mat). 

It is clear from the combinatorics of Zelevinsky permutations that we 
can read off the rank array r and the lace array q from u(r). We next 
demonstrate that the combinatorial encoding of r by its Zelevinsky permu- 
tation reflects a simple geometric map that translates between quiver loci 
and matrix Schubert varieties. 


Definition 17.15 The Zelevinsky map Z : Mat — Mg, takes 


0 0 ¢ 1 
a 0 do 1 0 

($1, 62,-++;0n) > 0 1) 20F, "108 Ibs, (17.4) 
On 0 0 0 
1 0 0 0 


so Z(@) is a block matrix of total size d x d. If k[x] denotes the coordinate 
ring of Ma, then denote the kernel of the induced map k[x] — k[f] by me. 


Indexing for the dxd matrix x of variables in k[x] = k|Mga] does not 
arise in this section, so it will be introduced later, as necessary. The ideal mg 
is generated by equations setting the appropriate variables in k[x] to 0 or 1. 
To be more precise, mg contains every x variable except 


e those in superantidiagonal blocks, as they correspond to the coordi- 
nates f on Mat and map isomorphically to their images in k[f], and 


e those on the diagonals of the antidiagonal blocks; for each such vari- 
able x, the ideal mg contains x — 1 instead. 
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The proof of Theorem 17.17 will use the following handy general lemma. 


Lemma 17.16 Let ['® be the product of two matrices with entries in a 
commutative ring R. If T is square and det(T) is a unit, then for each fixed 
u EN, the ideals generated by the size u minors in ® and in T® coincide. 


Proof. The result is easy when u = 1. The case of arbitrary u reduces to the 
case u = 1 by noting that the minors of size u in a matrix for a map R* — Ré 
of free modules are simply the entries in a particular choice of matrix for 
the associated map /\"R* — [\"R° between ut? exterior powers. 


Here now is our comparison connecting the algebra of quiver ideals, 
which are generated by minors of fixed size in products of generic matrices, 
to that of Schubert determinantal ideals, which are generated by minors of 
varying sizes in a single generic matrix. We remark that it does not imply 
that the generators in Definition 17.3 form a Grobner basis; see the Notes. 


Theorem 17.17 Let r be a rank array and v(r) its Zelevinsky permutation. 
Under the map k|x] — k[f], the image of the Schubert determinantal ideal 
Iya) equals the quiver ideal I,. Equivalently, k[f]/I, = k[x]/(Iyir) + me). 


Example 17.18 For a generic 4 x 5 matrix ®, and 5 x 3 matrix ®g, let I 
be the ideal of 3 x 3 minors in ®;®2. Thus J = J, for the rank array r of the 
lacing diagrams on the right-hand side of (17.3). The essential set of v(r) 
consists of the two boxes at (9,8) and (4,3), so I, r) is generated by the 7 x7 
minors in X9xg and the entries of x43 (Exercise 17.4). Using the generators 
of mg to set x variables equal to 0 or 1 yields the block 2 x 2 matrix 


in the northwest 9 x 8 corner. It follows from the Binet—Cauchy formula for 
the minors of ©, ®2 as sums of products of minors in ®; and in ®2 that the 
ideal generated by all of the 7 x 7 minors in the block matrix ® equals I. 
Compare the above block matrix with the general version in (17.6). © 


Proof of Theorem 17.17. By Lemma 17.13 the essential set Ess(v(r)) con- 
sists of boxes (k, @) at the southeast corners of blocks. Therefore, by Theo- 
rem 15.15, I,(r) is generated by the minors of size 1 + rank(v(r)zx¢) in XE xe 
for the southeast corners (k, 2) of blocks on or below the superantidiagonal, 
along with all variables strictly above the block superantidiagonal. 

Consider a box (k, £) at the southeast corner of B,+1,;—1, the intersection 
of block column 7+ 1 and block row 7 — 1, so that 


J 
rank(v(r)zx2) = S- dag + ye Tm—1,m (17.5) 
a>i m=i4+1 
B<j 
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by definition of Zelevinsky permutation. We pause to prove the following. 
Lemma 17.19 The number rank(v(r)x0) in (17.5) is rij + ig Pm- 


Proof. The coefficient on gag in ri; ce Sree 417m is the number of elements 
in {rij} U {riga4i,---,7j-1,j-1} that are weakly northwest of rag in the 
rank array r (when the array r is oriented so that its southeast corner 
is ron). This number equals the number of elements in {rjj41,-.-,7j;-1,;} 
that are weakly northwest of rag, unless r.g happens to lie strictly north 
and strictly west of r;;, in which case we get one fewer. This one fewer is 
exactly made up by the sum of entries from q in (17.5). 


Resuming the proof of Theorem 17.17, consider the minors in I~) com- 
ing from the northwest & x ¢ submatrix x;x¢, for (k, 2) in the southeast cor- 
ner of By41,;-1. Taking their images in k[f] has the effect of setting the 
appropriate x variables to 0 or 1 and then changing the block superantidi- 
agonal x variables into the corresponding f variables. Therefore the minors 
in I,(r) become minors of the matrix in (17.4) if each ¢; is replaced by the 
generic matrix ®; of f variables. In particular, using Lemma 17.19, the 
equations in k[f] from x;,,¢ are the minors of size 1+ u+ rj; in the generic 
(u+r;)x(u+r;) block matrix 


i+ 
1 
iotg Hs (17.6) 
0 
0 


where u = ae 417m is the sum of the ranks of the subantidiagonal 


identity blocks. The ideal generated by these minors of size 1+ u+ rij is 
preserved under multiplication of (17.6) by any determinant 1 matrix with 
entries in k[f], by Lemma 17.16. Now multiply (17.6) on the left by 


1 —Oi41 DiiPigg + EO 5-2 FR. j-1 
1 
1 


1 


where ®j41 = ®j41--:®» fori +1< m. The result agrees with (17.6) 
except in its top block row, which has left block (—1)J~!~*; 4 --- ®; and all 
other blocks zero. Crossing out the top block row and the left block column 
leaves a block upper-left-triangular matrix that is square of size u, so the size 
1+u+rj;; minors in (17.6) generate the same ideal in k[f] as the size 1 + r;; 
minors in ®;,,---®,. This holds for all 2 < j, completing the proof. 
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Corollary 17.20 The Zelevinsky map takes the quiver locus Q, C Mat 
isomorphically to the intersection Z(Qy) = Xyr) A Z(Mat) of the matrix 
Schubert variety Kass with the affine space Z(Mat) inside of Mg. 


17.3. Primality and Cohen—Macaulayness 


Theorem 17.17 shows how to get the equations for f, directly from those 
for I, (y): set the appropriate x variables to 0 or 1. Its proof never needed 
that Schubert determinantal ideals are prime or Cohen—Macaulay (Corollar- 
ies 16.29 and 16.44). Our next goal is to put these assertions to good use, to 
reach the same conclusions for quiver ideals. This involves a more detailed 
study of the group theory surrounding the geometry in Corollary 17.20. 

Let P be the parabolic subgroup of block lower triangular matrices 
in GLa, where the diagonal blocks have sizes ro,...,7n (proceeding from 
left to right). The quotient P\GLZ, of the general linear group GLg by the 
parabolic subgroup P is called a partial flag variety. By definition, the 
Schubert variety X, ,) is the image of Xr) M GLa in P\GLa. The Zelevin- 
sky image Z(Q,) of the quiver locus maps isomorphically to its image inside 
of Xr), and this image is often called the opposite Schubert cell in Xx), 
even though Z(Q,) is usually not isomorphic to an affine space (i.e., Q, is 
not a cell). 

Note that the block structure on P is block-column reversed from the 
one considered earlier in this chapter. The coordinate ring k[P] is obtained 
from the polynomial ring k[p] in the variables from the block lower triangle 
by inverting the determinant polynomial. In particular, the square blocks 
p’,...,p”” in (17.7) have inverses filled with regular functions on P. 


Lemma 17.21 The multiplication map P x Mat — P. Z(Mat) that sends 
(x, 0) to the product 7Z(¢) of matrices in Mg is an isomorphism of varieties 
that takes P x Q, isomorphically to P- Z(Q,) for each rank array r. 


Proof. It is enough to treat the case where 2, = Mat. Denote by ® the 
generic matrix obtained from (17.4) after replacing its blocks ¢; by ®;, and 
let x,, be the block matrix of coordinate variables on X,,, in the left-hand 
matrix below. 


0 0 O x x00 p’ 0 0 O O 
0 0 xl2 xl x10 p!? p!! 0 0 0 
22 21 20 20 21 22 
0 x 1 |P™ P™ p* 0 91} .6 (17.7) 
xroin : : : 0 
xrnr xn xr xn p”? p”! p”? p”” 


Direct calculation show that P- Z(Mat) C X,,. Therefore, the morphism 
Px Mat — P-Z(Mat) is determined by (and is basically equivalent to—see 
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Exercise 17.12) the map (17.7) of algebras k[x,,] — k[p, f], which sends 


xbitl b> p’S,41 for 1 = 0, rere id 1, 
0 pio for 7 =0,...,n, (17.8) 
xi 4s pitt prt 16, forl<i<j<n. 


Observe that the inverse of x°° = p® is regular on P - Z(Mat), so we can 
recover ©; = (x°)~!x®!, Then we can recover the first column p/! of p 
by subtracting (the zeroth column of p)-®, from (the penultimate column 
of x,,). Continuing similarly, we can produce ® and p as regular functions 
on P- Z(Mat) to construct the inverse map k[P x Mat] — k|P- Z(Mat)]. 


Proposition 17.22 Multiplication by P on the left preserves the matrix 
Schubert variety Xy(r). In fact, X yp) is the closure in Mg of P- Z(Qr). 


Proof. Definition 17.12.4 and Corollary 15.33 imply that the matrix Schu- 
bert variety Rowley is stable under the action of S,,. x --- x S;,,, the block 
diagonal permutation matrices whose blocks have sizes ro,...,7n acting on 
the left. This finite group and the lower triangular Borel group B together 
generate P. Combining this with the stability of Xr) under the left action 
of B in Theorem 15.31 completes the proof of the first statement. 
Theorem 17.17 states that k[f]/I, = k[x]/(Jujr) + me). But I,(,) already 
contains the variables in mg above the block antidiagonal, and only dim(P) 
many generators of mg remain. Thus the codimension of 2(Q,) inside X; 
is at most dim(P). However, X yr) contains P - Z(Q,) by stability of X yr) 
under P, and dim(P - Z(Q,)) = dim(Z(Q,)) + dim(P) by Lemma 17.21. 
Thus the codimension of Z(Q,) inside Xp) is at least dim(P). We con- 
clude that Z(Q,) has codimension exactly dim(P) inside Xy,), so that 
dim(P - Z(Q,)) = dim(X,)). Since X,(,) is an irreducible variety, it fol- 
lows that P-Z(Q,) is Zariski dense in X (+), proving the second statement. 


Theorem 17.23 Given an irreducible rank array r, the quiver ideal I, 
inside kf] is prime and the quiver locus 0, is Cohen—Macaulay. 


Proof. The matrix Schubert variety X ots) is Cohen—Macaulay by Corol- 
lary 16.44, and P-Z(Q,) is a dense subvariety of Xue by Proposition 17.22. 
Since being Cohen—Macaulay is a local property [BH98, Definition 2.1.1], 
we conclude that P+ Z(Q,) is Cohen—Macaulay. By Lemma 17.21, the 
coordinate ring k[P - Z(Q,)], which we have just seen is Cohen—Macaulay, 
is isomorphic to the localization by det(p) of the polynomial ring k[Q,][p] 
over the coordinate ring of Q,. This localization is Cohen—Macaulay if and 
only if k[Q,][p] is; see Exercise 17.16. As the equations setting the off- 
diagonal p variables to 0 and the diagonal p variables to 1 constitute a 
regular sequence on k[Q,]|[p], we conclude by Criterion 2 of Theorem 13.37 
and repeated application of Lemma 8.27 that k{Q,] is Cohen—Macaulay. 
The variety Q, is irreducible by Lemma 17.21 and Proposition 17.22, 
because Xv(r) is, so the radical of J, is prime; but it still remains to prove 
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that I, is itself prime. By Theorem 17.17, we need that the image of mg 
in k[x]/I,(r) is prime. As the homomorphism k[x]/I,(7) > k[P - Z(Qr)] is 
injective by Proposition 17.22, we only need the image of mg in k[P - Z(Q,)] 
to generate a prime ideal. To that end, we identify the ideal generated by 
the image of mg in k[P x Q,] under the isomorphism with k[P - Z(Q,)] in 
Lemma 17.21, given by (17.7) and (17.8). The generators of mg set x/* = 0 
in (17.8) for i < j and x” = 1. By induction on i, the images in k[p, f] of 
these equations imply the equations setting p” = 1 and p/* = 0 for i < j. 
Hence p“ ®;,; = ®;,; modulo mg, so the image of mg generates the kernel 
of the homomorphism k[P x 2,] > k[Q;] coming from the inclusion 0, ~ 
id x Q, @ Px Q,. The result follows because k[Q,] is a domain. 


17.4 Quiver polynomials 


Having exploited the algebra and geometry of matrix Schubert varieties to 
deduce qualitative statements about quiver ideals and loci, we now turn to 
more quantitative data, namely multidegrees and K-polynomials. For this, 
we (finally) need full details on the indexing of all the variables involved. 

Again setting d = ro +---+7rn, the coordinate ring k[f] of Mat is graded 
by Z¢. To describe this grading efficiently, write 


Zt = Z@---@Z™, where Z™ = Z- {e},...e%. }. 


Thus the basis of Z% splits into a sequence of n +1 subsets e°,...,e” of 
sizes r9,...,7'n- We declare the variable fig € k[f] to have degree 
deg( fia) = e’ | - e}; (17.9) 


in Z for each i = 1,...,n. Under this multigrading, the quiver ideal I, 
is homogeneous. Indeed, the entries in products ®;,1---®j; of consecutive 
matrices are Z4-graded (check this!), so minors in such products are, too. 
When we write multidegrees and K-polynomials for this Z“-grading, we 
similarly split the list t of d variables into a sequence of n + 1 alphabets 
t°,...,t” of sizes rp,..., Tn, So that the i** alphabet is t* = ¢1,...,¢ 


Definition 17.24 Under the above Z4-grading on k{f], the multidegree 
O,(t—t) = C(Q,;t) 
of k[f]/I; is the (ordinary) quiver polynomial for the rank array r. 


For the moment, the argument t —t of Q, can be regarded as a for- 
mal symbol, denoting that n +1 alphabets t = t°,...,t” are required as 
input. Later in this section we will define “double quiver polynomials”, 
with arguments t —s indicating two sequences of alphabets as input. Then, 
in Theorem 17.34, the symbol t will take on additional meaning as the 
reversed sequence t”,...,t° of alphabets constructed from t. 
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Example 17.25 The quiver ideal J, for the rank array determined by the 
lacing diagram e~ s is a complete intersection of codimension 2. It 
is generated by the two entries in the product ®;® 3 of the generic 2 x 3, 


3 x 3, and 3 x 1 matrices. These two entries have degree e} —e? and e}—e}, 
so the multidegree of k[f]/I, is Q,(t — t) = (t9 — ¢3)(t9 — t3). © 


Example 17.26 Consider a sequence of 2n vector spaces with dimensions 
1,2,3...,n—1,n,n,n—-1,...,3,2,1. For asizen-+ 1 permutation matrix w, 
let qu be the lace array whose entries are zero outside of the southeast nxn 
corner, which is filled with 1’s and 0’s by rotating wn, around 180°. Exer- 
cise 17.14 explores the combinatorics of the arrays q,,. Quiver polynomials 
for the associated rank arrays ry are called Fulton polynomials. © 


The algebraic connection from quiver ideals to Schubert determinantal 
ideals will allow us to compute quiver polynomials in terms of double Schu- 
bert polynomials. For this, the coordinate ring k[x] = k[Mg] of the dxd 
matrices is multigraded by the group Z74 = (Z"? @ --- @ Z")?, which we 
take to have basis {et,,é’, | i = 0,...,n anda = 1,...,r;}; note the dot 
over the second e’,. In our context, it is most natural to index the variables 


ar ~a 


x = F692 0)... rand OS Te and @=1,...,r;) 


in the generic dx d matrix in a slightly unusual manner: «J € k[x] occupies 
the spot in row a and column ( within the rectangle at the intersection of 
the i** block column and the j* block row, where we label block columns 
starting from the right. Declare the variable aj to have degree 


deg(2Z) = e3,—&%. (17.10) 
To write multidegrees and K-polynomials we use two sets of n + 1 alphabets 
t=t°,...,t” and s=s”,...,8°, (17.11) 

where 
Sty, and 8! = 3],..0,8,. (17.12) 


We rarely see the degree (17.10) directly; more often, we see the polyno- 
mial t, — si, = C(k[x]/(xZ5);t,s), which we call the ordinary weight of x35. 
Ordinary weights are the building blocks for multidegrees because of The- 
orem 8.44. (The analogous building block for K-polynomials, namely the 
ratio t),/s', = K(k[x]/(aJ3); t,s), is called the exponential weight of x35.) 
Pictorially, label the rows of the dxd grid with the t variables in the or- 
der they are given, from top to bottom, and similarly label the columns 
with 8 = s”,...,8°, from left to right. The ordinary weight of the vari- 
able agé is then its row t-label minus its column s-label. 

For notational clarity in examples, it is convenient to use alphabets 
t° = a and t! = b and t? =c, and so on, rather than upper indices, where 


a= @1,02,03,..., b = 0, be, b3,..., and C= C1, C2,C3,.... 
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The quiver polynomial in Example 17.25 is (a1—d1)(a2—d1) in this notation. 
For the s alphabets, we use s° = a and s! = b and s? = ¢, and so on, where 


a= 41, 42,43,..., b = by, bo, bs,..., and C = C1, €2,C3,..-- 


are the same as a,b,c,... but with dots on top. All of the above notation 
should be made clearer by the following example. 


Example 17.27 If (ro,71, 172) = (2,3, 1) then k[x] has variables ag as they 
appear in the following matrices (the x variables are the same in both): 


2 1 1 


ST 8, Sy 83 onl by be by a, a2 
of,02],.01 ,01 ,0 99 299 
ty) ©it | Vii VQ zg) v7 : Ty 
0] ,02],.01 ,.01 ,0 00 00 
ty] ©31 | %31 %99 93 T31 © 


10 - 
T11 C712 


10 ,10 
@21 022 


10 ,,10 
3 131 39 


The ordinary weight of each x variable equals its row label minus its column 
label. For example, the variable 293 has ordinary weight t$—s} = a2—b3. © 


12 2 
2h 
T39 
gis 
T12 
aad 
T322 
aii 
2 
21 
2 


The coordinate ring k[Z(Mat)] = k[x]/me of the image of the Zelevinsky 
map is not naturally multigraded by all of Z?¢, but only by Z%, with the 
variable «J € k[Z(Mat)] having ordinary weight t/, — t/,. This convention 
is consistent with the multigrading on k[f] in (17.9) under the isomor- 
phism to k[x]/m¢ induced by the Zelevinsky map. Indeed, the x variable 
aig” €k[x]/me maps to fie € kif], and their ordinary weights ti”! — t/, 
agree. In what follows, we need to consider not only the Zelevinsky image 
of Mat but also the variety of all block upper-left triangular matrices. 


Definition 17.28 The opposite big cell is the variety Y inside My ob- 
tained by setting x’ = 0 for i < j and x“ = 1 for all i. Denote the remain- 
ing nonconstant coordinates on Y by y = {yJ5| i > J}, so k[Y] = kly]. 
Using language at the end of Section 17.3, Y is the opposite cell in the 
Schubert subvariety of P\GLq consisting of the whole space. Note that Y 
is actually a cell—that is, isomorphic to an affine space. The Z4-grading 
of k[x] descends to the Z?-grading of k[y], which is positive (check this!). 


Example 17.29 In the situation of Example 17.27, the coordinate ring 
k[y] has only the variables yJ; that appear in the following matrices: 


Beth th tg th tt bi be b3 a1 a2 
apa wha Ws 
az 1B a Yd Y23 
by 
= » 
b3 


C1 
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In this case, the variable 483 has ordinary weight t$ — t} = a2 — bs. © 


Definition 17.30 The double quiver polynomial Q,(t —§) is the ratio 


Q,(t ae s) — 


of double Schubert polynomials in the concatenations of the two sequences 
of finite alphabets described in (17.11) and (17.12). 


The denominator 6,,(t — 8) should be regarded as a fudge factor, be- 
ing simply the product of all ordinary weights (t.. — s,) of variables lying 
strictly above the block superantidiagonal. These variables lie in locations 
corresponding to * entries in the diagram of every Zelevinsky permutation, 
so Gy, obviously divides G,,) (see Corollary 16.30). 

The simple relation between double and ordinary quiver polynomials, 
to be presented in Theorem 17.34, justifies the notation Q,(t — t) for the 
ordinary case: quiver polynomials are the specializations of double quiver 
polynomials obtained by setting s’ = t’ for all i. For this purpose, write 


to mean the reverse of the finite list t of alphabets from (17.11). Conse- 
quently, setting s' = t’ for all i is simply setting 8 = t. In the case where 
every block has size 1, so P = B is the Borel subgroup of lower triangular 
matrices in GLa, each alphabet in the list t consists of just one variable (as 
opposed to there being only one alphabet in the list), so the reversed list t 
is really just a globally reversed alphabet in that case. 

Our goal is to relate double quiver polynomials to ordinary quiver poly- 
nomials. At first, we work with K-polynomials, for which we need a lemma. 


Proposition 17.31 Let F. be a Z**-graded free resolution of k[{x]/Iy(r) 
over k[x]. If my is the ideal of Y in k|x], then the compler F. @xjxj kly] = 
F./myF. is a Z¢-graded free resolution of k[Z(Qy)] over k[y]. 


Proof. Note that ¥./myF. is complex of Z4-graded free modules over k[y]. 
Indeed, coarsening the Z?4-grading on k[x] to the grading by Z? in which 
aj’ has ordinary weight t), —t%, (by setting s/, = t/,) makes the generators 
of my homogeneous, because the variables set equal to 1 have degree zero. 

The x variables in blocks strictly above the block superantidiagonal 
already lie inside [,(,), so [(Z(Qr)) = Iyer) + Me = Ly) + my by Theo- 
rem 17.17. What we would like is for the generators of m, to form a regular 
sequence on k[x]/I,(r), because then repeated application of Lemma 8.27 
would complete the proof. What we will actually show is almost as good: 
we will check that the generators of m, form a regular sequence on the local- 
ization of k[x]/I,(,) at every maximal ideal p of k[x] containing [,(,) + my. 
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This suffices because (i) the complex F./m,F. is acyclic if and only if its lo- 
calization at every maximal ideal of k[y] is acyclic [Eis95, Lemma 2.8], and 
(ii) if p does not contain I,(,) then (F.),»—and hence also (F./myF.),—is 
a free resolution of 0, which is split exact. 

For the local regular sequence property, we use [BH98, Theorem 2.1.2]: 
If N is a Cohen—Macaulay module over a local ring, and 21,..., 2, is any 
sequence of elements, then N/(z1,...,2-).N has dimension dim(N)—r if and 
only if z1,...,2, is a regular sequence on N. Noting that my is generated 
by dim(X,(~)) — dim(Q,) elements, we are done by Corollary 16.44. 


If k[x]/I(X) is a Z?¢-graded coordinate ring of a subvariety X inside Mg, 
write Ky¢(X;t,8) for its K-polynomial. Similarly, write Ky(Z;t) for the 
K-polynomial of a Z“-graded quotient k[y]/I(Z) if Z C Y. The geometry in 
Corollary 17.20 has the following interpretation in terms of K-polynomials. 


Corollary 17.32 Ky(Z({r);t) = Kur (Xvx); t, t). 


Proof. This is immediate from Proposition 17.31, by Definition 8.32. 


Lemma 17.33 The K-polynomial Kyat(Qr;t) of Qe inside Mat is 


Ky(2(Qr);t) 


Kat (Qr; t) = Ky (Z(Mat);t) 


Proof. The equality H(Q,;t) = Kyga:(Qr;t)H(Mat;t) of Hilbert series 
(which are well-defined by positivity of the grading of k[f] by Z“) follows 
from Theorem 8.20. For the same reason, we have 


H(Mat;t) = Ky(2Z(Mat);t)H(Y;t), 
and also 
A(Q,; t) = Ky (Z(Qr); t) H(Y; t). 


Thus Ky (Z(Q,);t) H(Y;t) = Kyat (Or; t) Ky (Z (Mat); t) H(Y;t). 


Theorem 17.34 The ordinary quiver polynomial Q,(t — t) is thes = t 
specialization of the double quiver polynomial Q,(t — 8). In other words, 
the quiver polynomial Q,(t — t) for a rank array r equals the ratio 


Gyr) (t = t) 


Qn(b— 8) = 6, (t —t) 


of double Schubert polynomials in the two alphabets t and t. 


Proof. After clearing denominators in Lemma 17.33, substitute using 
Corollary 17.32 to get 


Kat (Qe; t) Ku (Xo, it, t) a Ku (Xv); t, t). 
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dy dz dg &1 é2 63 é4 by be b3 ay a2 
ay]* * * * OK K * : o o+ 
fe ois! lag ae 


bi |* * «|. 
bo }* * eI]. 
bg |x * * |. - 


Figure 17.2: Zelevinsky pipe dream 


Now substitute 1—t for every occurrence of each variable t, and take lowest 
degree terms to get 


° 


Q,(t —t)G,,(t-#) = Gyay(t —#). 


The polynomial G,(t — t) is nonzero, being simply the product of the Te. 
graded ordinary weights ¢/, —t%, of the y variables yj with i > j. Therefore 
we may divide through by Gy, (t — t). o 


17.5 Pipes to laces 


Having a formula for quiver polynomials in terms of Schubert polynomials 
produces a formula in terms of pipe dreams, given the simplicity of the 
denominator polynomial G,,. Let us begin unraveling the structure of 
reduced pipe dreams for Zelevinsky permutations with an example. 


Example 17.35 A typical reduced pipe dream for the Zelevinsky permu- 
tation v in Example 17.14 looks like the one in Fig. 17.2, when we leave the 
*’s as they are in the diagram D(v(r)). Although each * represents a ++ 
in every pipe dream for u(r), the *’s will be just as irrelevant here as they 
were for the diagram of u(r). The left pipe dream in Fig. 17.2 is labeled on 
the side and top with the row and column variables for ordinary weights. © 


Given a set D of + entries in the square dx d grid, let (t — 8)” be its 
monomial, defined as the product over all ++ entries in D of (t4 — 84), 
where ¢1 sits at the left end of the row containing -+ and s, sits atop the 
column containing ++. 


Theorem 17.36 The double quiver polynomial for ranks r equals the sum 


O,(t = 8) = S- (t = 3)? P(e») 


DERP(v(r)) 
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of the monomials for the complement of D(v,.) in all reduced pipe dreams 
for the Zelevinsky permutation v(r). 


Proof. This follows from Definition 17.30 and Corollary 16.30, using the 
fact that every pipe dream D € RP(v(r)) contains the subdiagram D(v.) 
and that RP(v,) consists of the single pipe dream D(v,). 


Double quiver polynomials Q,(t —$) are thus sums of all monomials for 
“skew reduced pipe dreams” D~ D(v,.) with D € RP(v(r)). That is why we 
only care about crosses in D occupying the block antidiagonal and superan- 
tidiagonal. The monomial (t — $)?~? (+) for the pipe dream in Fig. 17.2 is 


(a, — bs)(bi — é3)(b1 — €4)(b2 — br (er — d3)(e1 — é2)(c3 — da), 


ignoring all * entries as required. Removing the dots yields this pipe 
dream’s contribution to the ordinary quiver polynomial: 


Corollary 17.37 The ordinary quiver polynomial for ranks r equals the sum 


Q,(t _ t) e: es (t _ LP SP), 


DERP(v(r)) 


Recall that we started in Section 17.1 analyzing quiver representations 
by decomposing them as direct sums of laces, as in Example 17.1. Although 
we have by now taken a long detour, here we come back again to some 
concrete combinatorics: pipe dreams for Zelevinsky permutations give rise 
to lacing diagrams. 


Definition 17.38 The j‘” antidiagonal block is the block of size 1; x7; 
along the main antidiagonal in the j*® block row. Given a reduced pipe 
dream D for the Zelevinsky permutation u(r), define the partial permuta- 
tion w; = w;(D) sending k to ¢ if the pipe entering the k'® column from the 
right of the (j —1)S* antidiagonal block enters the j® antidiagonal block in 
its €** column from the right. Set w(D) = (wi,...,Wn), so that w(D) is 
the lacing diagram determined by D. 


Example 17.39 The partial permutations arising from the pipe dream in 
Example 17.35 come from the following partial reduced pipe dreams: 


4321 
21 ; 3.2 1 1 
LJ 
9 lai ral 6 
321 12 
43 5 


These send each number along the top either to the number along the 
bottom connected to it by a pipe (if such a pipe exists), or to nowhere. It is 
easy to see the pictorial lacing diagram w(D) from these pictures. Indeed, 
removing all segments of all pipes not contributing to one of the partial 
permutations leaves some pipes 
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8 a 
9 
4 
5 
11 
1 
2 
6 
12 
3 
7 
10 
that can be interpreted directly as the desired lacing diagram 
e 
—s _—— 
a b c d 
by shearing to make the rightmost dots in each row line up vertically and 
then reflecting through the diagonal line \_ of slope —1. © 


Proposition 17.40 Every reduced pipe dream D € RP(v(r)) gives rise to 
a lacing diagram w(D) representing a partial permutation list with ranks r. 


Proof. Each x entry in the permutation matrix for u(r) corresponds to a 
pipe in D entering due north of it and exiting due west of it. The permu- 
tation u(r) was specifically constructed to have exactly qj; entries x (for 
i <j) in the intersection of the it® block row and the j* block column 
from the right, where q is the lace array from Lemma 17.5. 


The fact that lacing diagrams popped out of pipe dreams for Zelevinsky 
permutations suggests that lacing diagrams control the combinatorics of 
quiver polynomials as deeply as they controlled the algebra in Section 17.1. 
This turns out to be true: there is a different, more intrinsic combinatorial 
formula for quiver polynomials in terms of Schubert polynomials. To state 
it, define the length of a lacing diagram w = (w1,...,Wn) to be the sum 
i(w) = I(w1) +---+1 (wp) of the lengths of its constituent partial permuta- 
tions. For an irreducible rank array r, we are interested in the set W(r) of 
minimal lacing diagrams for r—that is, with minimal length. For instance, 
with r as in ices ae 17.1, 17.7, 17.14, 17.35, and 17.39, the set ne is 


os Gr a ce 
Theorem 17.41 The quiver aims Pou - t) equals the sum 
Q(t-t) = SY > Gy,(t°—t')G,,(t?—t?)---G,,, (t+ — t”) 


weW(r) 


of products of double Schubert polynomials indexed by minimal lacing dia- 
grams W = (w1,...,Wn) with rank array r. 
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This statement was discovered by Knutson, Miller, and Shimozono, who 
at first proved only that the expansion on the right-hand side has positive 
coefficients. After publicizing their weaker statement and conjecturing the 
above precise statement, independent (and quite different) proofs of the con- 
jecture were given by the conjecturers [KMS04] and by Rimanyi [BFR03}. 
For information on the motivation, consequences, and variations that have 
appeared and could in the future appear, see the Notes. 


Exercises 


17.1 Given the rank array r = with n = 2, compute the lace array q 


4 
2 2 OO] 2 
and rectangle array R. Find all the minimal lacing diagrams with rank array r. 


17.2 Prove Lemma 17.5, Lemma 17.8, and Lemma 17.13. 


17.3 What conditions on a dimension vector (10,71, 72,73) and a rank p guarantee 
that the minors of size p+1 in the product ®;®283 generate a prime ideal, where 
®; is a generic matrix of size ri_-1 x ri? 


17.4 For the general data in Example 17.11 (and the particular case in (17.3) and 
Example 17.18), show that the Zelevinsky permutation has essential set of size 2. 
Use the Binet-Cauchy formula to prove Theorem 17.17 directly in this case. 


17.5 Work out the lace array q, rank array r, rectangle diagram R, and Zelevin- 
sky permutation u(r) for the data in Example 17.25. Check the degree calcula- 
tions there. Find all six minimal lacing diagrams sharing the rank array r. Verify 
the pipe dream and lacing diagram formulas in Theorems 17.36 and 17.41 for r. 


17.6 Set d=ro+--:+7rn as usual, and fix an irreducible rank array r. Consider 
the set Sa(r) of permutations in Sg whose permutation matrices have the same 
number of nonzero entries as u(r) does in every rj; Xr; block. Prove that v = v(r) if 
and only if v € Sg and that every other permutation uv’ € Sq satisfies l(v’) > I(v). 


17.7 Interpret (17.2) as a statement about the rectangles in the rectangle array R. 


17.8 A variety of complexes is a quiver locus Q, such that for all @ € Or, 
di-1¢; = 0 for i = 2,...,n. Which varieties of complexes k" — --- > k"” are 
irreducible as varieties? What is the multidegree of a variety of complexes? 


17.9 Pick a random quiver representation ¢ with dimension vector (2,3,3, 1), 
and compute an isomorphism ¢ = w with a lacing diagram w. Could you have 
predicted the lace array q and the rank array r of w? What is Ess(v(r))? 


17.10 Calculate the dimension of 9; in terms of the rectangle array R of r. 


17.11 Suppose that r is a rank array that is not irreducible. Must it always be 
the case that 0, has more than one component? Can Q, be nonreduced? 


17.12 Let P be the closure of P in My. Verify that (17.7) and (17.8) correspond to 
a morphism Px Mat — Xv, that happens to take the subset P x Mat to the subset 
P-Z(Mat) C X.y,. Use Proposition 17.22 to show that (17.7) and (17.8) define the 
only algebra map k[x,, ] — k[p, f] inducing the morphism P x Mat — P-Z(Mat). 
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17.13 Let 1+r be obtained by adding 1 to every entry of a rank array r. Com- 
pare the lace arrays of r and 1+r. What is the difference between the Zelevinsky 
permutations u(r) and v(1 +r)? How about the rectangle arrays of r and 1+ r? 


17.14 Let w be a permutation matrix of size n+1, and consider the rank array rw 
in Example 17.26. 


(a) Prove that the Zelevinsky permutation u(r) has as many diagonal x entries 
as will fit in each superantidiagonal block. 

(b) Show that every rectangle in the rectangle array R has size 1 x1, and explain 
how R can be naturally identified with the diagram D(w). 

(c) If r = rw, then the ordinary quiver polynomial Q, takes 2n alphabets for 
its argument. Suppose that the first n of these alphabets are specialized 
to {ti}, {t1, to},...,{t1,...,tn} and that the last n of these alphabets are 
specialized to {s1,...,$n},..., {81,52}, {si}. Prove that Q, evaluates at 
these alphabets to the double Schubert polynomial G,,(t — s). 


17.15 Give a direct proof of Lemma 17.16, without using exterior powers. 


17.16 Let y be aset of variables and fix a k-algebra R. Using any definition of Co- 
hen—Macaulay that suits this generality, prove that for any nonzero f € k[y], the 
localization R[y][f~*] is Cohen—Macaulay if and only if R[y] is Cohen—Macaulay. 


17.17 Prove that the minimum length for a lacing diagram with rank array r is 
the length I(v(r)) of its Zelevinsky permutation. Hint: Given a minimal lacing 
diagram w, exhibit a reduced pipe dream D for v(r) such that w(D) = w. 


17.18 Show by example that Theorem 17.41 fails for double quiver polynomials 
when all t alphabets with minus signs are replaced by corresponding s alphabets. 


Notes 


The use of laces to denote indecomposable quiver representations as in Defini- 
tion 17.2 is due to Abeasis and Del Fra [AD80], who identified unordered sets 
of laces (called strands there) as giving rank conditions. The refinement of this 
notion to include the partial permutations between columns in a lacing diagram is 
due to Knutson, Miller, and Shimozono [KMS04], who needed it for the statement 
of Theorem 17.41. Quiver ideals, quiver loci, (indecomposable) quiver represen- 
tations, and Proposition 17.9 are part of a much larger theory of representations 
of finite type quivers; see below. The rectangle arrays in Definition 17.6 were 
invented by Buch and Fulton [BF99]. 

The Zelevinsky map originated in Zelevinsky’s two-page article [Zel85], where 
he proved the set-theoretic (as opposed to the scheme-theoretic) version of Corol- 
lary 17.20. Zelevinsky’s original big block matrix, being essentially the inverse 
matrix of (17.4), visibly contained all of the consecutive products ®;41---®; 
for i<j. Theorem 17.17 and the concept of Zelevinsky permutation appeared 
in [KMS04], from which much of Section 17.2 has been lifted with few changes. 
The primality in Theorem 17.23 is due to Lakshmibai and Magyar [LM98], as 
is the Cohen—Macaulayness of quiver loci over fields of arbitrary characteristic, 
although earlier, Abeasis, Del Fra, and Kraft had proved (without primality) that 
the underlying reduced variety is Cohen—Macaulay in characteristic zero [ADK81]. 
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Quiver polynomials were defined by Buch and Fulton [BF99]. Double quiver 
polynomials as ratios of Schubert polynomials, as well as the subsequent ratio 
and pipe dream formulas for ordinary quiver polynomials in Theorem 17.34 and 
Theorem 17.36, were discovered by Knutson, Miller, and Shimozono [KMS04]. 
That article also contains the combinatorial connections between lacing diagrams 
and reduced pipe dreams for Zelevinsky permutations in Proposition 17.40. At- 
tributions for Theorem 17.41 appear in the text, after its statement. 

In contrast to the situation for minors in Chapters 15 and 16, it is not known 
whether there is a term order under which the generators of J; in Definition 17.3 
form a Grobner basis. Although the degeneration to pipe dreams at the level 
of matrix Schubert varieties, which results in Theorem 17.36, descends to a de- 
generation of the Zelevinsky image Z(Q,), this degeneration fails to be Grobner. 
Indeed, some of the variables are set equal to 1, so the resulting flat family of 
ideals in k[x] is not obtained by scaling the variables. On the other hand, there 
is still a partial Grobner degeneration [KMS04, Section 4 and Theorem 6.16]; the 
components in its special fiber are indexed by lacing diagrams, so it gives rise to 
the positive formula in Theorem 17.41 in the manner of Corollary 16.1. 

We have drawn Exercise 17.6 from [Yon03]. Exercise 17.16 was used in the 
proof of Theorem 17.23; it follows from [BH98, Theorems 2.1.3 and 2.1.9]. What 
we have called Fulton polynomials in Example 17.26 and Exercise 17.14 were orig- 
inally called universal Schubert polynomials by Fulton because they specialize to 
quantum and double Schubert polynomials [Ful99]. Treatments of combinato- 
rial aspects of Fulton polynomials and their K-theoretic analogues appear in 
[BKTY04a, BKTY04b]. 

The topics in this chapter have historically developed in the contexts of alge- 
braic geometry and representation theory. On the algebraic geometry side, the 
direct motivation comes from [BF 99] and its predecessors, which deal with degen- 
eracy loci for vector bundle morphisms; see [FP98, Man01] for background on the 
long history of this perspective. In particular, the three formulas for Q, in this 
chapter (Theorems 17.34, 17.36, and 17.41) were originally aimed at a solution 
in [KMS04] of the main conjecture in [BF99], which is a positive combinatorial 
formula for Q, as a sum of products of double Schur polynomials. Further topics 
in this active area of research include new proofs of Theorem 17.41 or steps along 
the way [BFR03, Yon03], relations between quiver polynomials and symmetric 
functions [Buc01, BSY03], and K-theoretic versions [Buc02, Buc03, Mil03b]. 

The representation theory motivation comes from general quivers. The term 
quiver is a synonym for directed graph. In our equioriented type A case, the 
quiver is a directed path. The definition of quiver representation makes sense for 
arbitrary quivers (attach a vector space to each vertex and a matrix of variables 
to each directed edge), and the notion of quiver locus can be extended, as well 
(to orbit closures for the general linear group that acts by changing bases); see 
[ARS97] or [GR97] for background. The extent to which we understand the 
multidegrees of quiver loci for orientations of Dynkin diagrams of type A, D, or E 
comes from the topological perspective of Fehér and Rimdnyi [FR02], but as yet, 
there are no known analogues of the positivity in Theorem 17.41 for other types. 
This open problem is only a sample of the many relations of quiver representations 
with combinatorial commutative algebra. Other connections include the work of 
Bobiriski and Zwara on normality and rational singularities [BZ02] as well as 
Derksen and Weyman on semi-invariants [DWO0]. 


Chapter 18 


Hilbert schemes of points 


Hilbert schemes are algebraic varieties that parametrize families of ideals 
in polynomial rings. They are fundamental in algebraic geometry and its 
applications. A simple instance of a Hilbert scheme is the Grassmannian of 
r-planes in C”, written Gr’(C”) in this chapter: it parametrizes all ideals 
generated by r linearly independent forms in C[x,,...,2,]. In more general 
cases, Hilbert schemes are still often defined by determinantal conditions. 
The rings arising in the study of Hilbert schemes provide an ample supply 
of good research problems for combinatorial commutative algebra. 

We begin this chapter with an introduction to Hilbert schemes of points 
in the plane, which are shown to be smooth and irreducible. This leads us 
to introduce the work of Haiman that relates the geometry of these Hilbert 
schemes to the theory of symmetric functions (the n! Theorem). Then we 
discuss Hilbert schemes of points in C4% for d > 3. In the final section 
we present multigraded Hilbert schemes, which parametrize ideals having 
a fixed Hilbert function with respect to an arbitrary multigrading on the 
polynomial ring. Sections 18.1, 18.2, and 18.4 are elementary in nature, in 
the sense that we prove (almost) everything we state. The remaining two 
sections are intended more as an overview. Our purpose is to present some 
recent advances to nonexperts and to indicate possible future directions. 

Note: Our conventions regarding the uses of n and d as the number of 
variables and the rank of the grading group are overridden in this chapter 
by notation from the literature that is too standard to warrant alteration. 


18.1 Ideals of points in the plane 


Consider the polynomial ring C[z,y] in two variables over the complex 
numbers. As a set, the Hilbert scheme Hy, = Hilb"(C?) of n points in the 
plane consists of those ideals I C C[{x,y] for which the quotient C[x, y]/I 
has dimension n as a vector space over C. Our goal is to see that this set 
can be considered naturally as a smooth algebraic variety of dimension 2n. 
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To begin, let us get a feeling for what an ideal J of colength n can look 
like. If P,,...,P, € C? are distinct points, for example, then the ideal of 
functions vanishing on these n points has colength n. Ideals of this form 
are the radical colength n ideals. 

At the opposite end of the spectrum, a point J in H,, could be an ideal 
whose (reduced) zero set consists of only one point P € C?. In this case, 
C[z,y|/I is a local ring with abundant nilpotent elements. In geometric 
terms, this means that P carries a nonreduced scheme structure. Such a 
nonreduced scheme structure on the point P is far from unique; in other 
words, there are many length n local rings C[z,y|/I supported at P. In 
fact, we will see in Theorem 18.26 that they come in a family parametrized 
by an algebraic variety of dimension (n — 1). 

Among the ideals supported at single points, the monomial ideals are the 
most special. These ideals have the form I = (x y",..., 2% y) for some 
nonnegative integers a1, b1,...,@m, bm and are supported at (0,0) € C?. As 
in Part I of this book, we draw the monomials outside of J as boxes under 
a staircase. If the diagram of monomials outside J is a Ferrers shape with 
A; boxes in row 2, then )7, A; = n is by definition a partition \ whose parts 
sum to n. We write J = J) and say that 4 is a partition of n. 


Example 18.1 Consider the partition 2+1+1 of n= 4. The ideal [94141 
equals (x?, xy, y?). The four boxes under the staircase form an L-shape: 


The monomial x? would be the first box after the bottom row, whereas xy 
would nestle in the nook of the L, and y? would lie atop the first column. © 


Interpolating between the above two extreme cases, if J is an arbitrary 
colength n ideal, then the quotient C[z,y]/J is a product of local rings 
with maximal ideals corresponding to a finite set {P,,...,P,} of distinct 
points in C?. The lengths ¢,...,¢, of these local rings (as modules over 
themselves) satisfy @; + ---+ &, =n. (Do not confuse this partition of n 
with the partitions obtained from monomial ideals, where r = 1.) When 
r =n, it must be that @; = 1 for all 7, so the ideal I is radical. 

If all colength n ideals were radical, then the Hilbert scheme H,, would 
be easy to describe, as follows. Every unordered list of n distinct points 
in C? corresponds to a set of n! points in (C?)”, or alternatively, to a single 
point in the n“ symmetric product S"C?, defined as the quotient (C?)”/5, 
by the symmetric group S;,. Of course, not every point of S"C? corresponds 
to an unordered list of distinct points; for that, one needs to remove the 
diagonal locus 


{(Pi,...,Pn) € (C?)" | P; = P; for some i 4 7} (18.1) 
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of (C?)” before quotienting by S,,. Since S;, acts freely on the complement 
((C2)")° of the diagonal locus, the complement (S"C7)° of the image of the 
diagonal locus in the quotient S”C? is smooth. Therefore, whatever variety 
structure we end up with, H,, will contain ($"C?)° as a smooth open subva- 
riety. This subvariety has dimension 2n and parametrizes the radical ideals. 

The variety structure on H,, arises by identifying it as an algebraic 
subvariety of a familiar variety: the Grassmannian. For each nonnegative 
integer m, consider the vector subspace V,, inside of C[x, y] spanned by the 
(ee *) monomials of degree at most m. 


Lemma 18.2 Given any colength n ideal I, the image of Vm spans the 
quotient C[x,y|/I as a vector space whenever m > n. 


Proof. The n monomials outside any initial monomial ideal of J span the 
quotient C[x, y]/I, and these monomials must lie inside V,. 


The intersection 1M V,, is a vector subspace of codimension n in V,y. 
Furthermore, the reduced Grobner basis of J for any term order refining 
the partial order by total degree consists of polynomials of degree at most n 
(see the proof of Lemma 18.2). In particular, J is generated by INV,, when 
m >n. Thus the Hilbert scheme H,, is—as a set, at least—contained inside 
the Grassmannian Gr"(V,,,) of codimension n subspaces of V,;,. 


Definition 18.3 For a partition \ of n, let U, C H,, be the set of ideals I 
such that the monomials outside J, map to a vector space basis for C[x, y]/T. 


The set of codimension n subspaces W C V,, for which the monomi- 
als outside I, span V,,/W constitutes a standard open affine subvariety 
of Gr"(V,,). This open set is defined by the nonvanishing of the cor- 
responding Pliicker coordinate (Chapter 14). This means that W has a 
unique C-basis consisting of polynomials of the form 


zy? — Ss cri gly, (18.2) 
hkeX 


Here, we write hk € A to mean x”y* ¢ I), so the box labeled (h,k) lies 
under the staircase for Jy. The affine open chart of Gr"(V,,,) is the affine 
space whose coordinate ring is the polynomial ring in the coefficients c},). 
from (18.2). 

The intersection of each ideal J € Uy with V,, is a codimension n sub- 
space of V,,, spanned by polynomials of the form (18.2), by definition of U). 
Of course, if W C V,, is to be expressible as the intersection of V,,, with 
some ideal J, then the coefficients c;4, cannot be chosen completely at will. 
Indeed, the fact that I is an ideal imposes relations on the coefficients that 
say “multiplication by x, which takes x"y° to «™ty®, preserves I; and 
similarly for multiplication by y.” 

Explicitly, if 2’tty®’ € V,, and m > n, then multiplying (18.2) by x 
yields another polynomial x”*1y* — Op ,ey chav" tly* inside IN Vin. Some 
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of the terms 2’*+!y* no longer lie outside J), so we have to expand them 
y 8 


again using (18.2) to get 


grt v—( S- chs lt lyk iS cfs Se Ghee hiyk whe (18.3) 


h+1,kEX h+1,kEX h'k’EX 


Equating the coefficients on x"y* in (18.3) to those in 
1, 
gh ttys = Ch Sahyk 
hker 

from (18.2) yields relations in the polynomial ring C[{c}j.}]. These relations, 
taken along with their counterparts that result by switching the roles of x 
and y, characterize the set U) in Definition 18.3. Although we have yet to 
see that these relations generate a radical ideal, we can at least conclude 
that U) is an algebraic subset of an open cell in the Grassmannian. 


Theorem 18.4 The affine varieties Uy, form an open cover of the subset 
Hy, C Gr"(Vin) form >n+1, thereby endowing H, with the structure of 
a quasiprojective variety (i.e., an open subvariety of a projective variety). 


Proof. The sets Uy cover H,, by Lemma 18.2, and each set U) is locally 
closed in Gr"(V,,) by the above discussion. (We will explain near the 
beginning of Section 18.2 why we assumed m > n+ 1 instead of m > n.) 


In summary, we have constructed the Hilbert scheme H,, as a quasipro- 
jective variety because it is locally obtained by the intersection of a Zariski 
open condition (certain monomials span modulo J) and a Zariski closed 
condition (W C V,, is closed under multiplication by x and y). 

The number of coordinates c7%, used in our description of the affine vari- 
eties U) is n- gee *) a n). This number can be made considerably smaller, 
even when m = n+ 1. For instance, it suffices to take those coordinates 
ch, where either (r — 1, s) or (r,s — 1) is in the shape obtained from \ by 
adding a strip of width 1 along its boundary. All other coordinates are 
polynomial functions in these special coordinates. Moreover, the map that 
projects away from the other coordinates is an isomorphism of varieties; see 
the paragraph after the statement of T hegre 18.7. Sometimes it even suf- 
fices to take only those coordinates c77, where x"y* is a minimal generator 
of I). We present one example Ghote these minimal-generator coordinates 
suffice and one example where they do not. 


Example 18.5 Take n = 4 and A the partition 2+ 1+ 1 of Example 18.1. 
Every ideal I in U2+141 is generated by three of the polynomials in (18.2): 


(x? — ay* — bx — py — q, vy — cy” — dy — ex — 1, y® — fy? — gy — ha — 8). 


Here, we abbreviate a = c@3, p = c@?, and so on. This ideal lies in Uz4141 
if and only if its three generators are a Grobner basis with the underlined 
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leading terms. Buchberger’s s-pair criterion implies that this happens if 
and only if 

p = fe+ec?— fatae— be + 2cd, 

q fe? — &h— fae+ gc? + ae? + ach — bec + 2ecd — ga — bd + d?, 
GAS e?c— c?h+ ah -— ed, 


s = —fe?+e3+2ech —ge—bh+ dh 


I 


all hold. Thus the affine chart U2,14, of the Hilbert scheme Hy is the 
8-dimensional affine space with coordinate ring C[a, b, c, d,e, f, g, h}. © 


Example 18.6 Take n = 4 and X the partition 2 + 2. Every ideal I in 
Upz+2 is generated by four of the polynomials in (18.2), namely 


I = (2? — aay —ey— px —t, x*y — bry — fy — qx —1, 
y? — cay — gx —ry—v, zy? — dry — hx — sy—w). 


The quotient ring Cix, y|/J has the C-basis {1, x,y, xy} if and only if 


p=b-—ad-—ec, q=ah+eg, r=d—-ag—be, s=cft+eg, 
t= f—ed—acf+bce, u=aw+adeg — aceh — beg + eh, 
v=h—bg—ach+adg, and w=cu-— bceg —acfd+deg+ fg. 


Eliminating the parameters {p,q,r,s,t, u,v} leaves us with one equation 
w(l—ac) = a polynomial in a,b,c, d,e, f,g,h. 


The affine chart U2+2 of the Hilbert scheme Hy, is the smooth hypersurface 
in C? = Spec(C[a, b, c,d, e, f,g,h, w]) defined by this equation. © 


18.2 Connectedness and smoothness 


In this section we prove the following theorem. 


Theorem 18.7 The Hilbert scheme H,, is a smooth and irreducible com- 
plex algebraic variety of dimension 2n. 


The variety structure in Theorem 18.7 is the same as the one from The- 
orem 18.4, although it is not obvious from the latter that this structure is 
independent of m. This important fact can be deduced using the smooth- 
ness of H,, along with the fact that projection Vin41 — Vm maps Hy to 
itself by sending TN Vin41 + ITA Vm. If we had allowed m =n in Theo- 
rem 18.4, then one of the results in this section, namely Proposition 18.14, 
would sometimes fail, so the variety structure would be different. In any 
case, we fix m > n+ 1 for the duration of this section. 

Our first aim is to prove that the complex variety Hp, is connected. 
In the next lemma, a rational curve inside a variety is a subvariety of 
dimension 1 expressible as the image of a map from the affine line. These 
subvarieties are the curves parametrized by polynomials in a single variable. 
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Lemma 18.8 Every point I © H,, is connected to a monomial ideal by a 
rational curve. 


Proof. Choosing a term order and taking a Grobner basis of I yields a 
family of ideals parametrized by the coordinate variable t on the affine 
line. Such a Grobner degeneration is a flat family J; over the affine line by 
Proposition 8.26. When t = 1 we get I back, and when t = 0 we get the 
initial ideal of J, which is a monomial ideal. 


Example 18.9 Consider the ideal I = (x? — xy, y? — xy, x7y, ry”), which 
lies in the chart Ug;2 discussed in Example 18.6. Now replace y by ty 
in every polynomial f € J, and observe what happens as t goes to 0. 
Finding polynomials in J such that applying this procedure to them yields 
generators for the resulting ideal at t = 0 is the same as computing the 
lexicographic Grobner basis of J. Our rational curve in H, is given by 


I; = (e —tay, cy —t?y’, xy, cy’,y®). 


This represents a flat family because the quotient ring C[z, y|[t]/I; is a free 
module of rank 4 over C[t]. The initial monomial ideal is Ip = (x, xy, y?) 
from Example 18.1. Note that Jp does not lie in the chart U2+2, but it lies 
in the chart U241+4 1 discussed in Example 18.5. © 


The previous lemma shows that every point in H,, connects to a mono- 
mial ideal. The next lemma shows that monomial ideals all connect to the 
locus of radical ideals. 


Lemma 18.10 For every partition of n, the point I, € H, lies in the 
closure of the locus (S"C?)° of all radical ideals in the Hilbert scheme Hy. 


Proof. Consider the set of exponent vectors (h,k) on monomials a”y* 
outside Jy. This set constitutes a collection of n points in N? c C?. The 
radical ideal of these points is denoted by I, and called the distraction 
of Iy. Suppose I, = (a y"1,...,2¢y’™) and consider the polynomials 


fi = o(@=1)(w=2)-+(@— a + Dy(y— 1) (Y= i + 1). 


We have (fi,..-, fm) C I, because the polynomials f; vanish at the given 
points (a;,6;), and we have colength((fi,..., fm)) <n because the leading 
terms of the f; are the generators of the colength n ideal I). Therefore 


I =: (ays oid) 


Moreover, I, is forced to be the initial monomial ideal of I, with respect to 
every term order. The ideal (J); constructed as in the proof of Lemma 18.8 
is radical for each t 4 0. Hence J) = (I{)o lies in the closure of ($"C?)°. 
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Example 18.11 The distraction of [24141 = (x7, ry, y*) is the ideal 


Bai = (2(e-1), ey, y(y—D(y —2)). 


The zero set of each generator is a union of lines, namely integer translates 
of one of the two coordinate axes in C?. The zero set of our ideal I, 4, is 


= a) a) — 


The groups of lines on the right-hand side are the zero sets of x(a —1), zy, 
and y(y — 1)(y — 2), respectively. > 


Lemma 18.8 allows us to derive half of Theorem 18.7. 
Proposition 18.12 The Hilbert scheme H,, is connected. 


Proof. We connect any two points I and J in Hy, by a path as follows. Go 
from I to any initial monomial ideal J, and then to its distraction [,. Go 
from J to any initial monomial ideal [,, and then to its distraction I/,. Now 
Ii and I/, are the radical ideals of n points in C?. Connect these two ideals 
by continuously moving one point configuration into the other. 


Remark 18.13 Proposition 18.12 holds for Hilbert schemes of n points 
in C4 even when d is arbitrary, with the same proof. The connectedness the- 
orem of Hartshorne [Har66a] implies that it holds more generally for Hilbert 
schemes of Z-graded ideals in the standard grading. In Theorem 18.52 we 
will see that Hilbert schemes of Z”-graded ideals can be disconnected. In 
Section 18.4 we will see that Hilbert schemes of n points in C? are neither 
smooth nor irreducible for n >> d > 3. 


Our eventual goal is to prove that H,, issmooth. This is a local property 
which amounts to checking that the maximal ideal of each local ring does 
not have more than the smallest possible number of minimal generators. 


Proposition 18.14 For each partition \ of n, the local ring (H,,) 1, of the 
Hilbert scheme H,, at I, has embedding dimension at most 2n; that is, the 
maximal ideal my, satisfies dime(my, /mj,) < 2n. 


Proof. Identify each variable cj, with an arrow pointing from the box 
hk € 2 to the box rs ¢ X (see Example 18.16). Allow arrows starting in 
boxes with h < 0 or k < 0, but set them equal to zero. The arrows lie 
inside—and in fact generate—the maximal ideal my, at the point I) € Hy. 
As each term in the double sum in (18.3) has two c’s in it, the double sum 
lies inside mij. . Moving both the tail and head of any given arrow one box 
to the right therefore does not change the arrow’s residue class modulo mj, , 
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as long as the tail of the original arrow does not lie in the last box in a row 
of A. Switching the roles of x and y, we conclude that an arrow’s residue 
class modulo mj, is unchanged by moving vertically or horizontally, as long 
as the tail stays under the staircase and the head stays above it. This 
analysis includes the case where the tail of the arrow crosses either axis, in 
which case the arrow is zero. 

Every arrow can be moved horizontally and vertically until one of the 
following occurs: 


(i) The tail crosses an axis. 
(ii) There is a box hk € X such that the tail lies just inside row k& of A 
while the head lies just above column h outside 4. 
(iii) There is a box hk € X such that the tail lies just under the top 
of column f in A while the head lies in the first box to the right 
outside row k of X. 


Arrows of the first sort do not contribute at all to mj), /mj.,. On the other 
hand, there are exactly n northwest-pointing arrows of the second sort 
and exactly n southeast-pointing arrows of the third sort. Therefore the 
cotangent space m;,/m7, has dimension at most 2n. 


Example 18.15 In Examples 18.5 and 18.6, the basis of mj, /mj, de- 
scribed above consists of the parameters {a, b,c, d,e, f,g, h}. Note that four 
of them are northwest arrows and the other four are southeast arrows. © 


Example 18.16 All of the following three staircase diagrams depict the 
same partition \: 8+8+5+3+4+3+4+3+43+42 = 35. In the left diagram, the 
middle of the five arrows represents et € m,,. As in the proof of Proposi- 
tion 18.14, all of the arrows in the left diagram are equal modulo mj, . Since 
the bottom one is manifestly zero as in item (i) from the proof of Proposi- 
tion 18.14, all of the arrows in the left diagram represent zero in my, /mj,. 


\ 


ac 


4 


The two arrows in the middle diagram are equal, and the bottom one, c¥8, is 
an example of a regular parameter in my, as in (ii). Finally, the two arrows 
in the rightmost diagram represent unequal regular parameters as in (iii). © 


Now we finally have enough prerequisites to prove the main result. 


Proof of Theorem 18.7. Lemma 18.10 implies that the dimension of the 
local ring of H,, at any monomial ideal J) is at least 2n, because the radical 
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locus has dimension 2n. On the other hand, Proposition 18.14 shows that 
the maximal ideal of that local ring can be generated by 2n polynomials. 
Therefore H,, is regular in a neighborhood of any point I). 

The two-dimensional torus (C*)? acting on C? by scaling the coordi- 
nates has an induced action on H,,. The proof of Lemma 18.8 says that 
every orbit on H,, contains a monomial ideal (= torus-fixed point) in its clo- 
sure. A point is smooth if and only if every point of its orbit under (C*)? 
is smooth. Since every smooth point has an open neighborhood that is 
smooth, the singular locus of H, must contain a closed orbit. Since Hy, is 
regular at every torus fixed point, the singular locus must be empty. 

We now know that H;, is smooth and connected (by Proposition 18.12). 
This implies that H,, is irreducible: if H,, had more than one irreducible 
component, then any point in the intersection of two distinct components 
would be a singular point. 


The argument using the torus action can be replaced by a completely 
algebraic one. The torus action on each open affine U, results in a positive 
grading of its coordinate ring. Presenting this coordinate ring by relations 
as in Section 18.1, we see that the singular locus is the zero set of the Ja- 
cobian ideal J(U)) of these relations [Eis95, Section 16.6], which is graded. 
To check that the singular locus is empty, we need only check that J(U)) 
is the unit ideal, and for this it is enough to check that no homogeneous 
maximal ideals contain it (because the grading is positive). All of the ho- 
mogeneous maximal ideals have the form m,;, for some partition A, and 
Proposition 18.14 shows that these do not contain J(U)). 


Remark 18.17 A key tool in studying the topology of the manifold H,, 
is its Bialynicki-Birula decomposition [Bia76] with respect to some fixed 
term order. Each partition \ defines one affine cell in the Biatynicki-Birula 
decomposition. It consists of all colength n ideals I whose initial monomial 
ideal equals I). This cell is always contained in the affine chart U). Some- 
times they are equal (for instance, in Example 18.5), but U) is generally 
much larger than the Bialynicki-Birula cell (for instance, in Example 18.6). 


18.3. Haiman’s theory 


An important connection between the Hilbert scheme H,, and the theory of 
symmetric functions was developed by Haiman, in his proof of the n! The- 
orem and the (n+1)"~' Theorem. This section provides an introduction 
to these results, with a view toward combinatorial commutative algebra. 
Consider the following two morphisms of complex algebraic varieties: 


(C?)” 
1 (18.4) 
H, — S"C? 
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The elements of the 2n-dimensional affine space (C?)” are ordered n-tuples 
of points (;, y;) in C?. The coordinate ring of (C?)” is the polynomial ring 


Cx, y] = Cle i Warns Pa Uig Voy suis: 


The symmetric group S,, acts on (C?)" by permuting the points (2;, y;). 
The variety S"C? is the quotient of (C?)” modulo the action of the sym- 
metric group S;,. The coordinate ring of $”C? is the invariant ring 


C[x, y]* = tf € C[x, y] | I Gutisetg tis Ving Un) 
= f(@1,.--,2n,Y1,---;Yn) for all w € S,}. 


The vertical arrow in (18.4) is induced by the inclusion C[x, y]*» < C[x, y]. 
The next result, due to Hermann Weyl, describes its image explicitly. 


Theorem 18.18 The invariant ring C[x, y]®" is generated by power sums 
Prs(XY) = wiyft-e-tatys forl<rt+s<n. 


The image of an element in (C?)” is given by the values of the power 
sums p,,, at this n-tuple of points (x;,y;). The horizontal map in (18.4) 
is understood similarly. The image of an ideal J € AH, in the symmetric 
product S"C? is the unordered multiset of its n zeros, counting multiplicity. 
It is determined algebraically by evaluating each power sum p,,, at this 
unordered multiset. This value is computed as the trace of (any n x n 
matrix representing) the C-linear map from C[z,y]/J to itself given by 
multiplication with 2” y°. 

The diagonal locus (18.1) in (C*)” is the union of (5) linear spaces of 


2 
codimension 2. Let Igiag C C[x, y] be the radical ideal of the diagonal locus. 


Theorem 18.19 The radical ideal Igjag is generated by the polynomials 


41, J1 41,51 


cyyy tty Bye 
Ap(x,y) = det ; 
i a A 
where D = {(i1,91),---; (in; jn)} runs over all n-element subsets of N?. 


This theorem is due to Haiman, who found it in the course of proving 
Theorem 18.21. No elementary proof of Theorem 18.19 is known. It is 
also an open problem to identify a finite set of polynomials Ap that mini- 
mally generates Jajiag. Each partition corresponds to the subset of pairs 
(i, 7) € N? such that x’y? lies outside of J), and it is known that the minimal 
generating set includes the determinants A) for all partitions A of n. 
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Example 18.20 For n = 3, the ideal Jgjag has five minimal generators Ap: 


Tgiag = (81 — £2, 41 — yo) N (a1 — £3,941 — ys) N (#2 — £3, Yo — Ys) 
1 1 1 1 1 1 1 1 1 
= (a XZ, L2 £3], det} x, 2 x3], det)y yo ys], 
2.2 22 2 20 9 
Yr Y2 Ys tT %Q 4X3 Yr Yo YB 


1 1 1 1 1 1 
det} 2x1 LQ x3 |, det} yy Y2 Y3 ) 
T1Y1 = T2Y2) V3Y3 T1Y1 = T2Y2 L3Y3 


The last two generators are Ap and Ap: for D = {(0,0), (1,0), (1,1)} and 
D' = {(0,0), (0,1), (1, 1)}, neither of which is a partition. © 


We now state the main results, albeit in their most basic versions. 


Theorem 18.21 (Haiman’s n! Theorem and (n+ 1)"~! Theorem) 


1. If X ts a partition of n, then the set of all polynomials obtained from 
A) by applying linear partial differential operators with constant coef- 
ficients span a vector space of dimension n! over the complex numbers. 


2. The quotient of C[x,y] modulo the ideal (p,, | 1 < r+s < n) 
generated by all nonconstant homogeneous S,,-invariants is a vector 
space of dimension (n+1)"~+ over C. 


Part 1 of Theorem 18.21 can be reformulated in ideal-theoretic terms 
as follows. A linear partial differential operator with constant coefficients 
is by definition a polynomial 


) 0 0 ? ) 


p(Ox, Oy) = tS ia a NS, 


in the symbols ao and ae The following vector space is an ideal: 

Jy = {p€C[x,y] | p(Ox, Oy) annihilates A) }. (18.5) 
Moreover, the quotient ring C[x,y]/J, is a zero-dimensional Gorenstein 
ring (see Exercise 13.12 for the definition). It is isomorphic to the C-vector 
space described in part 1 of Theorem 18.21. Hence the n! Theorem states 


that J, has colength n! for every partition A of n. 
The two parts of Theorem 18.21 are related by the observation that 


(prs |l1<r+s <n) C Jy for all partitions A of n. 


Example 18.22 Let n= 3 and \=2+1. Then 


Ay = %1Y2— Lay. + ©3Y1 — T1Y3 — L3Y2 + Lays. 
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By differentiating A), we first get the differences x; — x; and y; — yj, and 
next the constants. Together they span a vector space of dimension 3! = 6. 
The annihilating ideal of A) is 


Jn = (a1 429443, yitye+ys, Y3> YoYs, 


V5, ©3, C23, €5, L2Y2, L3Y3, T3Yo+a2ys)- 
Thus the ring C[x, y]/J, is Gorenstein of length 6. © 


The main player in the proof of Theorem 18.21 is the isospectral Hilbert 
scheme X,,. It is defined as the reduced fiber product of the two maps 
in (18.4). Hence X,, is the reduced subscheme of (C?)" x H,, consisting 
of all pairs (((21,41),---,(@n;Yn)),1) such that the points (x;,y;) are the 
zeros of I appearing with the correct multiplicity. The two projections 
define the left and top morphisms in the “reduced fiber square” 


XS = (Cyr 
1 i (18.6) 
H,, — S"C? 


that completes the diagram in (18.4). 

It is instructive to compute the local equations of the isospectral Hilbert 
scheme. By this we mean the ideal in the polynomial ring C[z;, y;, cf4.] 
defining the intersection of X;,, with (C?)" x Uy. To do this, let ZL) denote 
the ideal generated by all the incidence relations 


F538 rs hk ‘ 
L,Y; — y Crt; y; forti=1,...,n 
hkEX 


together with the polynomials in the variables cj, that define U,. The 
latter were described right before Theorem 18.4. The desired radical ideal 
equals 

radical(L) : Igjag)- (18.7) 


This is the ideal of the isospectral Hilbert scheme X,, over the chart U). 


Example 18.23 Let n= 3 and A\=2+1. The ideal Ly is generated by 


x? — az, — by, —¢, ryy1 — dx; — ey, — f, yi — gz1 — hy, — 3, 
x? —aztg—byzg—c¢, xoyo—drg—eye—f, ys — gro — hye i, 


x3 —ax3— bys —c, x3y3—dr3—ey3—f, y3}— 9x3 —hy3—i 


and the three compatibility relations 


bd—ae+e?—bh—c, bg—de—f, d?—ag+eg—dh—i. (18.8) 


The radical ideal (18.7) of X3 over U2; is the colon ideal (Ly : Igiag) 
with respect to the ideal Igj,g in Example 18.20. In addition to the three 
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polynomials in (18.8), this quotient has 11 minimal generators: 


yityety3—d—h, 21+2%2+x%3—-a-e, 

y3—@39—-Ysh—i, yoys—yod—ysd+rogt+23g—egt+dh+i, y3—x2g—yoh—i, 
r3—23a—Yy3b—c, t2%3+Yo2b+y3b—x2e—x3e+e"—bh, 73—-x2a—Yyo2b—c, 
EQyo — Lad — ye — f, T3y3 — T3d — yse — f, 

L3Y2 + Loy3—Y2a—Yy3a + Lod + x3d + ye + y3e—Xoh—azh—bg+ah+2f. 


The fiber of the isospectral Hilbert scheme X3 over the point [241 € H3 is 
gotten by setting a= b=c=d=e=f=g=h=i=(0 in these 11 poly- 
nomials. What results is precisely the ideal Jo, from Example 18.22. © 


The key result implying Theorem 18.21 is a statement in commutative 
algebra: the ideals in (18.7) are Gorenstein (Exercise 13.12). 


Theorem 18.24 (Haiman) The isospectral Hilbert scheme is Gorenstein. 


Consider now the morphism X,, — Hy, in (18.6). The base is smooth 
by Theorem 18.7. The generic fiber is reduced of length n!. It is given by 
all permutations of n distinct points (x;,y;) in C?. Theorem 18.24 implies 
that all special fibers have the same length n! (that is, the family of fibers 
is flat) and that they are all Gorenstein. Part 1 of Theorem 18.21 is now a 
consequence of Theorem 18.24 and Theorem 13.37.5, by the next lemma. 


Lemma 18.25 The fiber of the morphism X, — H,, over the torus-fixed 
point I, € H,, is the zero-dimensional scheme defined by the ideal Jy (18.5). 


For n = 3 and \ = 2+ 1, this lemma was confirmed computationally 
in Example 18.23. The derivation of the (n+ 1)"~! Theorem requires one 
more geometric ingredient. The zero-fiber Zp, is the scheme-theoretic fiber 
of the origin under the morphism H, — S”C? in (18.4). The equations 
of Z,, over an affine open U) are obtained from the ideal of X,, by setting 
all variables x; and y; to zero. 


Theorem 18.26 (Briangon and Haiman) The zero-fiber Z,, is reduced, 
irreducible, and Cohen—Macaulay of dimension n — 1. 


Example 18.27 The ideal of the zero-fiber Z3 over U211 is obtained from 
the ideal of X3 in Example 18.23 by setting 7; = y; = 0 for i = 1,2,3. It 
equals (c, f,i,at+e,d+h,eg+h?, bg + eh, e? — bh). © 


Let P be the sheaf on the Hilbert scheme H,, obtained by pushing down 
the sheaf of regular functions on the isospectral Hilbert scheme X,. The 
ring of global sections of this sheaf is our polynomial ring in 2n unknowns: 


HEP) = C[x, y]. 


The n! Theorem tells us that P is a vector bundle of rank n!. The fiber of P 
over the point I, € H,, is the Gorenstein ring C[x, y]/J, by Lemma 18.25. 
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Now consider the restriction of the sheaf P to the zero-fiber Z,. The ring 
of global sections of this restricted sheaf turns out to be 


H°(Z,,P) = C[x,y]/(prn.|1<rts<n). (18.9) 


Using this fact, Haiman derived the second part of Theorem 18.21 from 
Theorem 18.26 and the Bridgeland—King—Reid Theorem on the generalized 
McKay correspondence [BKR01]. 

We close this section by explaining what all of this has to do with the 
theory of symmetric functions. The rings RO) = C[x,y]/J, carry two 
natural structures resulting from group actions: they are Z?-graded, and 
the symmetric group S, acts on each Z?-graded component RY, The 
is a symmetric function Fy (z) in 
an infinite alphabet z; namely F} (z) is the sum (with multiplicity) of all 
Schur functions s,,(z) for irreducible S,,-modules indexed by p appearing 


in ae The Hilbert-Frobenius series of the ring RO) is 


formal character of the S,-module R 


— 
us 


) 


— 
v3 
Ne 


a tag 
F(z) git). (18.10) 


a 1 


lj 


Likewise, we can define the Hilbert—Frobenius series of the ring (18.9). 
These expressions are symmetric functions that depend on two parameters q 
and t. The punch line of the n! Theorem for algebraic combinatorialists who 
know and cherish Macdonald polynomials [Macd95] is that the symmetric 
functions (18.10) arise from those introduced by Macdonald. 


Corollary 18.28 The Hilbert-Frobenius series (18.10) of C[x,y]/Jy is the 
transformed Macdonald polynomial H)(z; q,t). In particular, H)(z;q, t) is 
an N[q, t]-linear combination of Schur functions s,,(z). 


18.4 Ideals of points in d-space 


In the first three sections, we studied the Hilbert scheme H,, = Hilb”(C?) 
of n points in the affine plane C?. In this section, we consider the Hilbert 
scheme H¢ = Hilb”"(C%) of n points in affine d-space C%. Its points are 
the ideals I of colength n in C[x] = C[w1,22,..., va]. The construction 
of Section 18.1 extends in a straightforward manner to this new situation: 
if we define V,,, to be the C-vector space of all polynomials of degree at 
most m in C[x], then H@ is a subscheme of the Grassmannian Gr"(V;,41). 

The role of the partitions is now played by order ideals of cardinality 
n in N¢. An order ideal is a subset A C N@ such that u € \ andv <u 
implies v € A. Equivalently, an order ideal is the set of exponents on 
monomials outside of a monomial ideal. When d = 3, for example, these 
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order ideals are the staircases discussed in Chapter 3 (in the combinatorics 
literature these are also known as plane partitions). As earlier, we write I 
for the monomial ideal spanned by all monomials x¥ with u ¢ A, and 
we let U, Cc H¢ denote the affine open subscheme consisting of all ideals 
I € H#@ such that {x¥ | u € A} is a C-basis of C[x]/I. The equations 
defining U are expressed in local coordinates c?, where v runs over A and 
u runs over monomials not in \ having degree at most n. These equations 
need not generate a radical ideal, which is why we refer to U) as an “affine 
subscheme” rather than an “affine subvariety”. 

Many of the nice properties of the Hilbert scheme of points in the plane 
no longer hold for H¢. To see that H¢ is generally not smooth and to study 
its singularities, one uses the following formula for the tangent space. 


Theorem 18.29 The tangent space to the Hilbert scheme H¢ at any point 
I € Hé is isomorphic as C-vector space to the module Homepg (I, C[x]/1). 


This theorem is derived from the universal property of the Hilbert 
scheme, a topic we will only briefly mention in Section 18.5. If J = Ih 
is a monomial ideal, then the image of the parameter c¥ in the tangent 
space corresponds to the unique C-linear map J — C[x]/J that maps a 
monomial x¥ to x¥t+Y—" if w+v > u and to 0 otherwise. Since I is a 
monomial ideal, this C-linear map is a C[x|-module homomorphism, and 
hence it is an element of the module appearing in Theorem 18.29. 


Corollary 18.30 The Hilbert scheme H¢ is not smooth ifn >d > 3. In 
fact, the square of the maximal ideal in C[x] is a singular point of eae 


Proof. As before, the Hilbert scheme H¢ contains the locus ($"C7)° of rad- 
ical ideals as an open subvariety. This subvariety is smooth of dimension dn. 
It parametrizes unordered configurations of n distinct points in C%, or equiv- 
alently, radical ideals of colength n in C[x]. Every monomial ideal J) is in 
the closure of ($"C“)°, as can be seen using distractions as in Lemma 18.10. 
Therefore, a necessary condition for H@ to be smooth is that the tangent 
space of H@ at all monomial ideals has dimension dn. However, it can 
be checked, using Theorem 18.29, that this dimension is greater than dn 
if the points of \ C N¢ do not lie in a hyperplane in R?. Specifically, if 
\ = {0,e1,...,ea}, so that I) = (x1,..., 2a)”, then a basis of the tangent 
space is given by the images of the parameters c¥, where u and v run over 
vectors in N@ having coordinate sum 2 and 1, respectively. The number of 
these parameters is 


(“S")-4 > (d+1)-d. 


We illustrate this derivation for d = 3 in the following example. 
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Example 18.31 Consider the Hilbert scheme H} of four points in affine 
3-space. One of the monomial ideals in H# is the square 


Ih > ey y, 2)? = (a? wy, £2, y?, YZ, Ze) 


of the maximal ideal (x,y,z). The affine chart U, C H? consists of all 
colength 4 ideals of the form 


(a = C12 — Coy = C3y — G1, BY — Cah = Gay — cay — do; 
LZ — C7X — Cay — Coy dz, y” C10v — C11Y — C12Y da, 


2 
YZ — C13 — Cray — Cisy — ds, 2° — cre — Ci7y — Cigy — de). 


The defining equations of U) are obtained by enforcing Buchberger’s crite- 
rion for these six polynomials to form a Grobner basis with respect to the 
total degree order. From this we find that each of the constant coefficients d; 
can be expressed as a quadratic polynomial in the c;. For instance, 


dz = C319 + C2C10 — Cacg — CaC5. 


The remaining equations in the 18 parameters c; are all quadratic. They 
generate a prime ideal of dimension 12. Hence the Hilbert scheme H? is 
irreducible of dimension 12, but its tangent space at J, has dimension 18. © 


The Hilbert scheme H¢ is connected. This is seen by the same Grébner- 
path argument as in the case d = 2. However, it is generally not irreducible. 


Theorem 18.32 (Iarrobino) [fd > 3 andn > d then the Hilbert scheme 
H¢ has more than one irreducible component and its dimension exceeds dn. 


Proof. The radical locus (S"C%)° is an open subvariety of H@. Let R¢ 
denote its closure in H?. Since (S"C4%)° is smooth and irreducible of di- 
mension dn, we know that R¢@ is a dn-dimensional irreducible component 
of H?. What we are claiming is that R¢ 4 H4 forn > d>3. 

The idea of the proof is to construct a family of colength n ideals whose 
dimension exceeds dn. This is done as follows. Determine the unique integer 
r =r(d,n) such that 


aon <n< ) (18.11) 


d+r 


Let W be any C-vector space spanned by ( ‘ 


mials of degree r in C[x]. Then the ideal 
Jw = (W) + CARE ee oe in 


) —n homogeneous polyno- 


has colength n, so Jw is a point in H¢. The assignment W > Jy defines 
d+r 
an injective algebraic map from the Grassmannian GrCa )-"(C[x],) into 


the Hilbert scheme H?. The dimension of this Grassmannian is 


(VOCE mm 


18.4. IDEALS OF POINTS IN d-SPACE 371 


Hence the image of W ++ Jy lies in an irreducible component of H? whose 
dimension is at least the number (18.12). If n is large enough and chosen 
right in the middle of the bounds (18.11), then (18.12) is larger than dn. If 
that happens, then R? 4 H@ and the dimension of H¢ is larger than dn. 
The proof is completed by noting that R¢ # H4 implies R¢,, 4 H4,,; 
namely, if  € H4 \ R¢ and P = (p,,...,pa) € C4 is not a zero of J, then 
IN (#1 — pi,.--,%a — pa) is a point in H4,, \ R44). 


Example 18.33 For d = 3, the smallest value of n for which (18.12) ex- 
ceeds the dimension 3n of the radical locus (S"C°)° is n = 102. For that 
value, we have r = 7 and the lower and upper bounds in (18.11) are 84 
and 120. Hence (18.12) is 18? = 324 while 3n = 306. In concrete terms: 
there exist ideals Jw of colength 102 in C[x, y, z] that are not in the closure 
of the locus of the ideals of 102 distinct points in affine 3-space C?. © 


We call R¢ the radical component of the Hilbert scheme H¢. The study 
of the radical component and all of the other components of H¢@ is a widely 
open problem. We do not even know what goes on for points in 3-space. 


Problem 18.34 Determine the smallest integer n such that H? 4 R3. 


Another open problem is to identify the most singular point on the 
Hilbert scheme H@. By this we mean an ideal J such that the vectorspace 
dimension of the tangent space Homg),j(J,C[x]/J) is as large as possible. 
Since this dimension can only increase if we pass from J to an initial mono- 
mial ideal, this is really a combinatorial question about monomial ideals. 


Problem 18.35 Among all monomial ideals I of colength n in C[x], find 
one that maximizes the vector space dimension of Homeyxj (I, C[x]/Z). 


A first guess is that the most singular monomial ideal is the one with 
the most generators. The following example shows that this is not the case. 


Example 18.36 Consider the case d= 3 and n = 8. There are 160 mono- 
mial ideals of colength 8 in C[z, y,z]. These 160 ideals come in 33 types 
modulo permutations of the three variables. The ideals with the most gen- 
erators are 


Didi 2 Bs 252, iO 2 8) 8 
(LY, LZ, YZ", YZ, x 2) and (ey, Ge Ye oY 2% »% i fs 


The tangent space of the Hilbert scheme H? at these singular points has 
dimension 32 in both cases. On the other hand, the point in H? given by 


T= (a,y,27)? = (a?,cy,y?,@2?,y2", 24) 


has only 6 minimal generators, but dime Homey, -4(/, C[z, y, z]/I) = 36. © 
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The radical component R¢ is generally also singular (for instance, for 
d = 3 and n = 4, as Example 18.31 shows). However, it is plausible that 
some version of Haiman’s theory for H? = R? will extend to the irreducible 
variety R¢. 

A natural object to study for commutative algebraists would be the ideal 


Taiag = () (Yil — Yl Yi2 — Yj2++++sYid — Ysa): 
1<i<j<n 


Here, the variables y;; are the coordinate functions on the configuration 
space (C%)” of ordered n-tuples of points in C¢. The zero set of the radical 
ideal Iaiag is the diagonal locus consisting of all configurations with repeated 
points. For any n-element subset D of N@ consider the n x n determinant 


d 
Ap = det [II vii | (18.13) 
j=l 
as in Theorem 18.21. The rows are indexed by 27 = 1,...,n and the columns 


are indexed by the boxes (u,,...,uq) in D. It is plausible that Theo- 
rem 18.19 still holds. 


Conjecture 18.37 The ideal Igiag 1s generated by the determinants Ap. 


The point of departure for a d-dimensional version of Haiman’s the- 
ory would be the maps to the symmetric product and their reduced fiber 
product 


X¢ 3 (C4 
1 t 

He 6eCt 
as earlier. Thus X@ parametrizes pairs consisting of an n-tuple of points in 
d-space and an ideal I in the radical component whose zeros are the given 
points. The hope is that the arrows at the top and left pointing away from 
X¢ represent morphisms with some of the good properties we have seen 
for d= 2. Generalizing what Haiman has proved for d = 2, it is natural to 
conjecture the following. 


Conjecture 18.38 The variety X4¢ is Cohen—Macaulay and coincides with 
the blowup of (C%)" along the diagonal locus. The radical component R¢ of 
the Hilbert scheme is the blowup of S"C% along the ideal Igiag O C[x]*”. 


Conjecture 18.38 states in concrete terms that the determinants Ap are 
the natural coordinate functions on the radical component of the Hilbert 
scheme. The object in commutative algebra corresponding to the blowup 
of an affine space along a polynomial ideal is the Rees algebra of that ideal. 
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Problem 18.39 Study the Rees algebra of the diagonal ideal Iaiag C Clyi;]. 


The problem includes the question of finding minimal generators of Jgiag, 
a question that is quite challenging even for d = 2; see our discussion after 
Theorem 18.19. The Rees algebra is the polynomial ring over C[x] with 
one generator for each minimal generator Ap of Igiag and the relations are 
the homogeneous algebraic relations in these Ap with coefficients in Cx]. 
Thus Problem 18.39, a key issue in the study of Hilbert schemes, boils down 
to the following concrete question in combinatorial commutative algebra. 


Problem 18.40 Besides the quadratic Pliicker relations, what are all the 
algebraic relations that hold among the n x n determinants Ap in (18.13)? 


18.5 Multigraded Hilbert schemes 


In this section we present the multigraded Hilbert scheme that parametrizes 
all ideals in a polynomial ring k[x] = k[x1,...,2,] with fixed Hilbert func- 
tion for an arbitrary grading. Here, k need not be a field, but we allow k to 
be an arbitrary commutative ring. The multigraded Hilbert scheme gener- 
alizes both the Hilbert schemes of points in affine space, which we studied 
in previous sections, and the classical Hilbert scheme in algebraic geometry. 

Assume that the polynomial ring k[x] = k[a1,..., 2] is multigraded by 
an abelian group A as in the beginning of Section 8.1. Additionally, assume 
that A is generated as a group by the image of Z”. Let A; = deg(N”) 
denote the subsemigroup of A generated by aj,...,an.- 

A homogeneous ideal I in k[x] is admissible if (k[x]/I)a = k[x]a/Ia is a 
locally free k-module of finite rank for all a € A. Its Hilbert function is 


hp: ASN with hy(a) = ranky(k[x]/J)a. 


Note that the support of the Hilbert function h; must be contained in Ax. 

If the grading by A is positive, then (k[x]/Z), is a finitely generated k- 
module. Hence (k|x]/Z)q is locally free if and only if it is flat over k [Eis95, 
Exercise 6.2]. Therefore, when the grading is positive, J is admissible if and 
only if k[x]/J is flat over k. In contrast, when the grading is not positive, 
admissibility is a stronger criterion than flatness. For example, let k = C[y] 
be the polynomial ring over the complex numbers, let k[a] have the zero 
grading, and let J = (1 —y). Then k[a]/T is a flat k module, but it is not 
locally free at y = 0. 


Example 18.41 Let n =3 and A = Z?, and multigrade C[z, y, z] by 
deg(x) = (1,0), deg(y) = (1,1), deg(z) = (0, 1). 


Here, A, = N?. Every A-homogeneous ideal J in C[x, y, z] is admissible and 
we can encode its Hilbert function by the coefficients of the Hilbert series 


Hy(s,t) = S° hy(a,d)- st. 


(a,b)EN? 
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For instance, the Hilbert series of the zero ideal I = {0} is 


1 
H. t= —————. = 1 t+s?+2Qst+i?+---, 
o}(s, t) (ads Petts + 2st t+ 


Later, we will be interested in the artinian monomial ideal 
M = (23, cy’, 27y,y?, 272, yz, y7z, 2). (18.14) 
It has colength 9 and its Hilbert series is 
Hy(s,t) = 1+s+t+s? + 2st+st?+s7t+ 577. (18.15) 
Are there any other (monomial) ideals with the same Hilbert series? © 


Returning to the general discussion, let us fix a numerical function 
h: A — N. We wish to construct a scheme over k that parametrizes 
all admissible ideals J in k[x] with hy = h. To describe precisely what we 
mean by “parametrizes”, we use the notion of admissible family. Over an 
affine scheme Spec(R) for a k-algebra R, this extends the notion of admis- 
sible ideal in k[x]. For the definition, let us write R[x] = R @, k[x] to mean 
the polynomial ring over R, which is graded in such a way that R[x], = 
R ®, k[x]a. Also, let A? = Spec(k[x]) be affine n-space over k, and for a 
k-scheme X, write X x Aj for the fiber product of X with Aj’ over Spec(k). 


Definition 18.42 Fix a numerical function h : A — N. An admissible 
ideal over a k-algebra R is a homogeneous ideal J in R[x] such that Ra/TI, is 
a locally free R-module of rank h(a) for each a € A. An admissible family 
over a k-scheme X is a subscheme of X x Aj’ whose ideal sheaf restricts to 
an admissible ideal over R for every open affine subscheme Spec(R) of X. 


Given two k-algebras R and S along with an admissible ideal J C S[x], 
the image of I in R[x] under the map S|[x] — R[x] generates an admissible 
ideal over R (see Exercise 18.10). More generally, if X — Y is a morphism 
of schemes, then every admissible family over Y pulls back to an admissible 
family over X. The scheme parametrizing the admissible ideals in k[x] will 
be the one “best” admissible family, from which all others are pulled back. 


Theorem 18.43 (Haiman and Sturmfels) There is a quasiprojective 
scheme Hi, over k and an admissible family Uti) over Hyg such that 
for every k-scheme X, the admissible families over X are in bijection with 
the morphisms X > Hy the bijection being given by pulling back Usix): 


x]? 


Definition 18.44 Hig is called the multigraded Hilbert scheme, and 
h 


the admissible family Ur) over it is the universal admissible family. 
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Theorem 18.43 implies that both the multigraded Hilbert scheme and 
the universal family over it are unique up to canonical isomorphism. Thus 
Heir really is the one best family. It parametrizes the admissible ideals 
in k[x] in the sense that (by Theorem 18.43) they are in bijection with the 
k-points of Hic? by which we mean the morphisms Spec(k) > Hing: 

There is an explicit (but quite complicated) aon an to derive poly- 
nomial equations that locally describe the scheme Hii [HS04]. The algo- 
rithm generalizes the derivation of the equations in the parameters cY for 
the charts U) in the previous sections. The construction has the following 
important consequence. Recall from Definition 8.7 what it means for the 
grading of k[x] to be positive. 


Corollary 18.45 If the grading of the polynomial ring k[x] ts positive then 
the multigraded Hilbert scheme Hii is projective over the ground ring k. 


The remainder of this section is devoted to examples of multigraded 
Hilbert schemes, with the ground ring k being the complex numbers C. 
Based on the results of Section 18.2, we propose the following conjecture. 


Conjecture 18.46 The multigraded Hilbert scheme Hevea is smooth and 
irreducible for any multigrading on C[x,y] and any Hilbert function h. 


Example 18.47 The following examples illustrate the range of Conjec- 
ture 18.46. 


(i) If A = {0} is the one-element group, then Here, y) 18 the Hilbert scheme 
of h(0) points in the affine plane C?. We saw in Theorem 18.7 that 
this Hilbert scheme is smooth and irreducible of dimension 2n. 

(ii) Let A = Z. If deg(a) and deg(y) are both positive integers and h 
has finite support, then Hetey is an irreducible component in the 
fixed-point set of a C*-action on the Hilbert scheme of points. It was 
proved by Evain [Eva02] that this scheme is smooth and irreducible. 

(iii) If A = Z, deg(x) = deg(y) = 1, and h(a) = 1, then Here yj =P 

(iv) More generally, set A = Z and deg(x) = deg(y) = 1, but instead let 
h(a) =min(m,a+1) for some m € N. Then Here, y) 18 the Hilbert 


scheme of m points on P!. 
(v) If A= Z, deg(x) = —deg(y) = 1, and A(a) =1, then HG, =C'- 
(vi) If A = Z?, deg(x) = (1,0), and deg(y) = (0,1), then HG, ,) is either 
empty or a point. In the latter case it consists of one monomial ideal. 
(vii) If A = Z/2Z, deg(x) = deg(y) = 1, and h(0) = h(1) = 1, then Here a 
is isomorphic to the cotangent bundle of the projective line P?. © 


We have seen in Section 18.4 that the statement of Conjecture 18.46 does 
not extend to 3 variables. The counterexample from Iarrobino’s Theorem is 
Hote yz) the Hilbert scheme of 102 points in affine 3-space. What follows 
is an example with only 9 points but using a two-dimensional grading. It 


is the smallest known example of a reducible multigraded Hilbert scheme. 
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Example 18.48 Let n = 3, fix the Z?-grading in Example 18.41, and let 
h = hy be the Hilbert function with Hilbert series (18.15). The multi- 
graded Hilbert scheme bbe yz] is the reduced union of two projective 
lines P! that intersect in the common torus fixed point M. The univer- 
sal family equals 


(a? cy”, 27 y, y®, agx7z — a, xy, boxyz — bry*, y*z, 27) with a,b, = 0. 


Here, (ao : a1) and (bo : b;) are coordinates on two projective lines. This 
Hilbert scheme has three torus fixed points, namely the three monomial ide- 
als in the family. The ideal M in (18.14) is the singular point on bie ar? 


Example 18.49 In algebraic geometry, there are classical examples of 
Hilbert schemes with multiple components. Let n = 4 and take h(m) = 
2m+2 form > 1, but h(0) = 1. The corresponding Hilbert scheme has two 
components. A generic point of the first component corresponds to a pair 
of skew lines in projective space. A generic point of the second component 
corresponds to a conic in projective space and a point outside the plane of 
the conic. The two meet along a component, a generic point of which corre- 
sponds to two crossing lines in P? with some nonreduced scheme structure 
at the crossing point in the direction normal to the plane spanned by the 
lines. (There are several other types of ideals in this family as well: their 
schemes are double lines with nonreduced structure at one point and plane 
conics with the extra point in the plane of the conic and not reduced.) © 


We will present two more classes of multigraded Hilbert schemes that 
have appeared in the commutative algebra literature. These are the classical 
Grothendieck Hilbert scheme and the toric Hilbert scheme. 


Example 18.50 Let A = Z and give C[x] the standard grading with 
deg(x;) = 1 for i = 1,...,n. Consider the following family of Hilbert 
functions h. Let p(t) be any univariate polynomial with p(N) C N. Fix a 
sufficiently large integer g >> 0. (For experts: the number g has to exceed 
the Gotzmann number.) These data define a Hilbert function h: A — N by 


a 


h(a) = Ga ifa<g and h(a)=p(a) ifa>g. 


The multigraded Hilbert scheme Abpg parametrizes all subschemes of pro- 


jective space P”—! with Hilbert polynomial p. This is the classical Hilbert 
scheme due to Grothendieck. It is known to be connected [Har66a]. © 


Example 18.51 Fix any grading by an abelian group A on the polyno- 
mial ring C[x] = C[z1,...,2,]. The toric Hilbert scheme is defined 
as the multigraded Hilbert scheme Heng) where 1 denotes the character- 
istic function of the semigroup A,. This means that 1(a) = 1 ifa © Ay 
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and 1(a) = 0 if a € A\ Ax. There is distinguished point on the toric 
Hilbert scheme Heng) namely the lattice ideal Iz studied in Chapter 7, for 
L = {ue Z” | deg(u) = 0}. To see this, note that C[x]/Iz is isomorphic 
to the semigroup ring C/A], and obviously the Hilbert function of C[A4] 
is the characteristic function 1 of A;. The toric Hilbert scheme Heng 
parametrizes all A-homogeneous ideals with the same Hilbert function as 
the lattice ideal Iy. © 


The toric Hilbert scheme is a combinatorial object whose study is closely 
related to triangulations of polytopes. Using this connection to polyhedral 
geometry, Santos recently established the following result [San04]. 


Theorem 18.52 (Santos) There exists a grading of the polynomial ring 
C[x] = Clx1,..., 226] in 26 variables by the 6-dimensional lattice A = Z® 
such that the toric Hilbert scheme Feng is disconnected. 


Exercises 


18.1 For each of the seven partitions of n = 5, determine the equations of the 
affine chart U, of the Hilbert scheme Hs of five points in C2. 


18.2 For each of the eleven partitions \ of n = 6, find an explicit basis for the 
vector space m7, /mi, in Proposition 18.14. 


18.3 Generalizing Example 18.20, compute a minimal generating set of the 
ideal Jaiag for n = 4 and n= 5. 


18.4 Compute the equations of the isospectral Hilbert scheme Z1 over U2+1+41. 
18.5 For each of the seven partitions \ of n = 5, compute the ideal J). 


18.6 Does the analogue of Theorem 18.26 hold for the zero-fiber of the Hilbert 
scheme H? of n points in 3-space? 


18.7 What is the Hilbert—Frobenius series of the polynomial ring C[x, y] with 
respect to the diagonal action of the symmetric group S;,? 


18.8 Prove that H? is irreducible. 
18.9 Prove Conjecture 18.37 for n < 5. 


18.10 Fix a homomorphism S — R of k-algebras, and let I C S[x] be an ad- 
missible ideal. Prove that Ja ®s R maps injectively to R[x]a for every a € A. 
Conclude that the image of J in R[x] generates an admissible ideal. 


18.11 Show that, for any grading on C[x] and any given Hilbert function h, there 
are only finitely many monomial ideals having Hilbert function h. 


18.12 Find a toric Hilbert scheme with exactly three irreducible components. 


Notes 


The result that the Hilbert scheme of points in the affine plane is smooth is due 
to Fogarty [Fog68]. Our proof of smoothness here is lifted with few changes from 
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the appendix to [Hai04], which is, in turn, based on the introductory parts of 
[Hai98]. The smoothness holds more generally for the Hilbert scheme of points 
on any smooth surface, and the study of such Hilbert schemes is an active area of 
current research; see [Nak99, G6t02] for background and references. By contrast, 
there are few articles on the Hilbert scheme of points in affine 3-space or on 
a smooth threefold, and we hope that some readers of Section 18.4 might be 
interested in becoming pioneers. A noteworthy exception is the article [Iar72] by 
Iarrobino, which proves Theorem 18.32. Example 18.36 is drawn from [Stu00]. 
Recent work related to Conjecture 18.38 has been done by Ekedahl and Skjelnes 
[ES04]. 

Haiman developed his theory of Hilbert schemes and their relation to Macdon- 
ald polynomials in the two seminal articles [Hai01] and [Hai02]. Weyl’s invariant 
theory result in Theorem 18.18 can be found in [Wey97]. In Theorem 18.26, the 
result that the zero-fiber is reduced, irreducible, and (n —1)-dimensional is due to 
Briangon [Bri77]. Haiman proved the Cohen—Macaulayness in [Hai02]. There are 
still many fascinating open questions regarding Hilbert schemes and symmetric 
functions. For an excellent survey of the field, see Haiman’s article [Hai03]. 

Multigraded Hilbert schemes were introduced by Haiman and Sturmfels in 
[HS04], and most of the material in Section 18.5 is taken from that article. Toric 
Hilbert schemes were studied by Peeva and Stillman [PS02]. They are not to be 
confused with Hilbert schemes of subschemes of toric varieties. The latter are also 
multigraded Hilbert schemes, as shown by Maclagan and Smith [MS04b] using 
the notion of multigraded regularity [MS04al]. 

For more about universal properties of Hilbert schemes, we recommend the 
textbook by Eisenbud and Harris [EHOO]. In particular, the general functor of 
points perspective naturally yields results such as Theorem 18.29. 
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Glossary of notation 
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We use the standard arithmetic, algebraic, and logical symbols, including: “= 
and “&” for equality and isomorphism; “@” and “{...}” for the empty set and the 
set consisting of “...”; “M” and “U” for intersection and union; “@” and “[]” for 
direct sum and product; ® for tensor product; “€” and “C” for set membership 
and containment (allowing equality; we use “C” if strict containment is intended); 
“A” and “V” for meet and join; “M/N” for the quotient of M by N; and “(...)” 
for the ideal generated by “...”. 

We use square brackets |...] to delimit matrices appearing “as is”, whereas we 
use parentheses (...) to delimit column vectors written horizontally in the text. 
Thus, column vectors represented vertically in displayed equations or figures are 
delimited by square brackets. 

Our common symbols beyond the very standard ones above are defined in the 
following table. The notations listed are those that span more than one chapter. 
If the notation has a specific definition, we have given the page number for it; 
otherwise, we simply list the page number of a typical (often not the first) usage. 


symbol typical usage or definition page 
> partial order on N” 11 
0 the zero vector 63, 133 
1 (1,...,1) € N” 76 
A abelian group with distinguished elements aj,...,an 150 
A integer matrix whose columns aj,...,a, generate A 133 
a vector (@1,...,@n) in N” 3 

element in A (often, a vector (a1,...,@a) in Z“) 133 
ar vector label on face F’ of labeled cell complex 62 
aj deg(a;), one of the distinguished elements aj,...,an € A 149 
ao deg(ms) = Vieg ai 107 
a\b_— complementation of b in a, for Alexander duality 88 
(a, t) linear form ait; +---+ aata 166 
b analogous to a 4, 129 
|b| br +--+ +bn 30 
Bia(M) The i** Betti number of M in degree a 157 
Buch(Z) Buchberger graph of I 48 
C a real polyhedral cone (usually a rational polyhedral cone in R“) 134 
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GLOSSARY OF NOTATION 


typical usage or definition 


field of complex numbers 

group of nonzero complex numbers 

multidegree of module M in variables t 
multidegree of variety (or scheme) X in variables t 


reduced chain complex of cell complex X with coefficients in k 


page 


191 
192 
167 
167 

9 


reduced cochain complex of cell complex X with coefficients ink 10 


convex hull 

analogous to a and b or else to u and v 

a (reduced) pipe dream 

diagram of partial permutation w 

rank of A, when A is torsion-free 

degree map Z” —> A 

determinant of a square matrix 

dimension 

simplicial complex 

Alexander dual simplicial complex 

Scarf complex of I 

boundary map 

differential 

topological boundary 

i* divided difference operator 

basis vector of free S-module 

basis vector of Z¢ or R@ 

essential set of partial permutation w 

face of cell complex 

face of semigroup 

free module or resolution 

cellular free complex supported on labeled cell complex X 
a polynomial 

general linear group 

Hilbert series of M in variables t 

reduced homology of X with coefficients in k 
reduced cohomology of X with coefficients in k 
module of graded homomorphisms 

minimal generating set of pointed semigroup Q 
Hilbert basis of saturated semigroup Q or cone R>oQ 
hull complex of I 

an ideal 

Alexander dual of I 

Alexander dual of J with respect to a 
Stanley—Reisner ideal for simplicial complex A 
deformation of I 

lattice ideal for sublattice L C Z” 

Schubert determinantal ideal for partial permutation w 
colon ideal {x | Jx C I} 

saturation LJ, (J: J) of I with respect to J 
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15, 144 
312 
294 
133 


GLOSSARY OF NOTATION 


symbol typical usage or definition 


f) initial term of f 
in(Z) initial ideal of I 
in(M) initial submodule of M 
J an ideal 
K. Koszul complex 
K°(I) — upper Koszul simplicial complex 
K(M;t) K-polynomial of M in variables t 


k field (sometimes with chapter-wide hypotheses) 
k[x] polynomial ring in variables x 
k[Q] semigroup ring for semigroup Q over k (sometimes k = Z) 
k{T} vector space @,-7 k- t®, usually as k[Q]-module 
L lattice in Z” (often the kernel of Z” — A) 
Le orthogonal complement in R” of the real span of L 
L integer matrix with cokernel A (so the rows generate L) 
Iem least common multiple 
linka(c) link of o in A 
I(w) length of partial permutation w 
» a real number 
a partition 
Xap scalar entries in monomial matrix 
M a module 
MY Matlis dual of module M 
Ma graded component of M in degree a 
M(a) graded translate of M satisfying M(a)p = Ma+pb 
Mre matrices with k rows and £ columns over the field k 
Mi minimal generator of monomial ideal (m,... 
Mo least common multiple of {m; | i € a} 
m graded maximal ideal 
m? irreducible monomial ideal (°' | b; > 1) 
N the natural numbers {0, 1, 2,...} 
n number of variables in polynomial ring S 
n! n factorial = n(n —1)---3-2-1 
[n] the set {1,...,n} 
(7) binomial coefficent ICH 
V a normal vector 
Q% dualizing complex for affine semigroup Q 
we canonical module for semigroup ring k[Q] 
Pr monomial prime ideal of semigroup ring 
Pp” projective space of dimension r 
P a polytope or polyhedron 
Pr hull polyhedron for real number » >> 0 
p a prime ideal 
Q subsemigroup of A generated by ai,...,an 
Qsat saturation of semigroup Q 
Q a polytope 


R a ring 
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page 


12, 


81, 


TT, 


62, 


GLOSSARY OF NOTATION 


typical usage or definition 


field of real numbers 
orthant of all nonnegative real vectors 
real cone generated by affine semigroup Q 


set of reduced pipe dreams for partial permutation w 


rank of submatrix wpxq of partial permutation w 
polynomial ring k[x] 

ring of invariants in S under action of group G 
symmetric group of permutations of {1,...,} 
support {i € {1,...,n} | a: #0} 

auxiliary symbol/variables analogous to t 
squarefree vector or face of simplicial complex 
complement {1,...,n}\o 

transposition switching i andi+1 

Schubert polynomial 

double Schubert polynomial 

i‘ Tor module 

dummy variable for monomials in semigroup rings 


dummy variable for Hilbert series and K-polynomials 


variables t1,...,ta for K-polynomials and multidegrees 


analogous to a 

vector (wi,...,Un) in Z” 

Bruhat and weak orders on partial permutations 
vector (v1,...,Un) in Z” 

weight vector in Ro 

partial permutation (matrix) 


long word (permutation), reversing the order of 1,... 


vector (wWi,...,Wn) in Z” 

cell complex, often labeled 

underlying unlabeled cell complex 

subcomplex of X on face with labels < b 
subcomplex of X on face with labels < b 

matrix Schubert variety for partial permutation w 
variables 21, 2%2,... in polynomials rings 
coordinates #1, %2,... on affine space 

variables xg in a square or rectangular array 
monomial wf! ...2%" 

comparison of monomials under term order < 
upper-left p x q submatrix of matrix x 

auxiliary variables analogous to x 

ring of integers 

group generated by face F of affine semigroup 
upper-left p x q submatrix of matrix Z 

Laurent variables z1,..., Zn; coordinates on (C*)” 


page 


193, 


295, 


25, 


41 
72 


Index 


3-connected, 53* 


abelian group, 129, 149 
cyclic, 194 
divisible, see divisible group 
finite, 172, 194 
finitely generated, 129 
free, 131, 133 
sequence defines multigrading, 149, 191 
torsion, 152, 161 
torsion-free, 151, 152, 187 
acyclic cover, 94 
additive identity, 129 
additivity, 166, 169, 172, 306, 311 
yields Schubert polynomials, 323-324 
adjacent transposition, 291, 298, 303, 325 
adjointness, see functor, adjoint 
admissible family, 374 
universal, 374 
admissible ideal, 373, 374, 377 
Alexander duality, 81, 105-106 
as planar map duality, 99-100, 106 
on antidiagonal ideals, 318 
on arbitrary ideals, 88, 89-91, 226, 269 
on cogeneric ideals, 123 
on free and injective resolutions, 106 
on free and irreducible resolutions, 225 
on free resolutions, see duality for 
resolutions 
on generic ideals, 122 
on homological invariants, 100, 102-104 
on irrelevant ideal, 199 
on N”-graded modules, 228 
on upper bound problems, 125 
principle behind, 96, 126 
simplicial, 16, 17, 81, 85, 98, 105 
squarefree, 16, 81-82, 89, 102, 226, 318 
tight, 104 
topological, 83, 84 
Alexander inversion formula, 86, 106 
algebraic geometry, viii, 21, 41, 106, 193, 
353, 355, 376 
algebraic shifting, 40, 45, 106 


*Italic page numbers refer to definitions 
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algebraic torus, 21, 172, 191, 197, 200, 363 
coordinates on, 192 
almost 3-connected, 53, 54 
almost n-connected, 59 
antidiagonal complex, 318, 319-323, 329 
from matrix Schubert variety, 323 
is ball or sphere, 329 
is shellable, 327 
is subword complex, 327 
antidiagonal term, 280, 318 
caused by rank condition, 321 
associated prime 
multigraded, 133, 152, 166 
of Borel-fixed ideal, 39 
of initial ideal, 145 
of local cohomology, 254, 256, 270 
of principal ideal, 147, 269 
of Z-graded module, 263 
Auslander—Buchsbaum formula, 100, 264 


ball, 145, 329, 330 

Barvinok’s algorithm, 229, 244 

Barvinok’s Theorem, 241 

barycenter, 112 

basis weights, 158 

Bass number, 104, 106, 223, 224, 228, 265 
of local cohomology, 255, 270 

Bayer, Dave, 86, 106 

Bender—Knuth involution, 329 

betti diagram, 102, 103 

Betti number, see also syzygy 
characteristic dependence, 18, 58, 80 
dual to Bass number, 104 
duality for, 76, 98 
extremal, see extremal Betti number 
from cellular resolution, 65-66 
multigraded, 157 

"graded, 14, 15-18 

f Borel-fixed ideal, 30-33, 38 

f generic ideal, 53, 112 

f generic lattice ideal, 190 

f lattice ideal, 174, 175 

lex-segment ideal, 35 

f local cohomology, 255 

f monomial ideal, 16, 85 
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of Stanley—Reisner ideal, 17, 85 
of trivariate ideal, 53 
of twisted cubic, 174 
under deformation, 119 
upper bound on, 53, 119-121 
upper-semicontinuity, 160 
Biatynicki-Birula decomposition, 363 
Bigatti-Hulett Theorem, 35, 39 
binary complexity model, 241 
Binet—Cauchy formula, 339 
binomial ideal, see lattice ideal 
bit size, 241 
blowup, 197, 206, 372 
Borel group, 21, 299, 342, 346 
Borel—Weil Theorem, 288 
Borel-fixed ideal 
advantage of, 41 
generic initial ideal is, 24, 26, 35, 38 
in positive characteristic, 40 
variable-swapping characterizes, 23 
boundary (chain), 9, 62 
boundary map, see (co)boundary map 
braid relations, 305, 308 
Bridgeland—King—Reid Theorem, 368 
Brion’s Formula, 229, 237-243, 246 
Bruhat order, 295, 298 
characterization by ranks, 296 
characterization by row switch, 297 
on symmetric group, 309 
rank function on, 308 
respects length, 302 
Buchberger graph, 48, 60 
characterization of genericity by, 109 
embedded in staircase, 60 
is almost n-connected, 59 
of generic ideal, 50, 111 
planarity, 49-50, 58, 59, 75 
Scarf edges lie in, 110, 125 
Buchberger map, 51, 59 
Buchberger’s Criterion, 47, 359, 370 
Buchberger’s Second Criterion, 48 


canonical module, 263, 265-266 
of normal semigroup ring, 235 
of polynomial ring, 254 
of semigroup ring, 233, 236, 267 

Carathéodory property, 141 

categorical quotient, 203, 204 

Cech complex, 250, 251, 253, 260 
canonical: Cy, 259, 262, 270 
from Taylor resolution, 260 
generalized: C3, 259, 260, 261 

Cech hull, 260, 261, 269, 270 

cell complex, 62, 77, see also simplicial 

complex 
acyclic, 64, 66, 74, 109 
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colabeled, 92 
contractible, 73, 79, 235 
dual to cocomplex, 258 
injectively labeled, 227 
labeled, see labeled cell complex 
locally finite, 178, 180 
pair of, see cellular pair 
pure, 96, 117 
shellable, 269 
weakly colabeled, 92, 97 
weakly labeled, 79 
cellular free resolution, 63, 79, see also 
hull resolution and Scarf complex 
acyclicity, 64 
examples of, 67—71 
minimal, 95-97, 99, 105 
naturally occurring, 94 
of artinian quotient, 94, 96, 105 
of cogeneric ideal, see coScarf complex 
of trivariate ideal, 99 
of unimodular Lawrence ideal, 187 
simple, 69, 123 
simplicial, 69, 111, 115, 123 
symmetric, 75 
cellular injective resolution, 232 
cellular pair, 92, 258 
colabeled, 92 
weakly colabeled, 92 
centrally symmetric convex body, 243 
chain complex, see also (co)homology 
of cell complex, 62 
reduced, 9, 62, 175, 233 
relative, 235 
chain in poset 
of Pliicker coordinates, 276, 278-279, 
280 
weak order, 298, 300, 305 
character group, 192, 194 
characteristic p methods, 330 
Chow class, 172 
Chow group, 309 
chutable rectangle, 313 
chute move, 313, 314, 316, 319-322, 329 
coarse grading, 153 
coarsen, 8, 155, 263, 265, 346 
(co)boundary map, 9, 10, 63, see also 
differential 
of cell complex, 91 
cocellular monomial matrix, 92 
cochain complex, see also (co)homology 
of cell complex, 91 
of cellular pair, 92 
reduced, 10, 82, 83, 253 
relative, 124 
cocomplex, see polyhedral cocomplex 
cocycle (i-cocycle), 11 
cogenerator, 255 
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Cohen—Macaulay condition, 262-266 
and associated primes, 148 
by Grobner degeneration, 160-161, 286 
equivalent characterizations, 263, 270 
for determinantal variety, 290 
for generic monomial quotient, 114 
for isospectral Hilbert scheme, 372 
for matrix Schubert variety, 311 
for module, 100, 269 
for monomial quotient, 103 
for normal semigroup ring, 267 
for Pliicker algebra, 286 
for quiver locus, 342, 352 
for ring, 174, 263 
for Schubert determinantal ring, 328, 
330, 341 
for semigroup ring, 266 
for simplicial complex, 101, 327 
for Stanley—Reisner ring, 101 
for zero-fiber of Hilb, 367, 378 
over local ring, 347 
under localization, 342, 352 
via depth, 104, 265 
via Serre’s conditions S;, 270 
via shellability, 266, 267, 327 
(co)homological degree, 9, 66, 233, 257 
(co)homology 
Alexander duality on, 83-84 
classes of subvarieties in, 309 
commutes with direct limits, 252 
equivariant, 172, 208 
long exact sequence of, 65, 235 
of contractible space, 17, 67, 74, 236 
of links, 17, 101, 253, 267 
reduced, 9, 10, 18, 65 
relative, 92, 106, 254, 258 
sheaf, see sheaf cohomology 
cohull complex, 97 
coKoszul complex, 82, 83, 250 
colon ideal, 90, 91, 366, 398 
compatible fan, 199 
complete bipartite graph Ky,;, 49, 207 
complete fan, 199 
complete graph Kn, 58 
completion (of ring), 154 
complex (of modules), see also resolution 
acyclic, 63, 64, 93, 109, 347 
algebraic coScarf, 123 
Cech, see Cech complex 
cellular free, 63, 64, 73, 107, 111 
cellular injective, 218, 233 
chain, see chain complex 
chain map of, 19, 162, 252 
cocellular free, 93 
cochain, see cochain complex 
coKoszul, see coKoszul complex 
dualizing, see dualizing complex 
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Eagon—Northcott, see 
Eagon—Northcott complex 
exact, 11 
Ishida, 257, 258, 267, 270 
Koszul, see Koszul complex 
minimal, 12, 109 
of flat modules, 251, 262 
of free modules, 11 
of injective modules, 216 
of localizations, 250 
Scarf, see Scarf complex 
stable Koszul, see stable Koszul 
complex 
Taylor, see Taylor complex 
total, 19, 252 
complexity theory, 241 
computer software, 20, 60, 75, 91, 106, 
132, 148, 190, 246 
cone (over a subcomplex), 18, 29, 327 
is contractible, 17 
cone (over a variety), 196 
cone (polyhedral), 134 
dual, 200 
in fan, 199 
over polytope, 230, 238 
pointed, 134, 138-140 
rational, 134, 137-139 
simplicial, 134 
convex polyhedron, 72, 79, 144, 177, 204, 
256, see also polytope 
convex polytope, see polytope 
coordinate subspace, 6, 200, 323, 324 
corner, 86, see also syzygy, as corner 
coScarf complex, 123, 124 
cotangent bundle, 375 
cotangent space, 362 
cover (of cell complex), 94 
Coxeter group, 309, 329, 330 
cross (crossing tile) +, 312, 313 
cross-polytope, see octahedron 
cube, 81, 82, 88, 138, 198, 199, 206, 230 
cycle (i-cycle), 9, 40 
cycle notation, 291, 308 


deformation, 126, see also specialization 
generic, 115, 116 
of lattice module, 188-189 
of monomial ideal, 67, 115, 117, 119 
degeneracy locus, 309, 353 
degenerativity, 166, 167, 172 
degree 
of determinantal variety, 306, 308 
of monomial, 149 
of projective variety, 149 
Z-graded, 165, 166, 171, 310 
degree map, 149 
fiber of, 153 
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deletion (from simplicial complex), 327 
Demazure operator, 307 
depth, 104, 265 
descent, 308 
determinant, see minor 
determinantal ideal, 289, 295, 309, 318 
classical, 290, 308 
cogenerated by minor, 310 
Cohen—Macaulayness of, 290, 325, 
328, 330, 341 
combinatorics of, 290, 312, 329 
generated by essential minors, 294 
Grassmannian Schubert, 172 
ladder, 295, 309 
of diagonal locus, 364-365, 372 
over commutative ring, 339 
primality of, 292, 311, 323, 330, 341 
Schubert, see Schubert determinantal 
ideal 
vexillary Schubert, 295, 309 
determinantal variety, see also matrix 
Schubert variety 
classical, 290, 295, 306, 308 
diagonal locus, 356, 364, 372 
diagonal term, 278, 280 
diagram (of partial permutation), 294 
of Zelevinsky permutation, 337-338, 
348 
differential, 15, 19, 63, 233 
horizontal, 19, 251 
total, 19 
vertical, 19, 251 
differential operator, 365 
dimension vector, 332 
direct limit, 252 
direct product, 219 
directed graph, 197, 353 
distraction, 360, 361, 369 
divided difference, 289, 304, 305, 309 
isobaric, see isobaric divided difference 
divisible group, 192, 218 
double quiver polynomial, 346, 353 
positive formula for, 348 
specializes to quiver polynomial, 347 
variables in, 343 
double Schubert polynomial, 304, 353 
as degeneracy locus class, 309 
as multidegree, 289, 305, 309, 324 
double quiver polynomial from, 346 
double Schur polynomial is, 330 
example of, 307 
for inverse permutation, 308 
from quiver polynomial, 352 
indexing of, 309 
is universal multidegree, 308 
is well-defined, 305 
positive formula for, 315, 324, 329 
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quiver polynomial from, 344, 347, 350 
recursion for, 289, 304, 305 
variables in, 305 
duality for resolutions, 91, 94-95, 106, 
122, 123, 126, 228 
in three variables, 99-100 
dualizing complex, 233, 236, 270 
detects Cohen—Macaulayness, 266 
for general ring, 246, 265, 270 
Hilbert series from, 239 
local cohomology from, 249, 254 
Matlis dual of, 257 
normalized, 233, 246 
of normal semigroup ring, 234-236 
Dynkin diagram, 353 


Eagon—Northcott complex, 187 
Eagon—Reiner Theorem, 101, 106, 228 
economics, 126 
Ehrhart polynomial, 148, 229 
as Hilbert function, 230 
coefficients of, 230, 245 
computing, 242, 246 
from lattice point enumerator, 240 
Ehrhart reciprocity, 240, 246 
Ehrhart’s Theorem, 229 
eigenvector (of torus action), 192 
elbow joint (tile) 7, 312, 313 
embedded prime, 136 
embedding dimension, 361 
equivalence of categories, 183 
equivariant Hilbert polynomial, 172 
equivariant multiplicity, 172 
essential extension, 214, 220, 222, 228 
essential set, 294, 301, 308, 309, 339 
essential submodule, 214, 221 
Euler characteristic, 66 
N”-graded, 66, 74 
Euler’s formula, 53, 58, 120 
Ext, 198, 252, 263, 265, 268 
exterior algebra, 106 
exterior power, 274, 339 
extremal Betti number, 102, 103, 106 
extremal combinatorics, 126 


f-vector, 8, 157 
face 
as basis vector, 63 
dimension of, 4 
empty, 4, 63, 66 
flag of, 148 
injective hull of, see injective hull 
interior, 124 
maximal, see facet 
missed by polyhedron, 204, 205 
of cell complex, 62 
of cone, 134 
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of semigroup, 133, 134 
of simplicial complex, 4, 29 
face label, 62, 217 
facet 
of cellular pair, 92 
of cone, 138 
of polytope, 71 
of simplicial complex, 5, 29 
fan, 198-199 
nonsimplicial, 207 
Farkas’ Lemma, 134, 205, 235 
Ferrers diagram (shape), 285, 288, 305, 
328, 356 
fiber product, 366, 372, 374 
field, 3 
algebraically closed, 273, 290 
characteristic two, 70 
characteristic zero, 21, 352 
finite, 6 
of complex numbers C, 191 
positive characteristic, 277 
fine grading, 153 
flag (of faces), 72 
flag (of vector spaces), 273, 293 
homogeneous coordinates for, 275 
flag variety, 80, 273, 275, 288, 293, 309, 
330 
degenerates to toric variety, 281 
flat degeneration, 286, 288 
Grobner, see Grobner degeneration 
sagbi, see sagbi degeneration 
flat family, 172, 360, 367 
forest, 197 
formal character, 368 
Fourier transform, 246 
free resolution, viii, 11 
cellular, see cellular free resolution 
compared to injective resolution, 211 
equivariant, 180, 187 
existence of finite, 156, 161 
from staircase, 47 
in Cohen—Macaulay criteria, 263 
linear, see linear free resolution 
minimal, 12, 14, 19, 157 
modulo nonzerodivisor, 159, 160 
modulo regular sequence, 346 
of bivariate ideal, 43 
f Borel-fixed ideal, 27—29 
f generic ideal, see Scarf complex 
f generic lattice ideal, 188 
f generic Laurent monomial module, 
see Scarf complex 
of residue field k, 14 
of lattice ideal, 174, 181, 183 
of lattice module, 183 
fo) 
fo) 


f Laurent monomial module, 178 
f quiver ideal, 346 
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of semigroup ring, 184 

of squarefree ideal, 116 

of trivariate ideal, 54 

of twisted cubic, 174 

of zero, 19, 347 

over semigroup ring, 209 

squarefree, 261 

support-linear, 103, 104 

Z-graded, 30 
Frobenius power rll, 18, 78, 226 
Fulton polynomial, 344, 353 
functor 

adjoint, 216 

Alexander duality, 106, 269 

derived, 248 

exact, 182, 218, 219, 269 

faithful, 183 

full, 183 

fully faithful, 183 

of points, 378 


Gelfand—Tsetlin pattern, 284, 285, 288 
Gelfand—Tsetlin toric variety, 330 
generic initial ideal (gin), 26-27, 35, 40, 
45, 106 
generic matrix, 290, 332 
generic monomial ideal, 107, 109, 
111-119, 122, 126, 187 
characterization of, 76, 116-117, 126 
Cohen—Macaulay quotient by, 114 
free resolution of, see Scarf complex 
resolution by Buchberger map, 51 
trivariate, 50 
generic quiver representation, 333 
Geometric Invariant Theory, see GIT 
geometric quotient, 204 
GIT acronym, 193 
GIT quotient, 208 
affine, 193, 194, 195, 200, 201, 203, 207 
categorical, see categorical quotient 
computing, 195 
geometric, see geometric quotient 
projective, 194, 195, 196, 204-205 
Gordan’s Lemma, 137, 148 
Gorenstein ring, 255, 266, 269, 270, 365 
Gorenstein variety, 367 
Gotzmann number, 376 
graded _, see _, *graded; here, * is “A-”, 
“arbitrarily”, “finely”, “multi”, 
“Nr”, “positively A “un”, 7: or 
“gd and _ can be as follows: 
Betti number 
degree 
free resolution 
Hilbert function 
Hilbert series 
homomorphism 
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ideal 

injective module 

injective resolution 

k-algebra 

K-polynomial 

module 

Nakayama’s Lemma 

polynomial ring 

translate 
graded component, 150, 153 
Grassmannian, 273, 275, 288, 306 

as Hilbert scheme, 355 

contained in Hilbert scheme, 370 

contains Hilbert scheme, 357-358, 368 

degenerates to toric variety, 281 

Go,4, 281 

Ga,8, 283 

Schubert classes on, 330 
greatest common divisor, 81, 92 
green book, 19, see [Sta96] 
Greenlees—May duality, 106, 270 
Grobner basis, viii, 24, 47-48, 148, 279, 

see also reduced Grobner basis 

and Hilbert scheme, 358, 360, 363, 370 

as straightening law, 288 

comprehensive, 25 

for determinantal ideal, 290, 323 

for module, 27 

for Pliicker relations I,, 276, 277, 281 

for quiver ideal, 339, 353 

for syzygies of bivariate ideal, 43 

for syzygies of Borel-fixed ideal, 30 

for toric ideal Jn =in< (In), 281-283 

geometric interpretation, see Grobner 

degeneration 

minimal, 282 

short encoding for toric ideal, 244, 246 

under weight order, 142 

universal, for toric ideal, 244 
Grobner degeneration, 158, 286, 311, 323 

partial, 353 

yields rational curve in Hilb, 360 
Grothendieck polynomial, 309 


Grothendieck—Riemann—Roch Theorem, 172 


group, see also orbit 
abelian, see abelian group 
algebraic, viii, 287 
Borel, see Borel group 
Coxeter, see Coxeter group 
general linear GL, 21, 23, 208 
representation of, 287, 288 
symmetric, see symmetric group 
torus, see algebraic torus 
group action, see also orbit 
free, 184, 357 
left, 299 
of S, and Z?, 368 
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transitive, 301 
group algebra, 131, 161, 163, 171, 181 


h-polynomial, 8, 157, 266 
Hankel matrix, 305 
Hartshorne’s counterexample, 255, 269 
Hasse diagram, 276 
Hilbert Basis Theorem, 4, 24 
Hilbert basis, 137, 138 
as Laurent polynomial, 244 
associated to sign pattern, 180 
at vertex of polytope, 237 
computing, 138-140, 141, 150, 244 
in two dimensions, 138, 143, 146 
of antidiagonal semigroup, 284 
of Gelfand—Tsetlin semigroup, 285 
parametrizes GIT quotient, 193 
Hilbert function, see also Hilbert series 
multigraded, 355, 373, 375 
positively graded, 153, 173 
Z-graded, 34, 40, 231 
Hilbert polynomial, 165, 171, 230, 231, 376 
Hilbert scheme, 21, 355 
classical, 373, 376 
connectedness of, 40, 360-361, 370, 
376, 377 
irreducibility of, 355, 359, 361, 363, 
370, 375, 376 
isospectral, 366, 367 
local equations for, 357-359, 369, 375 
most singular point of, 371 
multigraded, 355, 373, 374, 375-376, 378 
of points in C%, 361, 368-373 
of points in plane, 355, 356-363, 
366-367 
of points on surface, 378 
of points on threefold, 378 
of subschemes of toric variety, 378 
of Z-graded ideals, 361 
radical ideal locus, see radical locus 
smoothness of, 355, 359, 361-363, 369, 
375, 377 
tangent space to, 369 
toric, 376, 377, 378 
universal property of, 369, 374-375 
Hilbert series, see also K-polynomial 
additivity on exact sequence, 264 
characteristic independence, 18 
coarse, 6 
counts torus weight spaces, 288 
finely graded, 6, 154 
in exact sequence, 156 
in nonpositive grading, 149 
modulo (non)zerodivisor, 264 
multigraded, 153, 154-157 
N”-graded, 6, 7, 8 
of admissible module, 373 
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f affine semigroup with units, 239 
f bivariate ideal, 42 
f canonical module, 239 
f Cohen—Macaulay module, 263 
f determinantal ideal, 330 
f graded translate, 6, 155, 157 
f ideal in semigroup ring, 228 
f indecomposable injective, 239 
f irreducible quotient, 228 
f lattice ideal, 181, 244 
f local cohomology, 247, 253-254, 269 
f modest module, 163-165, 238 
f monomial quotient, 74 
f pointed semigroup, 173 
f polynomial ring, 6, 154 
f quiver locus, 347 
f saturated semigroup, 243 
f semigroup ring, 181, 186, 230 
f Stanley—Reisner ideal, 86 
f Stanley—Reisner ring, 7, 8 
f subword complex, 330 
f tangent cone, 237 
of twisted cubic, 174 
Z-graded, 6 
of semigroup ring, 230 
of Stanley—Reisner ring, 8 
Hilbert Syzygy Theorem, 11, 116, 156, 
175, 178 
Hilbert—Burch Theorem, 174 
Hilbert—Frobenius series, 368 
Hochster’s formula, 17, 19, 85, 86, 98, 102 
Hochster, Melvin, 106 
Hom, 215, 216 
homogeneous coordinate ring (of toric 
variety), 71, 163, 172, 202, 208 
homogeneous polynomial, 192 
homogenization, 158-159, 162 
homological algebra, viii, ix, 269 
homological degree, see (co)homological 
degree 
homology, see (co)homology 
homomorphism 
A-graded, 153 
homogeneous, 215 
minimal, 12 
N”-graded, 11, 215 
ungraded, 215 
Z-graded, 215 
Z4-graded, 215 
Hosten—Morris number, 121 
hull complex, 79, 177 
characteristic independence, 75 
computing, 181 
contains Scarf complex, 111-112 
of artinian ideal, 76—78 
of generic ideal, 111, 117 
of lattice module, 180-181, 185 
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of Laurent monomial module, 178 
of monomial ideal, 73 
hull resolution, 71-78, 109 
not every cellular resolution is, 98 
of lattice module, 184 
of Laurent monomial module, 178, 188 
of monomial ideal, 73 
of semigroup ring, 184 
hyperplane arrangement, 79, 80 
hypersimplex, 180 


ideal, see also monomial ideal 
admissible, see admissible ideal 
antidiagonal, 318, 319, 321-323, 330 
binomial, see lattice ideal 
Borel-fixed, see Borel-fixed ideal 
determinantal, see determinantal ideal 
face, 19, 248, 255, 269 
finitely generated, 4 
G-stable, 193 
GL,,-fixed, 23, 33 
in semigroup, 133 
initial, see initial ideal 
irreducible, 87, 91, 211, 225 
irrelevant, see irrelevant ideal 
Jacobian, 363 
lattice, see lattice ideal 
lex-segment, 34-39 
maximal, see maximal ideal 
monomial, see monomial ideal 
multigraded, 193 
N”-graded, 4 
permutohedron, 68, 69, 75, 97, 99, 123 
prime, 135, 195, 288 
principal, 136, 147, 148, 174, 209, 228, 269 
pure, 171 
radical, see radical ideal 
squarefree, see squarefree ideal 
stable, 28, 40 
Stanley—Reisner, see Stanley—Reisner ideal 
torus-fixed, see monomial ideal 
tree, 68, 69, 80, 97, 99, 109, 123 
inclusion—exclusion, 42—43, 67, 74, 210 
indecomposable injective module, 103, 
212, 213-214, 247, 256 
arbitrarily graded, 228 
homomorphism of, 216 
is homologically injective, 219 
supported on Ja, 248 
independent paths, 57 
initial algebra, 279, 281 
of Pliicker algebra, 280, 281, 286 
initial complex, 1/2, 144-146 
initial form, 142 
initial ideal, 24 
for Pliicker relations, 277-279, 282 
of determinantal ideal, 311, 323 
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of distraction, 360 
of lattice ideal, 142-146, 148 
of toric ideal, 148 
squarefree, 187, 307, 323 
under weight order, 142 
initial module, 27, 30, 166 
as special fiber, 158 
under weight order, 158, 159-161 
initial term, 24, 279 
of Pliicker product, 278-279, 280 
injective hull 
arbitrarily graded, 228 
as essential extension, 214 
of face, 212, 213, 216, 221, 233, 239 
of module, 221, 222 
of residue field k, 104, 265 
injective module, 211, 213, 214-223 
arbitrarily graded, 227 
characterizations of, 220 
decomposition as direct sum, 223 
finely graded, 228 
homomorphism of, 216, 217 
indecomposable, see indecomposable 
injective module 
product of, 219 
ungraded, 251, 258 
injective resolution, 103-104, 222 
arbitrarily graded, 227 
compared to free resolution, 211 
computing, 270 
existence and uniqueness, 222 
finite, 265 
from cell complex, 227 
homological invariants from, 222 
in Alexander duality, 95 
in Cohen—Macaulay criterion, 263 
infinite, 265 
local cohomology from, 248 
minimal, 222, 223, 224, 265 
of canonical module, 233, 235, 266 
of generic monomial ideal, 228 
ungraded, 252 
Z4-graded, 247 
Z”-graded, 126 
inner normal vector, 77, 78, 120, 139, 197 
integer programming, 143, 148, 190 
integral domain, 131 
interior lattice point enumerator, 236 
intron, 316, 317 
intron mutation, 316, 317, 329 
invariant theory, 191, 378 
irreducible component, 87, 88 
as Bass number, 223, 224 
as facet, 58, 96, 117, 226 
as outer corner, 47, 100, 226 
as upper bound for syzygy degree, 117 
as vertex of cell complex, 124 
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of artinian ideal, 104 
of generic ideal, 114 
under specialization, 125 
upper bound on number of, 120 
irreducible decomposition, 87, 106 
computing, 87, 91, 106, 212, 228 
from cellular resolution, 96-97, 125 
from staircase, 47 
in semigroup ring, 211, 212 
irredundant, 87, 105 
of bivariate ideal, 43 
of Borel-fixed ideal, 24 
of generic ideal, 114, 117 
of non-monomial ideal, 91, 228 
uniqueness, 90, 211 
irreducible hull, 222 
irreducible monomial ideal 
from indecomposable injective, 214 
heuristic illustration of, 215 
in polynomial ring, 43, 87 
in semigroup ring, 137, 210, 225 
testing for, 212 
irreducible quotient, 210, 222 
irreducible representation, 288 
irreducible resolution, 210, 228, 270 
computing, 228 
existence and uniqueness, 211, 223, 224 
over polynomial ring, 225 
irrelevant complex, 4, 121 
as a link, 17 
(co)homology of, 9, 10, 14, 83 
Euler characteristic of, 66 
irrelevant ideal 
f compatible fan, 199, 202, 205, 208 
f N-graded ring, 195, 206 
f Pliicker algebra, 287 
f quotient ring, 202 
of toric variety, 71, 260 
isobaric divided difference, 307 
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Jacobi—Trudi formula, 305 
join V, 92, 282 


k-algebra 
N”-graded, 4 
Z-graded, 266 
Z4_-graded, 215 
K-polynomial, 172, see also Hilbert series 
additivity on exact sequence, 169, 306 
as Euler characteristic, 67, 74, 113 
at vertex of polytope, 237 
calculation of, 106, 158 
from staircase, 47 
multigraded, 161 
N”-graded, 7 
of bivariate ideal, 43 
of Borel-fixed ideal, 28 
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f free module, 161 
f Frobenius power Tl], 18, 78 
f generic ideal, 113 
f matrix Schubert variety, 307, 309 
f modest module, 164-165 
f prime monomial quotient, 168 
f quiver locus, 347 
f residue field k, 158, 161 
f semigroup ring, 173, 186 
f Stanley—Reisner ring, 7, 86 
f subword complex, 106 
of trivariate ideal, 58 
positively graded, 157 
records Betti numbers, 157 
under change of grading, 171 
under Grébner degeneration, 162 
universal, 172 
K-theory, 148, 157 
equivariant, 106, 172, 246 
Koszul complex, 13, 30, 264, see also 
coKoszul complex 
as hull complex, 74, 76 
as linear free complex, 31 
as minimal free resolution, 14, 158, 
168, 175 
compared to coKoszul complex, 82, 83 
Matlis dual of, 218 
Koszul simplicial complex 
lower: Kp(1), 84 
upper: KP(J), 16, 18, 31, 52, 84, 117 
Krull dimension, 142, 231, 254, 262, 301 
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labeled cell complex, 62, 92, see also 
simplicial complex, labeled 
lace, 332, 352 
lace array, 333, 334-335, 337, 338 
from permutation, 344 
lacing diagram, 331, 332, 333-336 
as component of degeneration, 353 
double Schubert product from, 350 
from pipe dream, 349-350, 353 
minimal, 350, 352 
Lagrange interpolation, 242 
Laplace expansion, 293 
lattice (combinatorial) 
Boolean, 81 
distributive, 92, 281-282, 288 
lattice (in Z”), 130 
generic, 188, 189, 190 
unimodular, 187 
lattice ideal, 129, 130, 139, 176 
as point on toric Hilbert scheme, 377 
computation of, 132, 148, 244 
from lattice module, 183 
from meet-join lattice, 288 
generic, 188, 189 
in Laurent polynomial ring, 192 
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initial ideal of, see initial ideal, of 
lattice ideal 
is (1 +--+ &n)-saturated, 132 
prime, 131 
toric ideal is, see toric ideal 
lattice module, 179, 180-187 
generic, 188 
presentation of, 179 
lattice point enumerator, 236, 237-243 
Laurent monomial module, 176, 
177-180, 190 
generic, 187 
Laurent polynomial, 157, 163 
Laurent polynomial ring, 131, 176, 179 
as coordinate ring of torus, 192 
Laurent series, 153, 154-155, 163 
summable, 163, 238, 239 
supported on translates, 155, 156 
Lawrence ideal, 139, 147, 148 
unimodular, 187, 190 
Lawrence lifting, 187 
lcm-lattice, 74, 79, 80 
leading term, see initial term 
least common multiple, 18, 42, 61, 74, 
81, 92, 107, 109, 110, see also 
Icm-lattice 
length 
of free resolution, 11 
of lacing diagram, 350 
of module, 165, 356 
of partial permutation, 289, 294, 325 
Lenstra—Lenstra—Lovasz algorithm, 243 
L’H6pital’s rule, 240, 241 
lineality, 184, 139, 233, 239, 254, 257 
linear extension, 277 
linear free resolution, 30, 70, 101, 105 
linear programming, 143, 145, 148 
link, 17, 86, 101, 105, 181, 253, 327 
Littlewood—Richardson rule, 288 
local cohomology, 247, 248, 249-262, 269 
computing, 256, 262 
finite data structure for, 255-256 
grading on, 251 


in Cohen—Macaulay criteria, 263, 265, 267 


module structure, 269 

not finitely cogenerated, 250, 255 

not finitely generated, 250 

of canonical module, 249, 254-255, 269 

of semigroup ring, 255, 258 

of Stanley—Reisner ring, 253 

via Cech cohomology, 251, 265 

via Ext, 252 

via generalized Cech cohomology, 260 

via Ishida complex, 258, 267 

with maximal support, 258 

with Stanley—Reisner support, 254, 260 
local duality, 106, 233, 265, 270 
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with monomial support, 270 
localization 

along a face, 222 

at maximal ideal, 346 

exactness of, 347 

flatness of, 218 

monomial, 105 

of N-graded ring, 196 

of polynomial ring, 342, 352 

of semigroup, 134, 258 

of semigroup ring, 216, 257, 258 

of Stanley—Reisner ring, 253 
long word (permutation), 291, 304 
lower triangular matrices, see Borel group 


Macaulay’s Theorem, 34 
Macdonald polynomial, 368, 378 
manifold, 86 
mapping cocylinder, 162 
matching (of a graph), 336 
Matlis duality, 216, 217, 257, 269 
as Hom into injective hull of k, 219 
in Alexander duality, 226 
in Cohen—Macaulay criterion, 263 
matrix Schubert variety, 289, 290, 309 
associated to Grassmannian, 306 
boundary components of, 302-304, 306 
containment among, 295 
dimension of, 295, 298, 301 
double Schubert polynomial from, 305 
equations defining, 291—295 
fixed by adjacent transposition, 302 
for long word wo, 291 
for Zelevinsky permutation, 342 
from quiver locus, 338, 341 
Grobner degeneration of, 323, 353 
is Borel orbit closure, 299-302 
is Cohen—Macaulay, 311 
is irreducible, 295, 301 
nonzero function A on, 303, 306 
partial permutations in, 296 
Schubert polynomial from, 307 
Schubert variety from, 293 
maximal ideal 
in affine semigroup ring, 147, 257 
in polynomial ring, 87, 263, 369 
localization at, 346 
of artinian ring, 356 
of identity in B x B1, 303 
of partial permutation, 303 
of partition on Hilb (mz, ), 361 
of smooth point, 301 
meet /A, 92, 281 
Menger’s Theorem, 57 
minimal generator 
as facet of cell complex, 124 
as inner corner, 45, 57 
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as vertex of hull complex, 73 
as vertex of polyhedron, 74 
computing for toric ideal, 244 
number of, 14, 38 
f cogeneric ideal, 123 
f diagonal locus ideal, 364, 373 
f graded component Sa, 150 
f irreducible ideal, 212 
f lattice ideal, 175, 181 
f lattice module, 179 
f Laurent monomial module, 177, 178 
f maximal ideal, 147, 361 
f module, 156, 221 
f monomial ideal, 4, 28, 42, 72, 88, 
358 
f pointed semigroup, 137, 173 
f So-algebra Sq), 195 
f semigroup ring, 147 
f squarefree ideal, 81 
upper bound on number of, 125 
Minkowski sum, 245 
Minkowski’s Theorem, 243 
minor (of a graph), 58 
minor (of a matrix), 274, 291 
2x 2, 187, 206 
defined by rank condition, 318 
generic, 275 
in Grdbner basis, 323, 324, 339, 353 
in product of generic matrices, 333 
in product of matrices, 331 
in product of two matrices, 335-336 
in sagbi basis, 280, 324 
maximal, 176, 274, 290, 308 
minor (miracle), 180 
mitosis, 314, 315, 317, 329, 330 
Mobius function, 232, 243 
modest module, see module, modest 
module 
Cohen—Macaulay, 100, 263, 269 
equivariant, 182-183 
filtration by prime quotients, 169 
finite-length, 165 
finitely generated, 12, 14, 150, 151, 
153, 161, 165 
flat, 218, 219, 264, 373 
free, 11, 27, 156, 263 
graded, 153 
homologically injective, 218, 219-221 
infinitely generated, 152, 153, 177 
injective, see injective module 
is submodule of injective, 220 
locally free, 373, 374 
modest, 163, 164-165, 238 
multigraded, 153 
N”-graded, 6 
of Laurent series, 163 
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positively graded, 153, 156-158, 
160-161, 373 
Q-graded, 211, 222, 224 
Q-graded part of, 214 
ungraded, 251, 252, 258 
ungraded free, 12 
Z-graded, 263 
Z”-graded, 182 
Z" /L-graded, 182 
moment curve, 119 
moment polytope, 71 
monomial, 3, 149 
in semigroup ring, 133 
squarefree, 4 
standard, see standard monomial 
monomial ideal 
artinian, 47, 50, 54, 76, 77-78, 104 
as initial ideal, 144 
as point on Hilb, 356, 360, 363, 367 
Borel-fixed, see Borel-fixed ideal 
cogeneric, 107, 122 
Cohen—Macaulay quotient by, 103 
generic, see generic monomial ideal 
graded translate of, 177 
in polynomial ring, 3 
in semigroup ring, 133, 135, 209 
infinite periodic, 176 
irreducible, see irreducible monomial 
ideal 
is fixed by torus, 22, 363 
maximal, 87, 147, 257 
most singular on Hilb, 371 
neighborly, 121 
prime, 5, 81, 134, 166 
resolves itself, 61 
rigid, 59 
squarefree, see squarefree ideal 
stable, see ideal, stable 
strongly generic, 50, 60, 109, 126, see 
also generic monomial ideal 
trivariate, 44-47, 49-59, 67, 285 
with given Hilbert function, 377 
monomial label, 62, 217 
monomial matrix, 20, 174 
cellular, 62 
cellular injective, 217, 233 
differential without, 13, 63, 64, 107 
for free modules, 12, 215, 227 
for injective modules, 215, 217, 227 
for Z”-graded localizations, 250, 259 
minimal, 12 
monomial order, see term order 
morphism 
fibers of, 204 
G-equivariant, 203 
of schemes, 374 
of varieties, 201, 351, 372 
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projective, 195 
mountain topography, 52 
multidegree, 149, 167, 172, 286 
additivity, see additivity 
degenerativity, see degenerativity 
existence and uniqueness, 166 
is polynomial (not integer), 304, 310 
of codimension r module, 169 
of graded translate, 169 
of matrix Schubert variety, 289, 
304-307 
of prime monomial quotient, 168 
of quiver locus, 343 
of twisted cubic, 169-170, 171 
of variety, 167 
positivity, 171, 311 
under change of grading, 171 
universal, 172 
multigrading, 149, 172, 304, 375 
multiple Proj, 288 
multiplicity (of M at p), 165 


n! Theorem, 266, 355, 363, 365, 367, 368 
(n+ 1)”—! Theorem, 266, 363, 365, 367 
n-connected, 59 
N-grading (arbitrary), 263-265 
Nakayama’s Lemma, 162 

for semigroup rings, 147 

nonstandard version, 264 

positively graded, 155 

Z-graded, 155 
near-cone, 29 
nerve (of a cover), 94, 95, 176 
Newton polytope, 71 
nilpotent element, 356 
nonface, 5, 17 
nonzerodivisor, 262, 264 
normal fan, 145, 146, 199, 205 
normalization, 140, 141, 147, 230, 231 


octahedron, 18, 66, 68, 71, 82, 146, 148, 
199, 230, 245, 246 
offspring, see pipe dream, offspring of 
one-line notation, 291 
open cover, 196, 208, 358 
opposite big cell, 345 
opposite Schubert cell, 341, 345 
optical illusion, 81, 88, 90 
optimal vector, 142 
orbit 
of algebraic group, viii, 301 
of Borel group, 289, 300-301 
of general linear group, 208, 353 
of subgroup of torus, 193, 194, 200, 
203, 204, 207, 363 
order complex, 126, 279 
order dimension, 60 


412 


order ideal, 64, 368 
orientation, 62 

oriented matriod, 72 

outer normal vector, 76, 205 


parabolic subgroup, 39, 341, 342 
part (of a partition), 285 
partial flag variety, 341, 345 
partial permutation, 289, 290, 291 
drawing of, 312 
extension of, 292, 293, 301, 304, 312 
family connecting pair of, 300 
in lacing diagram, 331-332, 352 
indexes Borel orbit, 300 
length after switching rows, 296-297 
partition, 285, 288, 305, 328, 356, 361, 
364, 365 
permutation, see also partial permutation 
conventions for, 291, 325 
Grassmannian, 308, 328 
vexillary, 295, 309 
Zelevinsky, see Zelevinsky permutation 
permutohedron, 68, 80, 123 
picture space, 330 
pipe dream, 312, 313-324, see also 
reduced pipe dream 
barren, 314 
coordinate subspace from, 320 
offspring of, 314 
subword from, 325-326 
top-justified, 320, 321 
pipe dream formula, 353 
planar graph, 60 
planar map, 51 
axial, 99 
dual of, 99 
labeled, 51, 52, 54 
radial, 99 
plane partition, 369 
Plucker algebra, 275 
is Cohen—Macaulay, 286 
presentation of, 276 
spector of, 287 
Pliicker coordinates, 273, 275 
as generic minors, 275 
form sagbi basis, 280, 324 
relations among, 277 
represent flags, 275, 293 
represent subspaces, 274, 357 
Pliicker relations, 276, 277-279, 373 
polarization, 44-45, 59-60, 116 
polyhedral cell complex, see cell complex 
polyhedral cocomplex, 258 
polyhedral subcomplex 
in a cover, 94 
of cone, 248, 254 
of polytope, 73, 234, 235 
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polyhedral subdivision, see subdivision 
polyhedron, see convex polyedron 
polynomial ring, 3 
bivariate, 42 
is semigroup ring, 129 
multigraded, 149, 191 
N”-graded, 4 
positively graded, 151, 152, 153, 173, 
195, 262, 263 
trivariate, 41 
with real exponents, 52, 115 
Z-graded, 21, 191, 230 
Z” /L-graded, 182 
polynomial time, 241-245 
polytope, 61, 62, 77 
3-dimensional, 62 
boundary of, 145 
cyclic, 114, 119, 120-121 
interior lattice points in, 236-238, 240 
lattice, 148, 197, 199, 229-232, 237, 
240-242, 246 
lattice points in, 153, 229, 236-243 
neighborly, 120, 121 
normal, 232, 245 
polar, 145, 258 
rational, 245, 246 
section of cone, 233, 254 
simple, 70, 71, 75, 82, 122, 145 
simplex, 231 
simplicial, 82, 102, 122 
transportation, 207 
triangulating, 231 
volume of, 230, 246 
poset 
Bruhat, see Bruhat order 
face, 72, 178, 232, 243, 258 
of injective submodules, 221 
of least common multiples, see 
Icm-lattice 
P of Pliicker coordinates, 276-277, 
278-279, 281, 286 
pointed semigroup as, 137 
product of intervals, 90 
weak order, see weak order 
positive multigrading, 151, 194, 198, 375 
positively graded, see graded 
power series 
modest, 164 
supported on semigroup, 154 
power sum, 364, 365, 368 
precedes (X), 64 
presentation (of group), 192 
primary decomposition, 24, 146 
characteristic dependent, 131 
in semigroup ring, 133, 135-137 
prime avoidance, 263 
primitive integer vector, 205 
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primitive lattice vector, 180, 181 

Proj, 195, 256, 281 

projective dimension, 100, 160-161 

dual to regularity, 102-104 

of generic ideal, 114 

of lattice ideal, 175-176 

projective space P", 6, 198, 200, 206, 
275, 287 

homogeneous coordinates, 273, 274 

projective spectrum, see Proj 

proper extension, 214 


Q-set, 147 
quasi-polynomial, 245 
quiver, 353 
quiver ideal, 331, 333, 352 
determined by lace array, 335 
multigrading for, 343 
primality, 336, 341-343, 352 
quiver polynomial from, 343 
to Schubert determinantal ideal, 339 
quiver locus, 331, 333, 352 
Cohen—Macaulayness, 341-343, 352 
for other types of quiver, 353 
matrix Schubert variety from, 338, 341 
quiver polynomial, 288, 331, 343, 353 
double, see double quiver polynomial 
K-theoretic, 353 
positive formula for, 347, 349, 350, 353 
quiver representation, 208, 332-333, 
334-335, 349 
finite type, 352 
indecomposable, 333, 334, 352 
quiver variety, 208, see also quiver locus 
and toric variety, from quiver 
quotient semigroup, 134 


radical component, 371, 372 
radical ideal, 171 
corresponds to algebraic set, 6 
failure to be, 369 
from squarefree initial ideal, 307, 323 
of n points, 356, 361, 369 
support on, 248 
radical locus, 357, 360, 362, 369, 370, 371 
rank array (for partial permutation), 
290, 296-298 
of Zelevinsky permutation, 340 
rank array (for quiver), 333, 334-335 
from permutation, 344, 352 
irreducible, 335 
minimal lacing diagram for, 350, 352 
prime quiver ideal from, 342 
quiver polynomial from, 343 
Zelevinsky permutation from, 337-338 
rank-nullity theorem, 66, 156 
ratio formula, 353 
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rational curve, 359, 360 
rational function, 163 
as generating function, 173, 229 
equated with Laurent polynomial, 237 
equated with Laurent series, 154 
in power series ring, 165, 167 
short, 229, 243, 244, 246 
rce-graph, 329 
rectangle array, 333, 334, 337, 352 
reduced homology or cohomology, see 
(co)homology, reduced 
reduced expression, 305, 311, 325, 329 
in Coxeter group, 330 
reverse triangular, 326 
reduced Groébner basis, 25 
computing for toric ideal, 244 
for module, 27, 156 
for Pliicker relations J,,, 282, 283 
for syzygies of Borel-fixed ideal, 31 
for toric ideal Jn =in< (In), 282 
is homogeneous, 172 _ 
under weight order, 142 
uniqueness of, 39, 148 
reduced pipe dream, 312, 326, 329 
as coordinate subspace, 318 
as facet complement, 318, 322, 323 
as Gelfand—Tsetlin face, 288, 330 
as monomial ideal generator, 318 
as prime component, 311, 318 
as Young tableau, 328 
bottom, 328 
crossing tiles + in, 328 
double Schubert monomial from, 324 
for long word wo, 312, 317, 326 
for Zelevinsky permutation, 348-350 
generating all, 314-315 
involution on, 315, 317 
offspring of, 317 
quiver monomial from, 348, 349 
reduced subword from, 326 
Schubert monomial from, 315, 317 
top, 321, 328 
Rees algebra, 372-373 
regular function, 341, 342, 367 
regular sequence, 262 
criterion for being a, 347 
depolarization by, 44, 60 
in Cohen—Macaulay criteria, 263-265, 
342 
quotient by preserves acyclicity, 346 
regular subdivision, 78, see also 
triangulation, regular 
regularity, 45, 101, 102-104 
multigraded, 378 
Reisner’s criterion, 101, 102, 106, 266, 267 
Reisner (reess’- nor), Gerald, 106 
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representation theory, 191, 284, 287, 298, 
353, 
representation 
of abelian group, 192 
of quiver, see quiver representation 
of symmetric group, 368 
resolution, see also complex (of modules) 
Alexander duality for, see duality for 
resolutions 
by planar map, 51, 52, 54, 67, 99 
cellular _, see cellular _ resolution 
cocellular, 93, 94-98 
cohull, 97, 98, 105, 123 
coScarf, 123-125, 126 
Eliahou—Kervaire, 33, 40 
free, see free resolution 
hull, see hull resolution 
injective, see injective resolution 
irreducible, see irreducible resolution 
Scarf, see Scarf complex 
Taylor, see Taylor resolution 
weakly cellular, 79, 98, 105 
weakly cocellular, 93, 94, 96, 97 
resolution of singularities, 196 
restriction (of simplicial complex), 85, 86 
reverse square word, 326, 327 
ridge, 233, 329 
rigid embedding, 60 
ring 
arbitrary (commutative), 84, 129, 208, 
215, 216, 227, 250, 251, 252, 304, 
309, 339, 352, 373 
Cohen—Macaulay, 263 
cohomology, 208, 288 
determinantal, see ring, Schubert 
determinantal 
face, 19, 248, 269 
group, see group algebra 
K-, 208, 309 
Laurent polynomial, see Laurent 
polynomial ring 
local, 302, 303, 347, 356, 362 
of global sections, 367 
of invariants, 193, 364 
polynomial, see polynomial ring 
power series, 6, 154 
regular, 209 
regular local, 301, 304 
Schubert determinantal, 286, 325, 328 
semigroup, see semigroup ring 
Stanley—Reisner, see Stanley—Reisner 
ring 
Robinson—Schensted—Knuth 
correspondence, 329 
rook placement, 291 
root of unity, 194 
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s-pair, 47, 48, 121 
sagbi acronym, 279, 288 
sagbi basis, 273, 279, 281, 288 
for Plucker algebra, 280 
sagbi degeneration, 281, 286 
sans serif font, 125 
saturation of a semigroup, see 
semigroup, saturation of 
saturation of an ideal, 132, 207, 366, 398 
scalar entries, 12 
Scarf complex, 107, 110, 111-114 
algebraic Fa,, 111 
can be disconnected, 110 
characteristic independence of, 112 
is contained in hull complex, 111 
f deformation, 115-117 
f generic artinian ideal, 113, 228 
f lattice, 190 
f lattice ideal, 188 
f Laurent monomial module, 188 
f monomial ideal, 187 
purity of, 113 
Scarf triangulation, 227 
scheme, 202, 207, 352, 356, 366, 367, 
369, 374, 376 
projective, 375 
Schlegel diagram, 73, 77, 114 
Schreyer’s algorithm, 32, 156 
Schubert determinantal ideal, 290, 292, 
293-295, see also determinantal ideal 
for Zelevinsky permutation, 339 
from quiver ideal, 336, 339 
primality of, 323 
universal multigrading for, 308 
Schubert determinantal ring, see ring, 
Schubert determinantal 
Schubert polynomial, 304, 309, see also 
double Schubert polynomial 
and Gelfand—Tsetlin patterns, 288 
as multidegree, 307, 323 
coefficients of, 311 
combinatorics of, 286, 312 
positive formula for, 315, 323, 329 
quantum, 353 
recursion for, 304, 305, 311 
Schur polynomial is, 305, 328 
stable, 330 
universal, 353 
Schubert variety, 288, 289, 293, 309, 330 
in partial flag variety, 341, 345 
Schur function, 172, 368 
Schur polynomial, 290, 305, 306, 328, 
330, 353 
sector, 249, 255, 256 
sector partition, 255, 256, 270 
Segre variety, 206 
semi-invariant, 353 
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semigroup, 129, see also semigroup ring 
affine, 129, 131, 133-135, 137-141, 
148, 173, 176, 187, 209, 233, 247 
antidiagonal, 284, 286 
can be a group, 133 
cancellative, 129 
characteristic function of, 376, 377 
cone over polytope, 230, 232 
embedding in N#facets | 139 
embedding in Nt@"*, 140, 152 
finitely generated, 129 
Gelfand—Tsetlin, 284—286 
holes in, 148 
nonsimplicial, 270 
pointed, 133, 134, 140, 141, 148, 152, 
154, 171, 173, 178, 254, 257 
saturated, 137, 140, 141, 147, 150, 
233-236, 254, 269, 286 
saturation of, 140, 141, 147, 230, 268 
oY OL for cone a, 200, 204, 205 
unsaturated, 270 
vertex, see vertex semigroup 
semigroup ring, 129, see also lattice ideal 
(anti)diagonal, 284 
affine, 133-137, 140-141, 236, 
248-250, 256-259, 266 
C[oY NL] for cone o, 201, 203-205 
Cohen—Macaulay, 266-267 
completion of, 154 
dimension of, 131 
from lattice module, 181 
Gelfand—Tsetlin, 286 
integral domain, 131 
intersecting ideals in, 135-136 
normal, 1/0, 150, 193, 232, 254-256, 
267, 270, 286 
normalization of, see normalization 
over the integers Z, 129, 154 
presentation of, 130-131 
vertex, 237 
semistandard monomial, 279, 283 
semistandard tableau, see tableau 
Serre’s condition S;, 148, 270 
shadow, 200 
shape, see Ferrers diagram 
sheaf, 71, 172, 208, 367, 374 
sheaf cohomology, 71, 256, 269, 330 
shear, 144, 350 
shelling, 267 
shuffle, 277 
sign convention, 9 
simple reflection, 325 
simplex 
in simplicial complex, see face 
polytope, see polytope, simplex 
simplicial complex, 4, 9-11 
antidiagonal, see antidiagonal complex 
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as polyhedral cell complex, 62 
associated to affine semigroup, 175 
bijection with squarefree ideals, 5 
Cohen—Macaulay, 101, 266, 327 
dimension of, 4 
irrelevant, see irrelevant complex 
labeled, 13, 107, see also labeled cell 
complex 
of faces missed by polyhedron, 205 
of poset chains, see order complex 
pure, 45, 267, 323, 327, 329 
shellable, 266, 267, 270, 327, 329, 330 
shifted, 29, 31 
Stanley—Reisner, 142, 199, 253, 318 
subword, see subword complex 
vertex-decomposable, 327, 329, 330 
void, see void complex 
without pair of covering faces, 121 
simplicial fan, 199, 204 
slope variety, 330 
Smith normal form, 131, 133, 148 
smooth fan, 199 
smooth point, 301, 363 
socle, 104, 265 
of local cohomology, 255, 256, 270 
source degree, 12 
Spec, 193, 281 
special fiber, 158, 353, 367 
specialization, 52, see also deformation 
spector (SpecTor), 202, 208, 256, 281 
of Pliicker algebra, 287, 288 
spectral sequence, 20 
spectrum, see Spec 
sphere, 83, 84, 86, 102, 145, 269, 329, 330 
spherical variety, 288 
squarefree ideal, 4, 5-8, 16-19 
advantage of, 41 
as polarization, 44 
associated to polytope, 70, 75, 82, 259 
encodes fan, 199 
from determinantal ideal, 318 
from lattice ideal, 146 
generated in degree d, 71 
in Pliicker algebra, 287 
squarefree module, 106 
squarefree vector, 5, 75 
stable Koszul complex, 250 
staircase diagram, 42, 45, 69, 74, 88, 89, 
98, 99, 113, 126, 177, 179, 185, 
226, 261, 356, 362, 369 
staircase surface, 49, 50, 59, 60, 68, 99, 
100, 105 
standard monomial, 158, 211, 215, 285 
as basis element, 158, 357 
standard monomial theory, 288 
standard Z-grading, vii, 21, 171, 230, 
290, 304, 361 
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Stanley—Reisner ideal, 3, 5, 6, 18, 19 
in Alexander duality, 16, 82 
of initial complex, 142 
of order complex, 279 
of real projective plane, 69, 80 
Stanley—Reisner ring, 3, 5, 19 
Cohen—Macaulay, 101, 267 
Gorenstein, 269 
of real projective plane, 70, 75 
star, 105 
Steinitz Theorem, 62 
stick twisted cubic, 82, 102 
straightening law, 288, 329 
strand (= lace), 352 
strictly divides, 109, 117 
strong deformation, 52, 54, 60, see also 
deformation 
subalgebra basis, see sagbi basis 
subdivision, see also triangulation 
barycentric, 69, 73, 94, 110 
infinite periodic, 180 
of polyhedral cell complex, 77 
of polytope, 77 
of simplex, 77, 117 
of torus, 188 
regular, see regular subdivision 
subword, 326-327 
subword complex, 326, 327-328, 330 
summable, see Laurent series, summable 
support I; on ideal, 248, 251, 252 
on maximal ideal, 257, 265 
support of a vector, 7 
full, 77, 105 
support-regularity, 103 
suspension (of a graph), 53 
sweeping, 299 
symmetric function, 305, 353, 355, 368 
complete homogeneous, 308 
elementary, 308 
Stanley, 330 
symmetric group, 291, 325, 337, 356, 
364, 368 
symmetric product, 356, 364, 372 
symplectic geometry, 284, 288 
system of parameters, 262, 263-265, 269 
syzygy, see also Betti number 
as corner, 43, 49, 52, 54, 56, 57 
as face of cell complex, 99, 119 
from Buchberger edge, 48 
from planar map, 47 
in linear free resolution, 30 
of bivariate ideal, 43 
of Borel-fixed ideal, 30 
of lattice ideal, 174 
of lattice module, 179 
of Laurent monomial module, 178, 187 
of lex-segment ideal, 35 
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of monomial ideal, 187 

of trivariate ideal, 53 

of twisted cubic, 174 

of unimodular Lawrence ideal, 187 
syzygy module, 11, 14, 48 

from Buchberger graph, 48 


tableau, 276, 280, 281, 282, 288, 306, 328 
tangent cone, 233, 234, 235, 237, 238 
tangent space, 369, 371 
target degree, 12 
Taylor complex Fa, 107, 108-110, 111, 115 
Taylor resolution, 67, 74, 80, 108, 111 
tensor product, 15, 153, 155, 182, 216 
term order, see also weight order 
antidiagonal, 280, 323 
diagonal, 280, 282, 324 
for free module, 27, 159 
for polynomial ring, 24, 279 
lexicographic, 26, 33, 278 
partial, 142, 282 
position-over-term (POT), 27, 31 
refines weight order, 148 
reverse lexicographic, 26, 106, 277, 282 
term-over-position (TOP), 27 
tessellation, 180 
topology 
relative cellular, 91 
simplicial, viii, 9 
Tor, 15, 19, 20, 83, 157, 175 
toric ideal, 1/48, 244, 281, 282, see also 
lattice ideal 
toric variety, 23, 191, 198, 200-208, 246 
affine, 193-194, 196, 200, 201 
as sagbi degeneration, 281 
as spector, 202 
determined by equivalent data, 202 
diagonal embedding, 207 
from polytope, 197-198, 202—203, 205, 
207 
from quiver, 197, 208 
projective, 71, 195-198 
smooth, 196, 207 
torus 
algebraic, see algebraic torus 
as hull complex, 186 
totally ordered group, 133, 152 
translate 
A-graded, 153, 174 
N”-graded, 6, 15 
Z4-graded, 269 
Z”-graded, 177, 261 
transposition, see adjacent transposition 
tree, 69, 197 
triangle, lattice point-free, 147 
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triangulation, 50, 77, 148, see also 
subdivision 

as Scarf complex, 114 

in polynomial time, 243 

of polytope, 377 

of saturated semigroup, 243 

regular, 113, 114, 123, 144, 146, 148, 232 
twisted cubic, 169, 170, 171, 174 

stick, see stick twisted cubic 


underlying cell complex, 92 
unit 
in Laurent series ring, 154 
in semigroup, 133, 151 
in semigroup ring, 133 
universal cover, 183 
universal grading, 172, 308 
upper triangular matrices, see Borel group 
Upper Bound Theorem, 19, 119, 266 
upper-semicontinuity, 160, 172 


variety 
affine, 195 
cohomology over quotient, 256 
degeneration of, 311 
determinantal, see determinantal 
variety 
irreducible, 193, 295, 301, 342 
morphism of, see morphism 
of 2 x 2 minors in 2 x 3 matrix, 206 
of complexes, 351 
of irrelevant ideal, 200, 205 
of linear maps, 331 
of quiver representations, 332 
of sequences of linear maps, 331 
projective, 195 
quasiprojective, 358 
smooth, see smooth point 
toric, see toric variety 
vector bundle, 309, 353, 367 
vector label, 217 
Veronese subring, 194, 205 
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vertex 

axial, 99 

of simplicial complex, 4 
vertex denominator, 237 
vertex figure, 105 
vertex K-polynomial, 237 
vertex label, 62 
vertex semigroup, 237 
void complex, 4, 10, 121, 235 


weak order, 298-299, 300, 302 
induction on, 304, 306 
on symmetric group, 309, 330 
weight 
exponential, 307, 344 
of aterm, 142, 158 
ordinary, 344, 345, 346, 348 
weight order, 142, 158, 159, 330 
weight vector, 142, 148, 158, 172 
generic for I, 142 
word, 326 


Young tableau, see tableau 
Young, Alfred, 288 


Z-grading, see standard Z-grading 
Zariski closed, 25, 358 
Zariski dense, 342 
Zariski open, 25, 358 
Zariski topology, 193 
Z¢-graded product, 219 
Z4-grading, 269 
Zelevinsky map, 331, 334, 338, 341, 352 
multigrading on, 345 
Zelevinsky permutation, 337, 338-340, 
348-350, 352 
of minimal length (vx), 338, 349 
zero set, 6 
zero-fiber of Hilb, 367, 368, 378 
zerodivisor, 264, 269 
in semigroup ring, 131, 132 
Zorn’s Lemma, 221 


